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Just as I have shown earlier that y = e is not just the solution for the constant coefficients, linear homogeneous

ordinary differential equation (LHODE), but for any LHODE of the form:

y" + Py +[-k(P +k)]y = 0 ; the solution to the general elementary HLODE is not limited to that LHODE.

Again, as shown earlier:

s=aP+b:

= eajpdmbX =y +Py'+Qy=0; Q=-aP' -a(a+1)P>-b(2a+ 1)P - b?
But, also:

= (aP +b)y

y" = [(@P+b)*+aP']y
So, for any function R (even non-continuous, or even non-integrable function R ):
y +Ry' = [(aP+b)*+aP'+R(@P +b) ]y
=Yy +Ry' +[—(@P+b)*—aP'—R@P+b)]y =0

Next, consider:

yi+P1y; +Qiy1 =0

and:

y5 +Pay> +Qays = 0
Let:

Y2 = Uy
Then:

0 = VY5 +Pay, +Qays = ury] +2u'y| +u"y; + Pouy) + Pau'y; + Qauy;
= u(yy +P1y} —P1y} + Pay| + Qiy1 — Quy1 + Qayi1) +U'(2y; + Pay1) +u"y;
= u(Pay) — l/:)ly/l +Qay1 —Quy1) + u’(/2y’1 +Pay1) +u'y,
— U+ (2% + Pz)u’ + |:(P2 —POFE+Q:-Q Ju
This leads to Theorem #1.

Theorem #1: If y/{;- Py, +Q1y1 = 0 and Y + Py, + Qay> = 0 and:
2

"y
then

0=u"+ (2% +P2)u’+ [(Pz—Pl)% +Q2—Q1:|u

Proof:
The following are given:
yi +P1y) +Qiy1 =0
ys + 5%)//2 +Q2y2 = 0
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+ (Pz—Pl) +Q2—Q1 Y2)

+ (PZ—Pl)yl +Q2-Qy Y2)

= y%(yg_wyﬂ/z-kpzyz P, % y2+|:(P2—P1) +Q2—Q1:|y2)

= y% Y5 + Pays + Qays — y—lylyz - Pz%yz + Pz%yz - P1¥_1y2 _ Q1Y2:|

= y% Y5 + Pays + Qays — %y’{yz — Pl%y2 _ Q1y2:|

- %_(y/z/ + P2y + Qay2) — %(y/{ + Py} +Q1y1)} = yLl[o_ %0} —0
]
Each set of LHODE:sS:

yi +P1y} +Qiy1 = 0

and:

Y2 + Pays + Qay2 = 0
is, thus, a generating pair of LHODEs for an LHODE:
!

!
— "+ (2% + Pz)u’ + |:(P2 —POIL+Q:-Q Ju
The solution set for all generating pair for a given LHODE is a family of curves for that LHODE.

Corollary 1.1: If: y/ 49 Py, + Q1y; = 0 and y5 + Py, + Qay> = 0 and:
Y

U=y
then
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Follows from the main theorem (Theorem #1), by interchanging y; and Yy, .

[

Corollary 1.2: If: y5 + Py’z +Qay2 = 0 and:
dex Bx)

u=ye T ; (B constant )
then
u"+Bu' +(Q2— 4P - tP2+ +BHU=0
Proof:
Let y1 =e Z(I PdX_BX)
5 (P~ B)y1
y/{ = [—— +(P-B)’ ]y1
Vi o_ Yi _
= §- = —+(P- B) = 29} +P =B
= Qi = —§—1—Pyl = [4P'+4(P-B)’]-P-3(P-B)]

= 1prylp2_ip?
:>0=u”+Bu/+[Q2——P/ +P?+ +Bu

Thus: B =0 and y5 + Py, + Qay> = 0

L
Su=ye” I 5 u"+(Q2— 4P - FPHU=0
is another way of transforming a LHODE with P # 0 into a LHODE with P = 0.

Corollary 1.3: If: y5 + Pyy; + Qay2 = 0 and:

J yze%J.(Pz—R)dx .

then
u"+Ru' +[Q2— +P; - P+ IR + LR u =0
u"+Ru +[Q2-4(P2-R)' = L (P -R)(P2+R) Ju=0
Proof:
Let: y) = e—% j(Pz—R)dx
y’l = —%(Pz ~Rys
= [ LP,-R) + 4(P2—R) \Z

§1 - 3P —R):»2§1 +P, =R

Q- p L(P,-R) +1(P,-R)*] =P [-L (P, -R)]
4 2
= %P/z + = R’ 1 P2 1 PzR— %Rz + %Plpz — %PlR
—%P%+%P2R+%P1P2—%R,—%R2—%P1R
=0=Uu"+Ru +

+|:(P2 — P])[—%(Pz — R)] +Q2 — (%P/z — %P% + %P2R + %Plpz - %R/ — %Rz — %PlR)]U

|
0=
o
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=u"+Ru' + (— +P5+ PR+ PPy — PR+ Q2 — 4P5 +

+1P3-L1P,R—L1PP,+ LR + LR2+ LPR)u
=u"+Ru' +[Q2- 1P, - +P;+ LR+ +R*]u
=Uu"+RU+[Q2- 2 (P2-R)' = +(P. —-R)(P2 +R) Ju

O

Corollary 1.4: If: y5 + Poy5 + Qay2 = 0 and:

J. P,dx

u=yse ;
then
u’ — qu/ + [Q2 — P/z]u =0
Proof:
R=-P,=u= yzeI P
= U —Pu' +[Q2—-P53Ju=0
]
This may be verified by:

Q-P =(-s'-s*~sP)-P' = ~(s+P) —s?> —sP
—~(s+P) —s?~2sP — P2 +2sP + P2 -sP
= —(s+P) —(s+P)*+2sP + P2 —sP
= —(s+P) —(s+P)*—(s+P)(-P)
In fact, this points out more generally, that:
—(s+aP) —(s+aP)’> - (s+aP)[(1 -2a)P] =
= —s' —aP’ —s? —2saP — a?P? — sP + 2saP — aP? + 2a2P?
=-s' —s?—sP—aP' —aP? + a?P?
= (-s' —s? —sP) + (-a[(l —a)P? +P'])
So that: If : y" + Py’ + Qy = 0 and:
U = yeJ‘(aP)dx _ eJ.(s+aP)dx .

then ,
u" +[(1 -2a)PJu'+[Q + (-a[(1-a)P?+P'NJju=0

And, even more generally, that:
—(s+R) = (s+R)* = (s+R)[P-2R] =
=-s'—R'—s?-2sR-R? —s[P - 2R] - R[P — 2R]
= -5 —-s2-sP +sP-R'—2sR-R?—s[P - 2R] - R[P — 2R]
=-s'—-s2-sP+sP-R'—2sR —R? —sP + 2sR — RP + 2R?
=-s' -s2-sP-R'-RP+R?
= (-s'-s2-sP)+[-R(P-R) —R’]
So that: If : y" + Py’ +Qy = 0 and:
j(R)dx _ eJ.(5+R)dx .

2

u=ye
then
u"+[P-2RJu'+[Q+ (-R[P-R]-R)HJu=0

And, even more generally, that:
~(s+R)' =(5+R)* = (s+R)V =
=-s'-R' —s?-2sR-R?-sV-RV
=-s' -s2-sP+sP-R' -2sR-R?-sV-RV
= (-s'—s>—sP) + [(logy)'(P-2R-V) -R(R+V) - R']
So that: If : y" + Py’ +Qy = 0 and:
j(R)dx _ eJ.(5+R)dx .

2

u=ye
then
u"+Vu'+ (Q+[(logy)(P-2R-V) -R(R+V)-R']u=10

Corollary 1.4a: If: y5 + Ay, + Qay, = 0 (A constant ) and:

u=ye’;
then
u"—Au +Qu =0
Proof:
A=P; :>P/2=0 and u=yzeA"
= U"-AU+Quu=0
O]

Corollary 1.5: If: y = eI P , for any function s,
y'+(-P+2s)y' + (-P'=2sP)y = 0
Proof 1:
From corollary 1.4 & theorem 1:
yi + Py, +Qy; =0 and y5 — Py, + (jQ_ P')y, = 0 and:
Pdx

yzzylejpdx andu=%=e



then , ,
0= u'+ (24b+ P Ju+ [ (P -PIYE+@-@-P) s

= 0=u"+ (23t —P)u’+ |:—2P% —P/:|u
yi

Since Q is arbitrary, sois Y, so, let S = Vi be an arbitray function.

Then: u = 32 = el P (25— P)U' +[-2sP —P'Ju = 0

y
0
Proof 2
J.de
y - e 1 /
=y +(-P+2s)y + (-P'—-2sP)y = (eI de) + (—P +2s) eI de) +
+ (=P - 2sP)(eIPdX>
- ([P/ + szej"dx> +(-P+ 2s)(PedeX> +(-P' - 2sP)<eIPdX>
P P - P21 asp— P —25PTel P~ o
0

From corollary 1.4 & theorem 1:
yi +Py, +Qy; =0 and y5 — Py, + (Q—P')y> = 0 and:
This may also be verified by direct substitution.
y = eIPdX =y =Py=y' =P +P2)y=y"+(2s-P)y = [P'+ P2+ (25— P)Ply

Note that for P =k :
R=2s-k=s-= %(k+R) = —P' - 2sP = —k(k + R)
as the previously noted general 2nd order LHODE solution for y = e

One last tidbit, here, generalizing corollary 1.6 which may be useful:

Corollary 1.6: If: y5 + Poy; + Qay2 = 0 and:

sdx

u=yse ;

then
U"+ (P +29)U' +[Qa+ (8" +52+sP2)Ju=0

Proof:
From theorem ly If y{ +P1y] +Qiy1 = 0 and y5 + Pyy, + Qay2 = 0 and:
2
Sy
then

0=u"+ (2% +P2)u’+ [(Pz—Pl)% +Q2—Q1:|u

and from corollary 1.5: If: y =e P , for any function s,
y'+ (P +2s)y + (-P' —2sP)y =0

So, if y; = el P and y! + (=P +25)Y! + (=P’ — 2sP)y; = 0
and so, with: Yy, + Py, +Qay2 = 0 and: u = % = yre P then
0=u"+ (2% + Pz)u’ + |:(P2 — Pl)g_i +Q2-Qu :|u
where: Py =-P+2s , Q; =-P' -2sP

YL
bllt.y—l—P

= 0=u"+[2P+P,]u’ +[[P2— (-P +25)]P + Q2 — (P’ — 2sP)Ju
= 0=u"+Q2P+P)u' +[Q2+[P>+P—-2s]P+P'+2sP]Ju
= 0=u"+Q2P+P)u" +[Q2+P'+P>+PP;]Ju

[

!

Corollary 1.6a: If : y5 + Py, + Qaoy, = 0 and:
a—1
u :yze( 2 )IPgdx :
then
u" + (@P)u’ + [Qa + (5H)Py + (L )P3 Ju =0

Proof:

From corollary 1.5 , with: s = ( ";1 )P2

0 =y, )P

then

"+ [P+ 20450 + [ Qo+ ((51)Ps + (451)°P3+ (451)PE) Ju =0

U+ (@P)u’ + [ Q2+ (H)Py+ (5L )P3 Ju =0
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