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Abstract

Direct links between generalized harmonic numbers, linear Euler sums
and Tornheim double series are established in a more perspicuous man-
ner than is found in existing literature. We show that every linear Euler
sum can be decomposed into a linear combination of Tornheim double
series of the same weight. New closed form evaluations of various Euler
sums are presented. Finally certain combinations of linear Euler sums
that are reducible to Riemann zeta values are discovered.
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1 Introduction

1.1 Generalized harmonic numbers and linear Euler sums

Generalized harmonic numbers have a long history, having been studied since

the time of Euler. The " generalized harmonic number of order n, denoted
by H,, in this paper, is defined by

—~ 1

Hr,n - —

Sn

s=1

b

where H,; = H, is the r** harmonic number and Hy,, = 0. The generalized
harmonic number converges to the Riemann zeta function, ((n):

rhl?o H,,=((n), Rn]>1, (1.1)

since ((n) =Y oo s ™.

Of particular interest in the study of harmonic numbers is the evaluation of
infinite series involving the generalized harmonic numbers, especially linear



Euler sums of the type

o0

E(m,n) = Z Hom

VTL

v=1
The linear sums can be evaluated in terms of zeta values in the following
cases: m =1, m =n, m+n odd and m+n =6 (with n > 1), (see [1]).

Evaluation of Euler sums, E(m,n), of odd weight, m +n, in terms of ¢ values
can be accomplished through Theorem 3.1 of [I].

As for the case m = 1, we have

THEOREM 1.1 (Euler). Forn—1 € Z* holds

n—2

E(1,n) _22 = (n+2)¢(n+1) =Y (G +1)¢n— ).

j=1

1.2 Tornheim double series and relation to linear Euler
sums

Tornheim double series, T(r,s,t), is defined by
oo o 1
T(r,s,t) —

and named after Leonard Tornheim who made a systematic and extended
study of the series in a 1950 paper, [2]. T(r,s,t) has the following basic
properties [3]:

T(r, s, t)="T(s,rt),

(1.22)
T(r,s,t) is finite if and only if r+¢ > 1,s+¢>1and r+s+t > 2, (1.2b)
T(?‘, S, 0) = C(T)g(s> ) (1-2C>

T(r,0,t) +T(t,0,r) =C(r)C(t) = C(r+t), r>2 (1.2d)

and

T(r,s—1,t+1)+T(r—1,s,t+1)=T(r,s,t), r>1,s>1. (1.2¢)



In light of (1.1]), the useful identity

Hpy H,,, (1.3)
; l/+,u +p,t T At
leads to
> 1
=(C(t) - H 1.4
; (V"’M)t C( ) JTR ) ( )

which establishes the link between the Hurwitz zeta function, (¢, u), the
Riemann zeta function and the generalized harmonic numbers (see also equa-
tion (1.19) of [4]) as

Clt ) =C(t) — Hu1ye, (1.5)
since
— (n+v)t

The identity (1.4]) also brings out the direct connection between the linear
Euler sums and the Tornheim double series, namely,

E(n,m) = ((n){(m) —T(m,0,n), n>1m>1. (1.6)

Differentiating the identity
1 1 "

_— — pu— 9 1.7
v ov+p v(v+p) -9
n — 1 times with respect to v gives
n—1
1 1 7
— = , néeNy, 1.8
- ey e e
from which, by summing over v, employing ((1.3)), we obtain
n—1 N [
Ay = Hxgun + Hn = pZO;WHV-I—M)
and hence, in the limit N — oo we have
n—1 oo
= , ne zZ* ) (19>



from which follows, for n,r — 1 € Z™, the interesting relation

00 n—1 oo oo
D) DI
Z r = r—1,,p+1 n—p’
p=1 H p=0 p=1 v=1 pwrewp (V—{_”) P
that is,
n—1
E(n,r) = ZT(T— Lp+1,n—p),
p=0
so that,

THEOREM 1.2. Any linear Euler sum can be decomposed into a linear
combination of Tornheim double series:

E(n,r) :ZT(T—l,n—p—i-l,p) , n,r—1cZ".

p=1

COROLLARY 1.3.
E(l,r)y=T(r-1,1,1), r>1.

Note the use of the index shift identity:

b u—a
D fi= Y0 fuis (1.10)

i=u—>b

of which the not so familiar index shift formulas (see [5])

b b—a
>of=Yfo
i=a 1=0

and
b b
Z fz = Z fa+b—i

are particular cases, obtained, respectively, by setting v = b and u = a + b.

A useful variant of (1.10]) is
b—a b—a
Z fi = Z Jo—i -
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Throughout this paper we shall make frequent tacit use of the index shift
identity. As an immediate application, if we choose f, = 1/(n — v)t, a = 1,
b= N and v = p in ((1.10) we obtain the following analog of (1.3)):

N

1
> oy~ Hura = Huovere (1.11)

v=1

which, over the ring of integers, is valid for 1 < N < p.

For evaluating sums with a > b we shall use

b a—1
Zfz’z— Z Ji-

i=b+1
In particular
a—1 a—1
> fi=—foand Y fi=0.
i=a+1 i=a

The beautiful formula from case n =1 in (1.9)), that is,

Zﬁ:}[u, peC\zZ, (1.12)

v=1
was also derived in [6] and [7].

A brief summary of some of the interesting results contained in this paper is
given in Section [0

2 Generalized harmonic numbers and summation
of series

In this section we discuss the evaluation of certain sums in terms of the
Riemann zeta function and the generalized harmonic numbers.

