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Euler Equations Solutions for Incompressible Fluid Flow

Abstract

The simplest solution is usually the best solution---Albert Einstein

This paper covers the solutions of the Euler equations in 3-D and 4-D for incompressible fluid
flow.The solutions are the spin-offs of the author's previous analytic solutions of the Navier-Stokes
equations (vixra:1405.0251 of 2014). However, some of the solutions contained implicit terms. In
this paper, the implicit terms have been expressed explicitly in terms of x, y, z and 7.

The author applied a new law, the law of definite ratio for fluid flow. This law states that in
incompressible fluid flow, the other terms of the fluid flow equation divide the gravity term in a
definite ratio, and each term utilizes gravity to function. The sum of the terms of the ratio is always
unity. This law evolved from the author's earlier solutions of the Navier-Stokes equations. In
addition to the usual approach of solving these equations, the Euler equations have also been solved
by a second method in which the three equations in the system are added to produce a single
equation which is then integrated. The solutions by the two approaches are identical, except for the
constants involved. From the experience gained in solving the linearized Navier-Stokes equations,
only the equation with the gravity term as the subject of the equation was integrated. The
experience was that when each of the terms of the Navier-Stokes equation was used as the subject
of the equation, only the equation with the gravity term as the subject of the equation produced a
solution. Ratios were used to split-up the x—direction Euler equation with the gravity term as the
subject of the equation. The resulting five sub-equations were readily integrable, and even, the non-
linear sub-equations were readily integrated. The integration results were combined. The combined
results satisfied the corresponding equation. This equation which satisfied its corresponding
equation would be defined as the driver equation; and each of the other equations which would not
satisfy its corresponding equation would be called a supporter equation. A supporter equation does
not satisfy its corresponding equation completely, but provides useful information which is not
apparent in the solution of the driver equation. The solutions and relations revealed the role of each
term of the Euler equations in fluid flow. The gravity term is the indispensable term in fluid flow,
and it is involved in the forward motion of fluids. The pressure gradient term is also involved in the
forward motion. The variable acceleration term is also involved in the forward motion. The fluid
flow behavior in the Euler solution may be characterized as follows. The x—direction solution
consists of linear, parabolic, and hyperbolic terms. If one assumes that in laminar flow, the axis of
symmetry of the parabola for horizontal velocity flow profile is in the direction of fluid flow, then
in turbulent flow, the axis of symmetry of the parabola would have been rotated 90 degrees from

that for laminar flow. The characteristic curve for the x—nonlinearterm is such a parabola whose
axis of symmetry has been rotated 90 degrees from that of laminar flow. The y-nonlinearterm is
similar parabolically to the x—nonlinear term. The characteristic curve for the z—nonlinearterm is a
combination of two similar parabolas and a hyperbola. If the above x—direction flow is repeated
simultaneously in the y—and z— directions, the flow is chaotic and consequently turbulent.
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Solutions of the Euler Equations of Fluid flow

(Method 1)

In the Navier-Stokes equation, if u = 0 one obtains the Euler equation. From
d%v, 072V d%v,.. op v, My v, v, .
u( o 8y2 + 5 _$+pgx p( +V, e +VyW+VZ9_Z) , one obtains

on: (1=0) P Mo fy Moy Moy M
Euler equation : (i = 0) o T P8 = P( +V g T Vi pY +V, o ) or

av, ov. o,
p( v, +V, =+ V =X+ VZ8_ &gcx = pg,| <---driver equation.

R

Ny v, N 10dp _ . .
e T Vi 3 +V, o + Dok g, <---driver equation

8V"+V

Euler equation (¢ =0):

Split the equation using the ratio terms f, h, n, q, d,,and solve. (f+h+n+qg+d=1)

