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Abstract—for any positive integer 71 , let S » (n) denotes the

Smarandache primitive function, F;l denotes the Fibonacci

numbers. The main purpose of this paper is using the elementary
methods to study the number of the solutions of the equation

Sp(Fi)+Sp(F2)+...+Sp(F;):SP(F;HZ—1), and give

all positive integer solutions for this equation.
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L INTRODUCTION

As usual, the Fibonacci sequence F) is defined by the

second-order

F ,=F

n+2 n+l

linear recurrence sequence
+Fn forn=1, F; =1, F, =1 .This sequence
plays a very important role in the studied of theory and
application of mathematics. Therefore, the various properties
of F was investigated by many authors. For example, R.L.

Duncan [1] and L. Kuipers [2] proved that (logF ) is

uniformly distributed mod 1. Fengzhen, Zhao [3] and Kh.
Bibak [4] obtained some identities involving the Fibonacci
numbers.

Let p be a prime, n be any positive integer. The

Smarandache primitive function S,(n) is defined as the

smallest positive integer such that S, ()!is divisible by p" .
For example, S, (1) =2,8, (2) =S, (3) =4, S, (4) =6,

In problem 47, 48 and 49 of book [5], the famous
Rumanian born American number theorist, Professor

F.Smarandache asked us to study the properties of the S ) (n).

There are closely relations between the Smarandache primitive
function S, (1) and the famous function S(17) , where

S(n)=min{m:me N,n|m!}.
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From the definition of S(71), obviously we have S(p) = p,
andifn #4, n# p,then S(n)<n.So we have
M S(n
r(x)=-1+, S(n) ,
i=2 n
where 77(x) denotes the number of primes which less than X .
S(n),

Smarandache primitive function S,(n) and the equations

The research on Smarandache function

involving Smarandache primitive function S, (n) is an

significant and important problem in Number Theory.
Therefore, many scholars and researchers have studied them
before, see reference [6-8]. Professor Zhang Wenpeng [9] has
obtained an interesting asymptotic formula. That is, for any
fixed prime p and any positive integer 72, we have

S,(m=(p-1)n+0 P _np
Inp

It seems that no one knows the relationship between the
Fibonacci numbers and the Smarandache primitive function.
In this paper, we use the elementary methods to study the
solvability of the equation

S, (F)+S, (F)+-+5,(F,) =5, (F. 1),

and give all positive integer solutions for this equation.
That is, we will prove the following:

Theorem Let p be a given prime, 72 be any positive

integer, then the equation
S, (F)+S,(F)++8,(F)=S,(F.,-1),

n

has finite solutions. They aren =1,2,--,n s where

1og(\E(p+1)+,/5(p+1)2 +4)—log2

log(1+\/§)—log2

np=

-2,

[x] denotes the biggest integer < x .



Especially, taking p = 3,5, 7 , we may immediately we can easily get the conclusions of Lemma 4.

deduce the following:
Corollary 1 The positive integer solutions of the equation

S( )+S( )+ +S( )=S3(F 1) MI.  PROOF OF THE THEOREM

" In this section, we will complete the proof of the Theorem.
aren=1,2.

Corollary 2 The positive integer solutions of the equation

S5 (F)+ 85 (B)+ -+ 5 (F,) =S (F,. —1) 1) IfF,,,—1<p, solving this inequality we can get
are n=1,2,3. 1<n<n_, where

Corollary 3 The positive integer solutions of the equation ( > )
1 S5(p+1)+45(p+1) +4|-log2
()8 (E)ers, (£)=S, (Fomt) | PR Sr D Bloslt) e

aren=1,2,3,4. ! log(1++/5) ~log2

We will discuss the solutions of (1) in the following four
cases:

II.  PRELIMINARIES
To complete the proof of the Theorem, we need the [x] denotes the biggest integer < x .

following several simple. Then from Lemma 1 we have
Lemma 1 Let p be a prime, 7 be any positive integer. _
b ’ . ..yp . ¢ SP(F:’1+2_1)_p(F:’l+2_1)
I;S' » (n) denotes the Smarandache primitive function, then we Noting that]1 < 71 < n,, thatis F <F_ < p, from
e kif k< Lemma 1 and Lemma 2 we can get
= PK, =P,
S,y " S, (F)+S, (F)++5,(F,)=p(F.-1).
< pk,if k> p. .
. Combining above two formulae, we may easily get
Proof (See reference [10]). n=1,2,---,n  are the solutions of (1).
Lemma 2 Let F be the Fibonacci sequence with 2) IfF, < P < F ., —1, solving this inequality we can
F,=1and F, =1, then we have the identity get n,<n< n > where
[ 2
n, = -2
. P
Proof From the second-order linear recurrence sequence 10g (1 + \/g ) - log 2
F .,=F, +F we caneasily get the identity of Lemma 2. d
Lemma 3  Let p be a prime, 72 be any positive integer, an
if nand p satisfying p” || n!, then ( 2 )_
p satisfying p* | | log JSp+45p +4)-log2

n =

a=i[i,}- : 10g(1+x/§)—10g2
=1L P

. . <
Proof (Sece reference [11]). [x] denotes the biggest integer < x .

. L Then from Lemma 1 we have
Lemma 4 Let p be a prime, 71 be any positive integer.