When the following partial fraction decomposition, valid for p,v € C\{0}
and s,t € Z such that either st € Z~ or s+t € Z™ (see for example equation



(2.4) of [§] ),

t

s—1 ; —1 .
t—i—z—l —1) Z s+1—1 —1)°
V+M par S lﬂ i — 7 Ius Z(V—FM) i
(2.1)

is summed over v, taking ((1.3]) into consideration, we get

THEOREM 2.1. For u € C\Z~, u # 0 and s,t € Z such that either
steZ™ ors+teZt holds

al — ti = 1) () Hye
Yo ) e

v=1 =0
t—1 )
SZ s+i— 1\ [Hyypei— Hypi
+ (_1) ( 7 ) - Iueri - :
i=0

In particular,

i - <s i 1) (—1) Hyoes + (—=1)° [Hyipsmi — Hy o]
v=1 v+ H =0 ,u,s'H

_ 1y —~ (25 =i =1\ Hyi — Hyyui — (=1)'Hn;
— s—1 /L2sfi
(2.2)

Writing (2.1)) as
s—2 ;
ti—1) (-1
V+M — Vs_i/Lt—H
s — S—|—Z—1 1 (23)
P (v + )

s+t —=2 1 W
_181
+= ( s—1 )u”“l/(wru)’

and summing from v = 1 to v = oo gives

@M




COROLLARY 2.2. For p € C\Z~, u# 0 and s,t € Z* holds

00 SQ(t—l—Z—l)M

I/s V + ,U - lutJr’L'

v=1 =

+ (—=1)* tz% (S + Z - 1) [C(t — ZZS;H;L,M]

=0

s1(s+tt—2\ H,
+(=1) ( s—1 >Ius+t—1'

In particular,

oo

~ (25 —i—1\ H,;
DD rran il S D DI (N =
—1 Vs V+M — s—1 Iquﬂ
ls/2]
2s — 21— 1Y ((20)
sl
ey (M)

Substituting —v for v in ([1.8]), summing over v and making use of (1.11]), we
obtain

THEOREM 2.3. For 1 < N < u and n € Ny holds

n N
_ 1t n
Z {(_1)P 1 Vn*p+1(“ — y)p} = Hyn = (_1) [H“_l’” - H“_N_l’”] )
v=1

p=1

In particular,

N
I

— =i H, 1—H, n_1. 2.

Zy(u—y) N+ Hy p—N-1 (2.5)

v=1

Replacing v by —v in (2.1)) gives the identity
s—1 . t—1 .
t4+1—1 1 s+1—1 1
o ZZ_; ( i ) ps—iptti + ZZ_; ( i ),us-l-i(lu _ V)t—z )

from which we obtain, after summing over v, using (|1.11]),



THEOREM 2.4. For 1 < N < p and s,t € Z such that either st € Z~ or
s+t e€Zt holds

s—1

Z —Z t+2—1 HN,S_Z'
VZlys —V —l Iut—l-i
t—1
s+i—1 [H,u ltz_HuNlt 1]
+z(z s

o~ (s+t—i—1\ Hy;
_i:1 t—1 st

t .
s+t—i1—1 [Hu_u - HM—N—Lt]
+ Z < s—1 > st '

In particular,

N s
1 H/,L*l - H,qufl HN'L'
— +y — (2.6)
Sy - et 3 M
N t
1 HN Hp—li_H;L—N—li
= — ’ 2.7
; T T ; pt=i (27)

N .
Z o Z 2s —i—1\Hyi+ Hy 1, - Hy n-1, ' (2.8)
VS(ILL _ y)s P s—1 lu23—z

LEMMA 2.5. Let a, ¢ and f be arbitrary functions such that a # 0, ¢ # 0
and af = c+ a, then for m € Z* holds

m—1
afm:af—FZcfi,
i=1

or, equivalently, using the index shift identity,

m—2
Gfm _ &f-'- Zcfmfifl )
=0



The Lemma is easily proved by the application of mathematical induction
on m.

Choosing @ = —1/(p+v), ¢ = 1/v and f = —p/v in Lemma 2.5 gives the
partial fraction decomposition

m m i

(2.9)

-1

M p oy
—1)m-t = + —1)'—,
T e Rk D S e
which, after n times differentiation with respect to p, yields, for m,n € Z
such that mn € Z= or m + n € Ny, the identity

S ()

p=0

(2.10)

_ _W pe S {(—Di(z) ’;;} 7

from which upon summing from v =1 to v = N we have

THEOREM 2.6. Forn,m € Z such that either nm <0 orn +m € Ny and
w € C\Z~ holds

o or () i)

p=0

m—1

AN
=Hyni1 — Hyjppnsr + (—1)" Z {(_1)Z <n) 78 HN,z'+1} )

i=n
which in the limit N — oo gives

COROLLARY 2.7. Form € Z* and n € Ny, p € C\Z~ holds

() St

m—1

= Hui+ (10 0 {0 (] )t 0

1=n+1

10



In particular, for m,n € Z" and p € C\Z~, we have

00 m m—1

(~m Y ﬁ = H,+ Y (01, (210)

v=1
and

Replacing v by —v in (2.10) and summing over v gives
THEOREM 2.8. Form € Z andn € Ny, 1 < N < pu holds

s {er()s

> e |
m _ n—p+1
— — v (p— )t

m—1 .
1 i—n
— p—1n+1 — HM—N—LTH-]- —|— (_1)71 Z { (n> ,U’L HN,i-i—l} .