8V &V 8Vx _ 8V 1 &p B
=S| 2V Gumhg | 3 Vg s R T
fg dv, av, av
X x - 1
Vx4 = feu | Vrax THEx | hdy T S g 98 5% = dg,
VidVy = hgydx | VydV, =ng,dy V.dV, = qg.dz; p
v’ e vor V,V, =ngy +y,(V,) | V.Va=agz +w (V) | 50 =dps,
2 ' ng.y l/fy(V) V., = 982 V. (V) | p=dpg.x+C;
visongx | Ve =Tty vt
- y y ‘/Z ¢0
Ve=+12hgx | V,#0
Vo(x,y,z2,t) = fg.t +./2hg x + N8y | 48xZ ¥, (V) + y.(V) +C
Y- 8l T 218, Yy V: 4 V.
P(x)=dpg,.x (f+h+n+q+d=1V, #0,V, 20
Find the test derivatives to check in the original equation.
= * — . X qg @9 _
=8 |2 Vi =2hg,x; 2V, 5r = 2hg.; oy Y 82 Zx > ox dpg,
IV _ hg,
3 T’ Ve #0 vy #0 V,#0
v v v L1 P _

X X X 1 1
> +V, e +V, 8y + V 32 p Pk (Above, v, (V) and y_(V,) are arbitrary functions)
hg.  \, 18 q8 !
fe. +Vy V. +Vy V)x +V; V;"'Edpgx:gx

?
g, thg,+ ng,+qg, +dg, =g,

?
& (f+th+ ntqg+d=g,
?
g, (D=g, (f+h+n+g+d=1)

?
8x=8x Yes
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The relation obtained satisfies the Euler equation. Therefore the solution to the Euler equation

.ap V. V., V. Vv,
&x+p0~,t+pvx&x+pv&y+pv )= pg, 1s

ng, 2 v,V oy (v)
(‘g/y_i_q{g; + yvy+ sz ; P(x)=dpg.x

y < y z

Vo (x,y,2,0) = fg t £ 2hg x +

x-direction

arbitrary functions

Vi#0,V,#0; (d+f+h+n+q=1)

Similarly, the equations and solutions for the other two directions are respectively

v, v, v
For V,, ap+pat+pV y+PVEy+pVZa—y:pgy

ay ox
)“6g}x )'ngz l//x(V) v.(V).
Vy(x,y,2,t) =Asg t £\ /24,8,y A + 2 v V. ; P(y)=A,pg,y y-direction
Vi20,V,20; (L, +A,+A+A4,+A,=1)

v, v, ov. v,
For VZ:%+p7Z+pVx§Z+pV 8yz+pv o = Ps:
%4 V)
V(xyzt) ﬁsgzti\/2ﬁ8gzz Lﬂﬁ{gz Lﬁ7‘<§zy WX‘E ) Wyv P(Z)=[34pgzz

x f x y z-direction
Ve#0,V,#0; (B +Bs+ P+ B+ PBg=1)

One will next solve the above system of solutions for V., Vy , V. in order to express

)CZ .
n%y and qe‘(/g in terms of x, y, z, and 7.
y Z

. ng.y q,8.<
Solving for v, . v,, v, %5%,and ¢

y Z
, nro gy L g8z, V(W) w (V)
V.= fgt*.2hg x + + + + === (A)
X fgx AY 8 Vy VZ Vy VZ
/ )’6gyx )’Sgyz l//x(vx) l//z(vz)
‘/y =Z’5gyt+ 2l7g)y T Vx T ‘/Z T ‘/x + ‘/Z . (B)
x V) v, (V)
4 :ﬁsgztim+ﬂ6‘§z +ﬁ752y+ W"‘E ), 7 (©)
X y X y

Let V, =x, Vy =yand V,=z. (x,y and z are being used for
simplicity. They will be changed back to V, , Vy , and V, later, and they
do not represent the variables x, y and z in the system of solutions)
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Step 1 From the above system of solutions, let
A=(fgt+2hg.x); D=(qg,z); E=(ng,y)
B=(Asgt +\;’217gyy) F =(Ag,%): G=(Ag,2)

Step 2: Then the solutions to the Euler
system of equations become
(ignoring the arbitrary functions)

— x=A+L2+E
C = (Bsg.1 +2PB:8.2 ); J = (Bsg,x) ;L=(Brg8.y) z oy
y:B+§+Q M
z=C+L+L
Xy
Step 3 Step 4
xyz =Ayz+ Dy+ E7 (D 0=Ayz+ Dy+ Ez— Bxz—Fz—Gx 4)
xyz =Bxz+Fz+Gx 2) ¢ N 0=Ayz+ Dy+ Ez—Cxy—-Jy—Lx o) P
xyz =Cxy+Jy+Lx 3)) 0=Bxz+Fz+Gx—Cxy—Jy+—-Lx (6)