Then there must exist a positive integer 72, with Sp (F;wz _1) sp (F:'1+2 _1)'
ISmngk(k:I,z,---,n) such that But
S, (F)=mp,S,(F)=mp,-S,(F,)=m,p, S, (F)+S, (F)++5,(F)=p(F..-1).
and _ Hence (1) has no solution in this case.
Z[mkp} 3) Ifn=n+1, thatisp<F, <F, 1.
1 a) IfF, = F;I a=p+tL thenm,, ., =p.

Proof From the definition of S, (1), Lemma I and Lemma 3,



Notice thatm, = F;,m, = F,,---,m, =F, < p.Sowe
'3

I‘IF

have

S, (F)+S, (F)++S,(F) = fm+m,+-tm, )
=p(F,1;+z—1)+p2-
If p=2,thatis n=n;+1=4.Then
S, (F)+S,(F)+S, (F)+5,(F,)
=2(F,-1)+2"=12.
However, S, (F,.,—1)=8,(F,-1)=S5,(7)=8.

So there is no solution for (1) in this case.

If p> 2, notice that

= p(F,,;,+z—1)+p2—1

{p(ﬂﬁz 1)+p(pl)+(pl)}+{p(ﬂ;ﬂ +F, l)””l}ri

»

2p* +(pF, -1
(oo 2

- p(Fn;+2_1)+p2 -1

2 ;

i=3 p

>(Fy,~1)+(p-1)+2

= Fn;;+2 +F:1;)+] -1
= Fn;;+3 -1.

Then from Lemma 3 we can get
P (R mt)+ 2
Therefore, S, (F,,,~1)=5, (F,,,~1)
<p(F,..-1)+p" -1
<p(Fy.=1)+p"

=5, (F)+S,(E)++S,(E).

So there is no solution for (1) in this case.

b) If F, =F:7;+1 >p+1 , then we have p=3 ,
otherwise, F = F;z; 4 =F,=p+1, moreover, we have
p<m SF;:'F+1:F;1;—1+Fn;<2p'

,
n,+1

pr=3,thatisn=n;+1=5,then
S3(F;)+Ss(172)+S3(173)+S3(E)+S3(F;):33'

However, S, (F;?Jr2 —1) =S, <F7 —1) =3, (12) =27.
So there is no solution for (1) in this case.
If p >3, from Lemma 4 we know there must exist a
positive integer m, withl <m, < F, (k =12, --,n; +1)
such that
S, (F)=mp.S,(F,)=mp.-:S,(F,)=5,(F, ) =m,.p.
Then we have
S, (F)+S,(F,)+--+S8,(F,)=pm+m, tetm,y).
On the other hand, notice that

my = F,m, =F,,-,m, =F, and p<m

n n,+1

<2p.
Then from Lemma 4 we have

i[(””ﬁmz +";+mn)p—1}

i=1 P

< p(m1+m2+--~+mn;+1—l)+p—l
_;l i

p

R
»
>_m1+m2+---+mn;+l+(mn;+l+E |: ; J

=2 p |
S| mp | ~| mp = [ m, D]
> | =+ 4}+---+ —
;{p’} ;{ P Zzl|: P
2Fl+1'72+---+Fn,p+1
=F;1’+3_1'

Then from Lemma 3 we can get
Fy 3-1
p"” (p(m1+m2+--~+mn,+l)—l)!.
P

Therefore,



n

S, (F=1)=5,(F, -1
Sp(ml+m2+---+mn,p+l)—1
<p(m1+m2+---+mn;+l)
=5, (F)+S,(F)++S,(F,).

Hence n = n; + 1 is not a solution for (1).

4) Ifn2n, +2, thatisp<F, <F,,~1.

So from Lemma 4 we know there must exist a positive
integer m, with 1 <m, < F} (k =12, -,n) such that

Sp(Fl):mlpaSp (Fz):mzpa"'sp(F;«):mnp-
Then we have
S, (F)+S,(F)+-+S8,(F,)=HKm+my+--+m,).
On the other hand, if p =3, from the analysis of (iii) we

know there must exist a positive integer m ; with

p<m, <2p(j=n;+l,n;+2,---,n),thennoticethat

m, = F,m, =F2,-'-,mn; =F;l;) , from Lemma 4 we have

Z"’: (m,+m,+---+m,)p-1

1

i=1 p
i p(m+my+--+m,—1)+p-1
- i
i=1 P
- p(ml+m2+--<+m”,+l)+p—l - p(m,,,+,+m,,,+2+m,,—l)
2n11+mz+»~+m”—l+z — +Z ’ -
= p =] p
o | p(Fyo=1)+p=1| <[m, +m,  +m —1
=mtmy+etmy  —1+ Y ( e ) +Z{ ot }
" =2 p i=2 P

1| P = | P

> | m > | m,
n,+1 n,+2
Zmytmyetm, | m > {,} +| my .+ > {,}

Then from Lemma 3 we can get

ph ‘(p(m1 +my+-+m,) =)L,

Therefore,

SP(F+2—1)Sp(m1+m2+-~-+mn)—1

<p(m+my+---+m,)
=S, (F)+S,(F)+-+S,(F,).

If p =2, like the analysis above, it will be easy to get
S, (F)+8,(F)+-+8,(F,)>S,(F,.,-1).
Hence n 2 n; + 2 (1) has no solution.

Now the Theorem follows from /), 2), 3) and 4).
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