1=n

Differentiating (2.9) n times with respect to v, we obtain, for m € Z* and
n € Ny, the identity

Y (-

p=0

(2.12)

m

" 2 (L))

=1

from which upon summing from v =1 to v = N we have
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THEOREM 2.9. For m € Z, i € C\Z~ and n € Ny holds

() S

p:O v=1

= ,uHN—i-M,n—l—l - ,UHN,n+1
- /J’H,u,nJrl

- Si+n—1\
+ Z (—1) ( " )M HN in
1=2

which in the limit N — oo gives

COROLLARY 2.10. Form € Z*, y € C\Z~ and n € Ny holds

(=™ En: { <m +§ B 1) i ,/m+p(5j_+;)n—p+1 }

p:(] V=

n

= —pHyp+ ) (—1)i<i e 1)#’((“ +1).
1=2

Changing v to —v in (2.12)) and summing over v gives

THEOREM 2.11. Form € Z andn € Ny, 1 < N < p holds

i { <m +§ - 1) (—1)pi Vm-l—p(in:Jr:)n—p-l-l }

p=0 v=1

= ,uHu—l,n-l—l - ,UH;L—N—I,n—&-l

e (i n -1
+(—1) Z( n ),M Hyitn -

i=1

Using a = 1/pv, ¢ = =1/ (u(p +v)) and f = p/(p + v) in Lemma [2.5 gives
the identity

m i—1

Iz _ 1 f
v+ pm v Z(V+M)“

i=1

12



which, after n differentiations with respect to v, gives

m

m—1 yp+1(y_‘_lu)m+n*p

p=0
1 . fi+n—1 it
- pyntl Z < n ) (V + M)H—n )

=1

(2.13)

from which we get, after summing over v,

THEOREM 2.12. Form € Z*, y € C\Z~ and n € Ny holds

S (") S e

p=0

" libn—1\ it —1\

= Hnpt1 — Z ( n )N 1HN+M,i+n + Z ( n >M 1Hu,i+na
i=1 =1

which in the limit N — oo gives

COROLLARY 2.13. For p € C\Z~ and m,n € Ny holds

O

p:(] v=1

m+n . m-+n .
= Z (ZL) [ i — Z (;) i+ 1)

1=n 1=n-+1

In particular, for m € Ny and p € C\Z~, we have

S N m
Zy(y+u)m+1 _HM_;NC<Z+1)+;M Hy i (2.14)

v=1

Replacing v by —v in (2.13)) and summing over v we obtain
THEOREM 2.14. Form € Z andn € Ny, 1 < N < i holds

> {(—wp (") i I fn;)m+n_p}

p=0

. " fidn—1\
= <_1) HN,nJrl + Z < n >,LL ! (Hufl,iJrn - H,qufl,’L#n) .

i=1

13



3 Functional relations for the Tornheim double series

In this section we will derive various functional relations for the Tornheim
double series and from these we will see that it is already possible to evaluate
the series at certain arguments.

Writing (1.7) as

1 1 1

—|— —
prv vt v

dividing through by p"v*~!( + v)! and summing over p and v gives
T(ry,s—1,t+1)+T(r—1,s,t+1)=T(r,s,t), (3.1)
which is property (1.2¢) of Tornheim series.

Replacing p by p — v in (2.1) and then replacing v by —v in the result-
ing identity gives the following variant of ([2.1), valid for u,v € C\{0} and
s,t € Z such that either st € Z~ or s +t € ZT,

! t—i—z—l 1 +§ s—l—i—l) 1
Us— z<u+y)t+z ' 7 ,utfi(lu_i_y)eri’

=0

M

from which, after dividing through by (¢ + v)" and summing over p and v,
we get

THEOREM 3.1. Forr+s>1,r+t>1andr + s+t > 2 holds

t—1
t4i—1 1
T(s,t,r) <+Z ) i,O,t+r+z+Z<S+Z )(—i,0,3+r+i)
=0
> t—i—1
- (Hti )T(i,0,5+r+t—i)
=1

t

t—i—1
+Z<8+ ! )T(i,0,3+r+t—i),

, s—1
=1

(3.2)

without the need of the induction suggested in [3], where the identity of the
theorem was first established.

14



The utility of Theorem lies in the fact that in discussing T'(r, s, t), it is suf-
ficient to consider only the set {T°(4,0,7 + s+t —4)} for 1 <i < max{s,t};
a fact that was gainfully employed in [3] and [9].

Dividing through the identity of Corollary [2.7]by x" and summing over p we
obtain

THEOREM 3.2. For m,r —1 € Z*, n € Ny and r > m — n holds

0 S {er (M) 16— pmn—p 1)

p=0 p
m—1 i
=F 1 —1)" —1) A+ 1)C(r— :
e+ 3040 () et e i)
Setting m = n 4+ 1 and replacing n + 1 by n, we obtain
COROLLARY 3.3.
E(n,r) =Y (-1 (n> T(r —p,n,p)

p=1 p

which is the alternating version of Theorem [1.2]

Setting n = 0 in the identity of Theorem [3.2] and using Theorem [I.1] to write
E(1,7) in zeta values we have

COROLLARY 3.4. Form,r —1 € Z" and r > m holds

(—1)m_1T(r —m,m,1)
1 1

= 5(7« +2)¢(r4+1)— = Zc(r —i)¢(i+1)

m—1

- - (=1)¢(r—i)¢GE+1).

i=1

Setting n = 1 in the identity of Theorem and employing the above corol-
lary gives

15



COROLLARY 3.5. Forr—1€Z", m € Ny and r > m — 1 holds
(=)™ T (r —m,m,2)
r—1
m m . .
=FE(2,r)+ 5(1“—1—3)@(7“—1—2) — 52((7"—@—1— )¢+ 1)
-1

+m Z_ (—D)¢(r—i+1)¢6E+1) — (—=1)%¢(r —i+1)C(E+1).

i

3

Il
2o

Setting v = 4 in Corollary[3.5, noting that E(2,4) = ((3)* — ¢(6)/3 (sec [T,
page 16), and using m =0, m = 1 and m = 2, respectively, we have