Maples software was used to solve system P to obtain

Step 5

_ L(FCD-FCJ—-JLA+ JCE)
* = C(-BLD + BLJ + GLA- GCE)
L(FCD—-FCJ - JLA+ JCE)

Vi = C(-BLD+ BL/ + GLA—GCE) (backtoV,)
= — L i
C 9
Vi, =-— % (changing back to V; as agreed to)
_L(D-J)
LA-CE”
Vz _% (changing back to V, as agrred to)

Note:

None of the popular academic programs

could solve the system in M.

Maples solved system P (step 4 above) for
x, y,and z interms of A,B,C,D.E.F,G.
J. and L.

Note also that x, y and z are not the same as

the x, y and z in the system of equations..
They were used for convenience and
simplicity .

Step 5:  Apply and substitute from in steps 6-8 below

A=(fgr£2hg.x); B=(Asgt+,22,8y); C=

(Bsg.t £ 2B:8.2); D=(qg,2);

E= (ngxy); F= (lﬁgyx); G= ()“Sgyz)‘] = (:B6gzx) L= (ﬁ7gzy)
Step 6
v =_L_ (B18.5) Step 7
Y0 (Bt 2Bg.2) ng.y _ |Bsg.1l(ng,y) H\2p,8.2)(ng,y)
"8Y oy (— (Pr8:Y) Vi Brgey
e (B t288.7) ng.y _ npgt , (J2hig.2)ng,)
ng.y _ _(ng.y)psg.t +2B,8.2] %0 v, B Ba8.
Vy ﬁ7gzy ’

ngxy — _nﬁsgzt + ('\/zﬁ&gzz(ngx)
ﬁ7 ﬁ7gz

V

Y
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Step 8:
v __LDb-J)
¢~ LA-CE

_ (B18:9)1q8,2 — Beg.X]
(B78-3)(f8,t £ 2hg,x) — (Bsg.t £/2By8.2 )(ng,y)
a8._ L (B18. g8,z — Beg x]
v = (q8:2) +—( B " - ny )
z L2 V)(f8,t £ 2hg x) — (Bsg.t £/2B,8.2 )(ng,y)
(q8,2) ® (B78.y)(f8,1 £ 2hg x) — (Bsg.t 28,2 )(ng,y)
(Br8:3)48.2 — Beg.¥]
_(q8,2) ® (B78.3/8.1 = 2hg, X P18,y — Bsg.ing,y £2B;8.2 ng,y
(B18:9)1q8,z — Beg X1
98,8.2B71fg.yt £ \2hg x B18,8.qY% — P58 8.1qtyZ £\ 2:8.2 8,8:1qYZ
(Br8:9)a8.z — Beg.x]
48,2 _  98x8.:2P1.81 ¥ \|2hg x18,8.9% — Bs8.8.nq1z |28 2 8.8.:19Z

V. (B78.)lag 2 — Peg.x]
((Dividing out the "y" in the numerator and the denominator)

48,2 _ _ 48:8.%P71/8:1 = 2hg,xP18,8.97 — Bs8.8.nq!z +\2 B8 2 8:8.NG2

|4 (B18.)lag,z — Beg,x]

98,2 qugxszgzﬁv2thXﬁ7gxgzqz B8:8.1q1z +\2B,8.2 8,8.1qz
V. B1B68.8.x — B798.8.2

q8.2 _ (B7/8:8:8.9 — Bs8:8.19)1z + 2hg x78.8,92 +\2Bs8.Z 8:8.192
VZ ﬁ7ﬁ6gzgzx ﬁ7qugx

Summary for the fractional terms of the x-direction solution
ng.y and q8.<

v, V. in terms of x,y,zand ¢
ng.y _ _ nps8.t (\ 2py8.2)(ngy ) B ng.y _ —kig + N 2k2gz ® 8.k;
Vy ﬂ7 ﬁ7gz V)

k1=£; ky = Pg: k3=

B, B

q8.2 _ (B7/c8:8x8.9 — Bs8:8.1. 912 % 12hg xB8.8.92£\2B,8.2 gxgxrlQZ} C

VZ ﬁ7ﬁ6gzgzx ﬁ7qugx

q8.2 (gxgzk4 8.8.ks)iz £ \[2g kex @ g, 8. k72 % \[28 kgz ® g2koz

V. g2kiox — 8,8.k1 12

ky=PB7fq ; ks = Bsngs; ke =h; kg = Bg; kg =nq kio = B1B¢ ki1 = Brq
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Analysis of Solutions

V) V)
s ngy qg.z, VW) w.(V)
Ve(x,y,2,0) = feut £ 2hg x + =5 + 17 yvy : ZV ; P(x)=dpg x

y < y z

x-direction

arbitrary functions

Vi#0,V,#0; (d+f+h+n+q=1)

ng.y __nBgt wzﬂggzzxngx)} 5

V,V ﬁ7 h ﬁ7gz
98,2 _ (Br/s:8:4 ~ Bsg:8.:n91z £ \2hg X Br8.8:q2 £\2p,8:2 &gz |
£ B1Bsg7x — Br48 8.2

d+f+h+n+qg=1, L +A,+A+A +A =1 B, +B+Ps+P+Bs=1
One observes above that the most important insight of the above solution is the indispensability of
the gravity term in incompressible fluid flow. Observe that if gravity, g, were zero, the first four

terms of the velocity solution and P(x) would all be zero. This result can be stated emphatically

that without gravity forces on earth, there would be no incompressible fluid flow on earth as is

known.

More Observations: Comparison of the Euler solutions with equations of motion under
gravity and liquid pressure of elementary physics

Motion under gravity equations: (B): V=g, (C): V=,2gx;

Liquid Pressure, P at the bottom of a liquid of depth % units is given by P = pgh

Observe the following similarities above:

1. Observe the "gt" in V = gt of (B) of the motion equations and the fg, ¢ in the Euler solution.

2. Observe the " 2gx "in V =2gx of (C)and the \2hg x in the Euler solution.

3. Observe the P = pgh of the liquid pressure and the P(x)=dpg,x of the Euler solution.

There are five main terms (ignoring the arbitrary functions) in the Euler solution. Of these five
terms, three terms, namely, fg,f, \/2hg x , dpg. x are the same (except for the constants involved )
as the terms in the equations of motion under gravity. This similarity means that the approach used
in solving the Euler equation is sound. One should also note that to obtain these three terms
simultaneously, only the equation with the gravity term as the subject of the equation will yield
these three terms. The author suggests that this form of the equation with the gravity term as the
subject of the equation be called the standard form of the Euler equation, since in this form, one can
immediately split-up the equations using ratios, and integrate.

Velocity profile

The x—direction solution consists of linear, parabolic, and hyperbolic terms. If one assumes that in
laminar flow, the axis of symmetry of the parabola for horizontal velocity flow profile is in the
direction of fluid flow, then in turbulent flow, the axis of symmetry of the parabola would have
been rotated 90 degrees from that for laminar flow. The characteristic curve for the

x—nonlinear term is such a parabola whose axis of symmetry has been rotated 90 degrees from that
of laminar flow. The y-nonlinear term is similar parabolically to the x—nonlinear term. The
characteristic curve for the z—nonlinear term is a combination of two similar parabolas and a

hyperbola. If the above x—direction flow is repeated simultaneously in the y—and z— directions, the
flow is chaotic and consequently turbulent
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Standard form of the x-direction Euler equation for incompressible fluid flow

One will call the Euler equation with the gravity term as the subject of equation in (A) , the
standard form of the Euler equation for the ratio method of solving these equations, since this form
produces a solution on integration. None of the other forms in (B), (C), (D), (E), or (F), produces a
solution. That is, the integration results of each of the other five equations do not satisfy the
corresponding equation.

p %Vt +pV, aa‘;x +pV, % +pV, %V—Zx + %7; =pg, (A)| < standard form

p%Vt —-pVs %V pV%Vy pV%V”pgx—%px (B)
—pVy %‘; pV%Vy -pV, ax+i§;+pgx p% ©)
—p%V;‘—pVy%— Z%VZ 8px+pgx xaa‘;’“ D)
—p%—pvx%—p%?—;— &;+pgx=pvy% (E)
Wy Wy Ny _ dp,

ot px&x_pyay_&x-'_pgx:pvza_z (F)

Uniqueness of the solution of the Euler equation

When each term of the linearized Navier-Stokes equation was made subject of the N-S equation,
only the equation with the gravity term as the subject of the equation produced a solution.
(vixra:1405.0251 of 2014). Similarly. the solution of the Euler solution is unique.