¢(6)

7(4,0,2) = 4 caye2) - <37,
73.1.2) = 4 o) a0
and
T(2,2,2) = ~2¢(6) + 4C(4)(2) (3.3)

Similarly, settingr = 2 in Corollary[3.8, noting that E(2,2) = ((2)%/2 + ((4)/2,
(see (4.2))), and using m =0, m = 1, respectively, we have

T(2,0,2) = 4(5)2 _ %¢(4)
and
T(1,1,2) = —C(2)* + 3¢(4) . (3.4)

Setting r = s in and using the reflection property gives
2T (s,s — 1,t+1) =T(s,s,t). (3.5)
In particular, we have
2T (s,s —1,1) = T(s,5,0) = ((s)*, s—1€Z"

and
2T(s,s — 1,3) =T(s,5,2), s€Z",

16



from which we get
27(1,0,3) = —C(2)? + 3C(4)

and
OT(2,1,3) = —2(6) + AC(A)C(2).

3
after using (3.4) and (3.3)).

Setting » = n + 1 in the identity of Theorem [3.2] we obtain
COROLLARY 3.6. For m,n € Z* and 2n > m — 1 holds

(-1)771*22 {(—1)1’(7;)T(n —mAp+lmn—p+ 1)}

=((n+1)*+¢(2n +2)

+ (=1)"2 mz_l {(—1)i<;)g(z’ +1)¢(2n — i + 1)} :

i=n-+1

Setting m = n + 1 in Corollary substituting n for n + 1 and utilizing the
index shift identity (1.10)) gives, for n — 1 € Z*,

2317 ()00 ) = G0+ C2m),
p=1
from which, with the aide of Corollary and after some manipulation, we

get,
2n—1

Z (= (?) T(2n —p,2n,p) =((2n)*, neZ"
p=1
and

2n
m + 1
St () ren - pe 1,204 10
p=1

=((2(2n+1)), neZt.

In particular,
27(1,2,1) = ((2)*.

Dividing the identity of Corollary by p”, and summing over p, we obtain

17



THEOREM 3.7. Form e Z*, r —2 € Z* and n € Ny holds

(—1)mz<m 5 >T(r—m—1,m+p,n—p—|—1)
p=0

n

(2

- i4+n—1 . .
= —En+1r—1)+ (—1)1(1 " )g(n +)C(r— ).
=2
COROLLARY 3.8. For m,n € Z* holds

" (m+p—1
(—1)’"25 ( ]]; )T(n—m—l—l,m—l—p,n—p+1)
p=0

= ((n+ 12— (@2n+2)+2) (-1)

=2

" t+n—1
n

>§(n +1i)((r —1).
In particular,

QiT(n—l,n—p—l—l,p):C(n)2+g(2n), n—1eZ".

p=1

Dividing through the identity of Corollary by p" and summing over p
gives

THEOREM 3.9. Forr —1e€Z", m,n € Ny and r > m + 1 holds

E (m+p)T(r—m—l,n—p+1,m+p+1)
m
p=0

:ii(i)E(iJrl,r—iJrn)Jr mzm (DC(@'H)C(T—HH)-

1=n-+1
4 FEvaluation of Tornheim double series

4.1 Euler-Zagier double zeta function

Before discussing the general Tornheim double series for finite r, s and t,
we first consider the double series T'(r,0,t) and 7'(0, s,t), with r +¢ > 2 or
s+t>2andt>0.

18



According to (1.6), when r and ¢ are positive integers greater than unity,
then

Thus, reduction of T'(r, 0, t) to ¢ values is possible when r and ¢ are of different
parity, in view of Theorem 3.1 of [I], and also when r =t or r +t = 6.

Using, in (4.1)), the symmetry property of linear Euler sums,
E(m,n) + E(n,m) = ¢(m+n)+ ((m)¢(n), (I, 10], (4.2)
we have

THEOREM 4.1.
T(0,s,t) +T(0,t,5) =C(s)C(t) —C(s+1t), s—1,t—1e€Z".
COROLLARY 4.2.
27(0,s,5) =((s)* —((2s), s—1€Z".

T(0,0,t) was evaluated, in [2], as
THEOREM 4.3.
T(0,0,6) = C(t—1) = C(t), t>2.

Here we give a different derivation as follows.

Proof. From {) we have
N

zz = (s Hi)

pn=1 v=1 ul

N
:ZHM,t—ZHt
- Z H.“t_ZHHt

pu=N+1

— ZHM - 22}1 ;
p=1 p=1

=2NHony + Honyg — Hanyga
—2NHny—2HNn; +2Hn -1,

and the result follows on taking limit N — oo. ]

19



Note that in the final step of the above proof, we used

> Hupy=(N+1)Hy, — NHyno1, (identity 3.1 of [I0]) .

4.2 Evaluation of the general Tornheim double series
Dividing the identity of Corollary by p” and summing over p, we obtain
THEOREM 4.4. Forr € Ny, s,t € Z*, r+s>1 and r+t>1 holds

s—2

T(r,s,t)=>» (- (tﬂ_l)g(s—z')g(rﬂﬂ')

=0
t—2
-1
) (S“ > (t = )C(r+ 5 +4)
=0
t—2 oo
s S"—Z—l H,u,tfi
z{( )z}
=0 pn=1
s+t—2 H,
t—1 ur+s+t71 :
COROLLARY 4.5.
(=) S
T(r,s,1) = 5 (r4+s+2)C(r+s+1) ZCs—z (r+i+1)
i=1—r

[\

+ Y (—=1)iC(s —i)(r+i+1).

i

Il
=)

In particular, we have the beautiful and well-known result

o

H
T(1,1,1) =) M—; = 2((3).
pn=1

We see immediately from Theorem [4.4] that due to the presence of the
Euler sum E(t —i,i+ 17+ s), of weight w =r + s+ ¢, complete reduction
of T(r,s,t) to ¢ values is achieved, in general, if w is a positive odd integer
orif t = 1.