Extra:

Linearized Euler Equation: If one linearizes the Euler equation as was done in the linearization of

19p _

the Navier-Stokes equation, one obtains 47+ o =8 whose solution is

v, =18

i t+C; P(x)=dpg,x.

Note: By comparison with Navier-Stokes equation and its relation, a relation to Euler equation can
be found by deleting the Navier-Stokes relation resulting from the y -terms.

Also note: The liquid pressure, P at the bottom of a liquid of depth /4 units is given by [P = pgh|.

From the Euler solution in this paper, | P(x) = dpgx| from integrating % = dpg where d is ratio

term. Each of the other terms in the Euler equation must also be set equal to the product of a ratio
term and pg . This result implies that the approach used in solving the Euler equations is valid.
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Conclusion

The x—direction Euler equation with the gravity term as the subject of the equation was split-up
into sub-equations using ratios. The sub-equations were solved and combined. The relation obtained
from the integration satisfied the corresponding Euler equation. Similarly the y—direction and the

z—direction equations were solved. By solving algebraically and simultaneously for V,, V, and V,,

the (ng,y/V,) and (qg,z/V,) terms have been expressed explicitly in terms of x, y, zand 7. One
may note that in checking the relations obtained for integrating the equations for possible solutions,
one needs not have explicit expressions for V., Vy, and VZ , since these behave as constants in the
identity checking process. The above solution is the solution everyone has been waiting for, for
nearly 150 years. It was obtained in two simple steps, namely, splitting the equation using ratios,
integrating and successfully checking for identity in the original equation.

The fluid flow behavior in the Euler solution may be characterized as follows. The x—direction
solution consists of linear, parabolic, and hyperbolic terms. If one assumes that in laminar flow, the
axis of symmetry of the parabola for horizontal velocity flow profile is in the direction of fluid
flow, then in turbulent flow, the axis of symmetry of the parabola would have been rotated 90
degrees from that for laminar flow. The characteristic curve for the x—nonlinearterm is such a
parabola whose axis of symmetry has been rotated 90 degrees from that of laminar flow. The
y—nonlinear term is similar parabolically to the x—nonlinear term. The characteristic curve for

the z—nonlinear term is a combination of two similar parabolas and a hyperbola. If the above

x—direction flow is repeated simultaneously in the y—and z— directions, the flow is chaotic and
consequently turbulent.

The impediment to solving the Euler equations has been due to how to obtain sub-equations from
the six-term equation. The above solution was made possible after pairing the terms of the equation
using ratios (ratio terms). The author was encouraged by Lagrange's use of ratios and proportion in
solving differential equations. One advantage of the pairing approach is that the above solution can
easily be extended to any number of dimensions.

Finally, to solve a partial differential equation, one integrates properly, and check the integration
relations for identity in the original equation. Since the above procedure has been followed and
completed successfully, the Euler equations for incompressible fluid flow have been solved.

P.S. The liquid pressure, P at the bottom of a liquid of depth /4 units is given by |P = pghl .

From the Euler solution in this paper, | P(x) = dpgx| from integrating % =dpg where d is ratio

term. Each of the other terms in the Euler equation must also be set equal to the product of a ratio
term and pg . This result implies that the approach used in solving the Euler equations is valid. and
perhaps may be the only approach to produce such a result by integrating the Euler equation.
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Solutions of 3-D Euler Equations

(Method 2)
Here, the three equations below, will be added together; and a single equation will be integrated
P§p+ (a;t/ %‘;x +V, 88‘;’6 +V, Zx)=pgx (D
L p G G S S =g, @)
DG G G, %V> ps.

Step 1: Apply the axiom, if a =b and ¢ =d, then a+c = b +d; and therefore, add the left sides
and add the right sides of the above equations . Thatis, (1) +(2) +(3) = pg, + pg, + pg.

P P v, AV, IV, v, v, IV, vV, v,
8x+07y 8+p8t+pat+pat+pvgx+pvay+pva+pV&x pvgy
+pvzaa_‘;y+pv 88‘;2 +pV, %‘;Z +pV, aBV =(pg, +pg, +pg.) (Two lines per equation)

Let pg, + pgy + pg, = pG ,where G =

8yt 8+ gz‘ to obtain

P, P, v, V, oV v, v, v,
8x8y '+p5‘t+p8t+p8t+pv&x+pv8y pV, %
8V av, av, av. 8V 8V
+pV, axy+pVy +pV, 3Zy+PVx B +pV, 5% vy +pV, == = =pG

Step 2: Solve the above 16-term equation using the ratio method. (15 ratio terms)

The ratio terms to be used are respectively the following:

Bi- By Bs. Ba- Bs. Bo- A 2, A3, Ay As. A g Aq. Ag. Ao

(Sum of the ratio terms = 1)

% = BipG; % =BopG %= BapG ;
8V v, v, A%
= B4pG: P =BspG P =BG PVi = ApG
é’V v, (9V v,
PV o =hpG: pViom=hpGr pVip=ApG pVyWE sPG ;
v, v, V. v,
pV, % = PG ; PV, o'?xz =ApG; pV, 3; = pG ; PV, e = AypG
1. 2 3
% = BipG % = p.pG %: BspG
= BipG =L = B,pG = BspG
P(x) = BipGx + Cyg P(y) = B,pGy + Cy P(2) = B3pGz + Gy
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4. 5 6
v, av av
p atx = P4pG = BspG Z = BspG
dv dv
@ =P = psG = BsG
Ve =BGt +Cy, V ﬁ5Gt +C,, V.= ﬁ6Gt +Cy
7, 8 9
av, vV, Vv,
pV; Wx =MpG pYy 8y =A,pG PV 0—; = 3pG
v,
v, 5E=1G Vy% ~ .G = 1,G
vy _ V,dV, = 1,G d Vzd"x:ﬂzGdZ
V,dV, = 4G dx VWVe=4Gy+y, (V) MGz w.(V)
Vs 26 x v _2Gy Wy | A 2
2 ! *xTTV V,
V2, =24,G x g Y
‘/x = i\,'Z)qu + C25
10 11 12.
V. 1% av,
PVe o =MpG pY, Wy = AspG PV:—5 = 46PG
av. dv. av.
deVy = ;L4G dx Vdey — A/SG dy VZdVy = A6G dZ
VxVy=A4Gx+l//x(Vx) V2 VZVy=A6GZ+l//Z(Vz)
_MGx v (V) | 5 =4Gy _MGz y.(V)
W=yt % Vi ==+
V,"=2AGy z z
V, =+225G y + Cyq
13 14 15
av, av,
v PVy gy = 4P PV. - =AopG
PV —E=4pG dv. av,
G = Vg = 1
=AG _
V de = )LﬂqG dx A “//z;in o
e ) W= kGy ) | G
Vo2 MGV Gy wi) | A
y o MGx (V) |y, =287 T V) =22,Gz
. Vx Vx Y Y V «l2/19G z+ C27

10
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Step 3 : One Collects the integrals of the sub-equations, above, for V., V,, V., P(x), P(y) ,P(z)

x> Vys Vzo

For V., P(x) For V,, P(y) For V,, P(2)
Sum of integrals from Sum of integrals from Sum of integrals from
sub-equations #4, #7, #8, sub-equations #5, #10, sub-equations #6, #13, #14,
#9,#1, #11,#12,#2. #15,#3,
Ve =BsGt+ Gy Vy = BsGt + Gy, V, =BGt + Cy,
Vx:i\f‘szzﬂGx—FCZS MG x oy (V) vV :%Gx_*_l//x(vx)
v,) W=my Tty A v,
y, = 22Gy Yyl e MGy  ¥y(V)
MGz y (V) Gz oy (V) Yy
Ve= vt ZVZZ Vy= v W V,=1,22G z + Cy,
P(x) = B,pGx +Cyg P(y) = B,pGy + Cy, P(2) = B3pGz+ Gy

From above,
For V., Sum of integrals from sub-equations #4, #7, #8, #9, #1,

Gy MGz VY,V) (V.)
V.(x,y,z,t) = B,Gt £ \[24,G x + %Vy + 3V + yV > 4 WZV 2, P(x)=BipGx + Cy

Z y b4

arbitrary functions

For Vy : Sum of integrals from sub-equations #5, #10, #11, #12, #2.