20



Using the index shift identity ((1.10)), the identity of Theorem can also be

written as

Tm&w:@@ﬂij(qutfqu&¢+mv+%—@

i=t—s+2
+¢4r§:(S+§:i_1)qwqr+s+t—@ (4.3)
1=2
- (sHt—i— 1\ H,y
_(_1>Z( s—1 )ZurJrsiti’
i=1 p=1

giving, in particular, for s € Z* and r + s > 1,

s == 3 (2T 0y ez

: s—1
=2

(25 —i—1\ = Hp,;
+Z(88_21 )leur-l-g;—i

H=

(4.4)

— 9 LZ/:% (25 )g(zi)g(r + 25 — 2i)

2s —i1—1 H,;
+Z(SS_Z1 )Zuwrg;i'

p=1

5 On linear Euler sums

Explicit evaluations, in zeta values, are known for the sums,

o o0 o
H,, H, H,
§ : + and > —2,
14 ym Vs
v=1 v=1 v=1

for n — 1,s — 1 € Z*, as expressed in identity (4.2) and in the identity
of Theorem [I.T] respectively. Evaluation formulas are also known in the
literature (see [I1]) for the following sums, for p € Z*:

H,
Z ,u+u ndzu—+)

v=1
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It is our aim in this section to extend these results by deriving evaluation
formulas for the following sums:

N N — H, > A,
v=1 V+u +; y—i—u ; (v + p)* ;V’/‘f‘ﬂ
and
e HV

We will also derive variants of the Euler formula for £(1, n) and obtain certain
combinations of linear Euler sums that evaluate to zeta values.

5.1 Extension of known results for Euler sums

Consider the double sum

f(,u,s,n)zz

oo p—1
v=1 i=

< (v + p) (v +i)"
A change of the order of summation and shifting of the indices of summation
give

—1

14 00 pn—1 p—1
q
URTIED 9) SPrews i ) Brwrws S N1
i=1 v=1 i=1 v=1
But
oo p—1 9] pn—1
78%

HV+M 1 H,, ) )
_ —2%_ by identity (L.3) ,
(v + ) ; (v p)

v=1
so that after index shifting and the use of identity H,_1, = H,,, — 1/r", we
have

00 jz

Hun - Hl/,n Hu,n
flnsm) =3 S50 =3 o T S8+ B (52)

S
v=1

v=1
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On equating ((5.1)) and (5.2)) we obtain the identity

[e%S) [e'e) pn—1 oo p—1 p—1
; ; I/+H :;Vlyny+z z:1;VHV+i)S (53>

-I—Z Vn+Cn+s) H, s,

which holds for n,s — 1 € Z* and u € Ny, from which we will derive a couple
of interesting results. First we state a lemma.

LEMMA 5.1. For p € Ny and s,n € Z such that either sn € Z~ or
s+n €Z" holds

" Hy e ~=(n+s—7j—1\ <= H, 1,
ooy (M T Y

v=1 j=1 v=1
n+s—7j3—1 a H,_1;
ST e
]:1 v=1
B n+s—73—1 a H,;
4 ( s—1 )Zyn+5—]
]:1 v=1
n+s—j5—1 H,;
+ X (T A

In particular,

yn
v=1 =1 v=1 v=1
non g b (5.4)
o v,J v
D D) P IIED L
j=2 v=1 v=1

and since

I
H,, , . -
22 = H?, + H,, (identity (5.25) of [10])

23



we have
o

H —v a Hu—l
§ “T:QE =H;—H,;. (5.5)
v=1 v=1

v

Proof. For v € Ny and s,n € Z, define

and note that K(0;n,s) = 0= K(1;n,s). With this definition and the iden-
tity (1.3 in mind, we obtain the recursion

—_

K(v;n,s)— K(v—1;n,s) =

(2

1

< i (v — )"

from which the result follows by invoking Theorem to resolve the right
hand side and then summing both sides from v = 1 to v = p, noting that
the sum on the left hand side telescopes.

O

From the identity of Lemmawe note the symmetry property K (v;n,s) = K(v;s,n).

5.1.1 Extension of the Euler formula of Theorem [1.1]

Setting n = 1 in the identity (5.3]), employing the identity of Theorem
and using the identity (2.14]) to simplify the double sums, we obtain

00 H,, s—2 ' '
QEW :s((s—l—l)—izlg(z—i-l)g(s—z)

s—1
+ 2 Z Hy 16 (Cli4+1) — Hyjt)
i=1

"
+2) i (Hu — H))
=1
+2H, 1 — 2H, 1 ,H,,

which in view of identity (5.4) now gives, after some algebra,
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THEOREM 5.2. For p,s — 1 € Z* holds
H,
2 e = 2H,00 () — Hymrys)
+s (C(S + 1) - H/t 1 s+1)

—zﬂﬁ1+1 Hy1i01) (C(s = 1) = Hyor 50}

H
v . . +
2V§1(V+1) =s((s+1)— E CG+1C¢(s—4), s—1ezZ".

Using a different formalism, the 1dent1ty of Theorem [5.2] was first derived
in [I1].
5.1.2 Extension of the symmetry relation for linear Euler sums

From the identity (5.3)) and the symmetry relations

[e.e]

¢(n+s) +C(n)C(s)

v=1 v=1

and

2] H H H
Z -+ Z =% = pnts + HynHy, o, (equation (3.22) of [10]),

v=1 v=1

we have

= Hu,n Hu,s
2w

v=1

(5.6)



Using the identity of Corollary [2.2] we establish that

pn—1 oo n—2
s—l—]—l 4 ,
— 1) — VH, | e
Z y”y—i—z ( ) ) ¢(n = 3)Hym1,5+
i=1 v=1 j=0

ns 2 (n—l—j ) (s — ) Hyrmss (5.7)

]:

s—1
=0 =1

Jj=

From the identity of Theorem [2.I]and the identity of Lemmal[5.1] follows that,

form+s>0,n,s€Zand pu€Z",
n+s— -1 r Hz‘—l,k

pn—=1 p—i nl{(8+]_1) Js-i—J
1V”1/+z —

=1 v= 7=0

n—1 . n—j p
84—] —1 : n+s—k—1 ﬁh—lk
- Z { ( ] )<_1)J ( ) ) Z 'n-l—s—’k:
=0 J k=1 stj—1 =1
s—1 .
n n+j—1
+(-1) Z( ; )Hu,s—jHu—l,nJrj
j=0
s—1 . pn—1
e () e
j=0 i=1

(5.8)

Plugging (5.7) and (| . in . we prove
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THEOREM 5.3. For y, n—1 and s — 1 € Z* holds

—~ Hyn  ~~ Hy,
2w " oy

= ynts — H,u,nHMS - C(n + S) + C(n)(’(s)

_§i<8+1_1>K—UJ+04f}dn—jﬁ%1ﬁw

7=0 J Jj= J
[ [s+j—1 A /mts—k—1\ < H
1] i—1,k
! (R 0 [Geate b}
7=0 k=1 =1
s—1 . n+j I
n+ij—1 n+s—k—1 Hi g
S erx|( ST
J s—j5—1 1
7=0 k=1 =1
n—1 . n—j o
s+7—1 n+s—k—1 H;_
. {( eS| (e )z]}
§=0 J k=1 J i=1
1 . J
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and

2 2
2 E V + ’LL w2n C(Qn) - Hu,n + C(n)
[n/2]
- 2n—25—1 .
4 E ( ><<23>Hu1,2n2j
. ﬁéfM—j—l :
- (_1) 12 ( n — 1 )(_1)‘]H#_172n_ij‘aj
j=1

_ <—1>”—12ji { (an_ —jl_ 1) 4 22 [<2nj_—k ] 1) Zl %] }

k=1 i=

SR M| G (81 ol i Dot ¥

=1

5.1.3 Evaluation of a certain type of Euler sum

Setting s = 1 in the identity (5.3), employing the identity (2.11)) and the
identity resulting from setting n = 0 in the identity of Theorem[2.6]to simplify
the double sums, we obtain

n—1

u}j y+u “D)" Y (Y Hyanes €U+ )

=1

.

1

u—
n1§ kkan

=1 k=1

+ (1 + (_1)n ) HuHu—l

pn—1
=) i Hi+((n+1),
=1

3

which, on account of Lemma [5.1] yields the evaluation:
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THEOREM 5.4. For p,n € Z* holds

Zl v(v —|— 1) 1)7%1 o (—1) Hy—1p-; C(j+1)
+ (= {<—1>’f Z [(Z:{) ) 5:11] }
rer s () i
+ (1 + ( 1)%1) HMHufl n

In particular, setting n =1 and using (5.5)) gives
QMiL =H> |+ H, 15+2(2),
— v(v+ p) i o5

which (but not the general Theorem[5.4)) was also derived in [11]; while setting
=1 1in the theorem gives

= H,,
Z ((n+1),
v(
v=1
which is a more general case of the result reported in [12] for n = 1.

If we multiply through ({2.3] . ) by H, and sum over v while making use of the
identities of Theorems [I.1], 5.2 and [5.4] we obtain
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THEOREM 5.5. For u,s,t € Z" holds

Qi _H (—1)*1 s+t—2\Hi_ i+ H, 12+ 2((2)
v=1 V(v + p)f a s—1 pstt-1

Si t+z—1>( 1)i(s —i+2)((s—i+1)

Mt+i

S Fo )

2 /s —|— i— 1) (C(t —1)— Hy1,4-)

’us—‘ri

NS+Z

+(=1)° i <S +1— 1) (t—i)((t—i+1)— Hp,—l,t—z'—i-l)

-y {(3“.‘ Dot X €D = B €= ) —Hu_l,t_i_»}.

S+t

5.2 Variants of Euler formula for £(1,2s+1) and certain
combinations of linear Euler sums that evaluate to
zeta values

Using the reflection symmetry (1.2a)) of the Tornheim double series in the
identity of Theorem [4.4] and setting r = s+ 1 to ensure that  and s have
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different parity, we obtain

ti its—1 23+¢—1§:H,M_i+1
— s i+s—1 = st

2s+t—1(s+t—1\  H,
e D

p=1 H
t+s—1\2s+i—1 , ,
_Z( >Z+S_1C(t—z—|—1)§(23+z)
s—1 . .
i+t —1\2i+t—1
—1) S (=i ST (s —it1 1),
e () e e e e
(5.9)
5.2.1 Variants of Euler formula for E(1,2s+ 1)
On setting t = 1 in (5.9)), we obtain
THEOREM 5.6. For s € Z*holds
00 H s—1
2(—1)"" ) el dCR Vi 2) (=D ¢(s—i+ 1¢(s+i+1),
H':]- =1
or equivalently, using the index shift identity,
00 H 5—2
2> MQSil = (=1 N(s+ 1) +2) _(=1)¢(i+2)¢(2s —i).  (5.10)