MGx  AGz (V. |%
4Vx +=5 =+ "’é W‘(, ) P(y)=BopGy +Cy

Z X Z

Vy(x,y,2,) = BsGt + £ 2A;G y +

%/—J
arbitrary functions

For VZ: Sum of integrals from sub-equations #6, #13, #14, #15, #3,

v
V, = BsGt £ 224G z + 2/7‘? T lg‘f; A "’x‘gvx) + Wy‘g ) P(2) = BypGz + Gy,

y y

arbitrary functions

Step 4: Simplify the sums of the integrals from above..(Method 2 solutions of N-S equations

Aszy A«3GZ l//y(Vy) Yy (V)
/A v VA v

Vo (x,y,z2,t) = B4Gt £ 24,G x +

y z y z
arbitrary functions
P(x) = B,pGx + Cyy (vy #0, v, #0)
v V.
V,(x,y.2.0) = BsGt +24;G y + /14‘/Gx + )’6‘? & +Wx‘§ X, WZ‘E 2
X Z X Z

arbitrary functions

P(y) = B,pGy + Cy, (v, 20, v, 20)
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Euler Equations Solutions (Method 2)

e MGx Gy w.(V,) v,(V))
V.(x,y,2,t) = B Gt £\ 2A,G 7 + 7 + 8 4 PalVx) Py Ty
(0220 = feGr 24, i TV T v,
arbitrary functions
P(Z):ﬁ3pGZ+C2] (Vy ;t()’ Vy ¢0)

The above are solutions for V, V,, V, P(x), P(y), P(z) .of the Euler Equations

Comparison of Method 1 and Method 2 of Solutions of Euler Equations

Method 1: x—direction solution of Euler equation

(Vy) |4
Vo (x.9.2.0) = fg,1 [ 2hg x+ n(‘g/xy + q%‘z +Wyv Y Wz‘g D, Co A
y Z y Z (

arbitrary functions

P(x)=dpg x; (d+f+h+n+qg=1) (vy;to, v, #0)

Method 2: x—direction solution of Eulerequation

MGy MGz N v, (Vy) vV

A

Ve(x,y,z,t) = B4Gt £\ 24,G x +

(B)

arbitrary functions
P(x) = B,pGx + Cyy (v, 20, v, #20)

It is pleasantly surprising that the above solutions (A) and (B) are almost identical (except for the
constants), even though they were obtained by different approaches as in Method 1 and

Method 2. . For the system of Euler equations, there are three driver equations, since each equation
contains the gravity term. In Method 1, the gravity term was pg . In Method 2, the gravity term was

pG , where G is the magnitude of the vector sum of the gravity terms. Note that in Method 1, the
sum of the ratio terms (7 ratio terms for each equation) equals unity, but in Method 2, the sum of
the ratio terms (15 ratio terms) for the single driver equation solved equals unity. Note that in
Method 2, only a single "driver" equation was solved, but in Method 1, three "driver" equations
were solved. In Method 2, one could say that the system of Euler equations was "more
simultaneously" solved than in Method 1.

About integrating only a single equation

If one asked for help in solving the Euler equations, and one was told to add the three equations
together and then solve them, one would think that one was being given a nonsensical advice; but
now, after studying Method 2 above, one would appreciate such a suggestion.

References:

For paper edition of the above paper, see the book entitled "Power of Ratios"

by A. A. Frempong, published by Yellowtextbooks.com. Without using ratios or proportion, the
author would never be able to split-up the Euler equations into sub-equations which were readily
integrable. The impediment to solving the Euler equations for over 150 years has been due to
finding a way to split-up the equations. Since ratios were the key to splitting the Euler equations
and solving them, the solutions have also been published in the " Power of Ratios" book which
covers definition of ratio and applications of ratio in mathematics, science, engineering, economics
and business fields.
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