Dividing through (2.11)) by ™! and summing over p gives

Z{sz V_’_N} Z m+1+ ( _Z+1)7

that is
& 00 m—1
m- Hy f, il .
(D)"Y = Y D (D + D m i+ 1),
v=1 v=1 =1

from which, by setting m = 2s and shifting the summation index in the
second sum of the right hand side, we obtain
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THEOREM 5.7. For s € Z* holds

00 HV 2s—2 A . '
2y T = > (—1)Ci+2)¢(2s — ) (5.11)
v=1 =0

a result that was derived first in [6] and later in [13].
Note that the identities (5.10]) and (5.11)) are equivalent since

(=1)'¢(s + 1) +2Z Ci+2)C(2s — i)

SZ C(i+2)C(2s —1)
+. (—=1)¢(i +2)¢(25 — 1)

which is equivalent to the sum on right side of ([5.11)).

Setting n = 2s+1 in the identity of Theorem [1.1]and eliminating E(1,2s+1)
between the resulting identity and (5.11]), we obtain, after a little manipula-
tion,

THEOREM 5.8 (Euler).

(2s 4+ 1)((2s) = 22{(23—22’)((2@'), s—1eZ",

i=1

the well-known zeta function relation due to Euler.

5.2.2 Certain combinations of linear Euler sums that evaluate to
zeta values

Researchers have noted that linear Euler sums of even weight are probably
not reducible to zeta values alone [6], 14], [I]. In a 1998 paper [I], Flajolet and
Salvy gave a couple of examples of linear combinations of Euler sums of even
weight, expressed in terms of the Riemann zeta function. Such evaluations
are also found in [3, [0 15]. In this section we discover certain combinations
of linear Euler sums that evaluate to zeta values.
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Tornheim proved that (equation (8) of [2])
T(1,1,s) = (s+ 1)¢(s +2) — Zg C(s—i+2), seZ",

which, in view of (4.3), gives

Z[Z,ﬁw] ZEzs—Hz (s + )¢5 +2),

i=1 Lpu=1

from which it follows that

THEOREM 5.9. For s € Z* holds

ZZE(Z',S—Z'—I—Z):(s—1)C(S+2)+z_:§(j—l—l)g(s—j-I—l).

Setting r = 0 in (4.4) and using Corollary 1.2 we obtain

2s —1—1 H,;
ZZ(SSL )3 o

p=1

Ls/2]

=4y (23 o ><(2i)§(25 — 2i)

=1
+ (=17 (C(9)* = <(29))
from which we get

THEOREM 5.10. For s — 1 € Z™ holds




after using Theorem to write F(1,2s — 1) and using also the fact that
2E(s,s) = ((s)* + ((29).
If we set s = 3 in the above identity we obtain the well known result

COROLLARY 5.11.

33 ﬁ — 3¢(3)° - (6).
pn=1

At s =5 and s = 6, respectively, we have
COROLLARY 5.12.

72 Ay +3Z
¢(10)

= —12¢(4)¢(6) + L4(3)C(T) + 7¢(5) — 2=

,u4

and
COROLLARY 5.13.

= H,, H, s = H,,
126 % oty —h
il — U — K

— 2100(4)(8) — 1250(6)” + 2520(3)C(9) + 252C(5)C(T)

It was proved in [3] that

15/2] o gi
ﬁZ(zssfl 1)<(2i><(3s—2i>. (5.12)

=0

T(s,s,s)=

Setting 7 = s in (4.4) and equating with (5.12)) gives

- 2s—i—1> i H,,

Z _ 35—1
=1 ( s 1 pn=1 K

_ (25 =1\ 2¢(3s)

T \s—1/)2+(=1)

s

L2 (23 — 2 — 1><<2i)<(33 — 2i),

5)
1)*
2]

\

s—1

from which we get
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THEOREM 5.14. For s € Z* holds

S )
a (238—_ 11) 2 icg?i))
B (25 - 2) (3s 4+ 1)((3s)

s—1 2

3s—3
1

+§<28 >Zc3s—z—1)g(z+1)

15/2] .
2 2s =21 —1
A — 24)C(3s — 21) .
TS < o )<< )C(3s — 2i)
When ¢ > 1 in (5.9) and we use Theorem [1.1] to write F(1,2s + t) we have

t—1

THEOREM 5.15. For s, t —1 € Z" holds
> s+i—1 2$+¢—1§:HM¢_H1
— S s+ 7 —1 M?s—&-i

_Z(5“_1)23“_1g(t—@'+1)§(25+z')

s+1—1
s—1 .
t+e—1\t+2:—1
s+1 _— —7+4+1 L+t
+ ( ; (t—l )t—l—i—lC(s i+ 1)C(s+1i+1t)

. . 2s+t—2
%%('ﬁf , 1) S i+ 1)C@s+t—1)
=1

1(2s+t—1)(2s+t+2) (s+t—1
-5 Gt D) ( P )§(23+t+1).

(5.13)
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or, equivalently,
t . . 00
j{: S—Ft'—l QS—Ft'—'ZjE: Eﬁw
s S+t—i p2st—itl
, o

s (2t — i\ 3t—2i+1 ,
= (1) “2_;“(—1) (t_1)ﬁ§(s—t+2)§(s+2t—z+l)

S s+t—1

P (TR s -

=2

+ %—(ésjtt__ll)) (S e 1) Z_ Cli+1)C(2s + 1 — i)

t—1
i=1
1(2s+t—1)(2s+t+2)(s+t—1
- = 2 t+1).
> Gri—1) poq )o@t
(5.14)
If we set ¢t = 3 in identity (5.13]) we obtain
COROLLARY 5.16. For s € Z* holds
[e's) }172
+1) Z M25+2
p=1 pn=1
= 2((3)¢(25 + 1)
(=1 2 2
+ (s+1)°¢(s+2)
s—1
+ (=) (D) (s —i+ D) (s+i+1)C(s—i+2)C(s+i+2).
i=1

In particular (see also [1], page 23),

Z

“2=— C(4)% +10¢(3)¢(5)

and

2y Hua

o

= —15¢(4)¢(6) +14¢(3)¢(7) + 8¢(5)*.  (5.15)
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Combining (5.15)) and the identity of Corollary we get

> By I aaygio) - o - <52
p=1 p=t

Setting ¢t = s — 1 in ([5.14)) yields
COROLLARY 5.17. For s —2 € Z* holds

s—1 . . 00
2s —1—1\3s—1—1 H,,;
=2 pn=1

s+1 96 — i1 3s — 2
-3 - (SS_Z2 )#w)c@s—i)

=2

Sl /os—i—1 3s—1—1 _ . .
S ( )—25 )35 )

=2

3s—2

+i<(338—_12 (S_Q)Zg (35 — i)

1(3s—2)(3s+1) (25 —2
4 (s —1) (s—2)§<38)'

In particular,

Z

= 50¢(2)¢(10) + 18¢(3)¢(9)

+29¢(4)C(8) + 24¢(5)¢(7)

F 2007 - 2c12).

Setting ¢t = s in ((5.14) gives
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COROLLARY 5.18. For s—1 € Z" holds

Z{( Z)Qj_ﬁilugsi‘;ﬂ}

=Z<—1>i(2”)wc< (3 —i+1)

s—1 28 —1

1(3s—1 p .
+2(23—1(3—1>Z< (Bs—i+1)
1(3s—1)(3s+2) (25 —1
2 (2s — 1) (3—1)«38—’_1).

Interchanging p and v (purely for notational consistency) in the identity of
Lemma [5.1] and taking limit ¥ — oo, we obtain

n +s—i—1 00 HZ
S
= pn=1
s +s—i—1 o) HZ

p=1

=t + ("ot +9)

from which we get
THEOREM 5.19. Forn —1,s — 1 € Z* holds

n—1 + i1 oo Hz

i=2 pu=1
s—1 . oo
n+s—1—1 H,;



In particular, setting n = s recovers the identity of Theorem[5.10

6 Summary

Salient aspects of relationships between generalized harmonic numbers, Euler
sums and Tornheim series were discussed in this paper.

We showed that every linear Euler sum can be decomposed into a linear
combination of Tornheim double series of the same weight, that is,

E(n,r)= T(r—1n—p+1p)

p=1

and

Bnr) =3 (-1 (0)r =,

p=1 p

Evaluation of certain sums in terms of generalized Harmonic numbers and
the Riemann zeta function were obtained. Examples include

;zl)sé (s + z - 1) [C(t - ZS;HM_Z]




- no {(m o) i S Zm}
= n+1‘|’z (Hn 1)#’((%“)

and

" m-+p f: pumH
« m — anerl(V + H)ererl
m-+n i ' m+n i .
= Z (n> P Hp = Y (n) P+ 1)

i=n-+1

Using the functional relations alone (see Section , it was already possible
to derive various evaluations of the Tornheim series in a much more effortless
manner than is found in earlier works on the subject.

We extended previously known results concerning linear Euler sums by de-
riving new closed form evaluations in Riemann zeta values of various Euler
sums. Specifically, we obtained, among other results,

2 Z = 2 (C5) = M)

+s (C(s+ 1) — H,1541)

- Z{ Cli+1) = Hyrin1) (C(s = 1) = Hyor 50}
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23
v=1

Hy,n
(v =+ p)"

_(_ n

= Hu,Zn - C(Q?’L) - H;in + C(n)Q

Ln/2]

-1
)4 Z ( . 1 )C(Qj)Hu—l,zn—Qj

_ 2n — ;
1) 122( n—l )(-UJH;LLGij

+ (1 + (_1)n_1) H,Hy 15

pn—1
H;
=1

41

| l;‘ [(271]'—_ 1

k—1

" H,
)55}
=1




and

00 2
2y My (8 +t— 2> Hy oy + H‘H’f +2((2)
— VS(,M + V)t s—1 IuS-‘rt—
X (t+i—1\ (=Di(s—i+2)((s—i+1)
+ 7 IutJr'i
1=0
s—2 ; S—1—2
t+1—1 ) o
ST W)
=0
(51 <<<t 0) = Hy14-)
s - —1) — Hy 14—
CI D M

+ (_1>s i (S +i— 1) (t — Z) (C(t - Z;jz) - H,u—l,t—i-l—l)

~ (1)} {(S”_ 1) LS G~ Hyga) (=i — ) H)}

s+t
pt =

Finally we derived certain combinations of linear Euler sums that evaluate
to zeta values, for example,
t

Z s+t—1 28+t—lz Hu,i
S s+t—1 Iu25+t7i+l
- =1

t+1 . .
= (=" Y (=) (i’ff) %g(s —t+i)(s+2t—i+1)
i=t—s+2

+Z(Sﬂ_i)28+t_,i§(z')g(2s+t—z‘+1)

P S s+t—1

254+t—2
+}(2s+t—1)<s+t—1) S i+ 125+t~ )
=1

2 (s+t—1) \ t—1
125+t —1)(2s+1+2) (s+1—1
T2 (5+t—1) < t—1 )CQSHH)
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and

i=2 p=1
s—1 . 0o
N > (n+;:i— 1) ;Mﬂli
=((n+s) ans) - (n+s+1)(njjIQ) - 1}
+ (”jjf) ngcwms—z‘).
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