The solution of the integrality for all diagonals of a rectangular
parallelepiped (Euler), and a new feature of the complex three-

dimensional space.

REUVEN TINT!, MICHAEL TINT?
Number Theorist, Israel*
Software Engineer, Israel®

Email: reuven.tint@gmail.com, tintmisha@gmail.com

http://ferm-tint.blogspot.co.il/

Abstract. In this article, we'll present and solve problem of Euler: there are countless
cuboids whose diagonal all the faces and the main diagonal are integer. Discovered a
new feature of three-dimensional complex space (with respect to the metric), wherein
the sum of the two sides of the triangle is less than or equal to the third, in particular,
on that basis is we obtain a concise version of the proof of the Fermat's Last Theorem.

Problem: Is there a parallelepiped of Euler (a parallelepiped with all the integer
diagonals), whose main space diagonal is also an integer? ( List of unsolved problems
in mathematics).

Solution

1.1. Consider the following cuboid (fully correspond condition problems - has not
been solved for this case):



mailto:reuven.tint@gmail.com
file:///D:/Papa_/papa_math/8/tintmisha@gmail.com
http://ferm-tint.blogspot.co.il/

1.2. In the equation
BC? = AB? + BC? + BD? [1]

must be
AB? + BC? = AC? [2]
+<{BD? + BC? = DC? [3]
AB? + BD? = EC? [4]

1.3.
(2] + [3] + [4] =
= 2(AB? + BC? + BD?) =
= AC? + DC? + EC? [5]
and
AC? + DC? + EC?
2

BE*

[6].

i.e. square cuboid main diagonal equal to the sum of the squares of all its edges
without repetitions; half the sum of the squares of the diagonals of all its facets
without repetition.

1.4. It follows from 1.2. and 1.3.

EC? + AC? — DC?
AB =

7

> [7]
AC? + DC? — EC?

BC = > [8]

DC? + EC? + AC?
BD = >

1.5. we obtain the identities:

a* + b*+ (a £ b)* = 2(a® + ab + b?)? [10],
a’?+ b?+ (a+ b)? =2(a?+ ab + b?) [11]

where - "a" and "b" -are arbitrary natural (whole) numbers



1.5.1. Using [10], for instance,

1)
AC =a?=7%DC=b?=8%EC =AD = (a + b)? = 152
BE = a* + ab + b? = 169
AB =/24465,BC = V—22064 = i/22064, BD = v26160.
AC+DC < AD 7% +8?% < 152

2)
AC=a=7DC=b=8EC=a+b=15
AB = 105,BC = V-56,BD = /120,
AC+DC =EC,7+8=15
7% + 8% + 152
N 2
BE = 13

BE? =169 = 132

This completes the proof of Euler problem.
1.5.1.2. The solution in integers of equations
a’?+ab + b? = k? (3):
a=W?-9)t;b = +(29 —u)ut,
k= ?—ud+9°)t
(u? —9?) +(29 —wu
a=———;b=—7-—;
o o
_u?—ud + 92
= 5 ;

k

t - is arbitrary integer
6 —is highest common factor

1.6. Let
AC =a=x?%DC=>b=y?
EC =2z*=x*+y?

Therefore, we obtain using [6] and [10], at least two versions of countless integer
diagonals of these identities:



(x4 _ y4)2 + (24 _ x4)2 + (Z4 _ y4)2 =
= x8 +y8 _I_Z8 = Z(XZZZ _I_y4 2 = Z(yZZZ +x4)2 =
= 2(z* — x%y?)? [12].

1.7. Remarks. With respect to the [12] we have also such variant:

2xtyt + 2z%x% + 2z%y* = 2(x%2% + y*)?
and
AC? = 2z*%x*, DC? = 2z%y*, EC? = 2x*y™.

1.8. Using 1.5.1. and 1.6. it follows that in the Cartesian coordinate system xiy
,where i = +v/—1 inoblique A ACD
AC + DC < AD 49+ 64 < 225
(AC = x*)+ (DC = y?) = AD = z*

that opens a new property of a complex three-dimensional space (in relation to the
metric) in which the sum of the two sides of the triangle is less than or equal to the
third.

1.8.1. All the countless parallelepipeds with all integer diagonals (4) without

repetition can only be in 3 dimensional space xiy , as in ordinary three-
dimensional Euclidean (metric) space in the triangle the sum of two sides is
always greater than the third. (one of the axioms of a metric space). The space
xiy distorts normal space.

1.9. The proof of Fermat's Last Theorem.

1.9.1. Letinthe [11]
a=x"b=y"a+b=x"+y"

where Xx,y,n — are arbitrary natural numbers.
Then, if possible, we choose X, y,n such that

.where zZ — is natural number.

1.9.1.1. Then from [11]



xZn _|_y2n + (xn _|_yn)2
= 2(x?" + x™y" + y2M) =
= 2[(x2n + 2xMyn + y2n) — x"y"] =
= 2[(x™ + y™)? — x"y"] = 2(z°" — x™y™) [13].

1.9.1.2. Using [11] for a=x,b=y;

a+b=x+y=uz.
It follows that,
x4+ yt+ (x+y)?=
22 +xy +y*) = 2[(x + y)* — xy] = 2(2* — xy) [14]

1.9.2. Note that
[13] = [14] = 2(z*" — x™y™) = 2(z° — xy),
is possible only when n = 1, since for n > 1

XZn + yZn < (xn + yn)zl
if only when n = 2
X,y — are not a Pythagorean numbers (example, no 3 and 4 as 7 and 8).

1.93. If
n=2x=p*-q’y=2pqz=p"+q°
p, q — are arbitrary natural numbers
x2 + y? = z2- Pythagoras equation.
1.9.3.1. Using [11] with respectto 1.9.1.
1)
xZn _|_y2n + (xn + yn)z —
= 2(z?" — x™y™) [15].

2)

x* +y*+ (x%2 + y?)? = 2(z* — x%y?) [16].



1.9.4,
[15] = [16] = 2(z*" — x™y™) = 2(z* — x*y?),

is possible only if n = 2, since for n > 2
xZn _|_y2n < (xn +yn)2_

Thus the equation

xn _I_ yn — Zn
for n > 2 in natural (whole) numbers is not solvable.
This completes the proof of FLT.
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P.S. The solution of the of Euler integral number of diagonals cuboid and the proof of
the Fermat's Last Theorem are one of nature: stay in the three dimensional space xiy.
But if the problem of Euler in ordinary space cannot be solved, but the problem of
Fermat's Last Theorem in the usual three dimensional space could be overcome using
the axioms of the "new" space xiy : “in a triangle the sum of two of its sides is less
than or equal to the third”. (of course, in implementing the requirements of integral
four basic options).
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Annomayus. B HacTosimel craTbe pemeHa 3Ta npobdiema Diiepa: CymecTByeT
0eCcUYHCICHHOE MHOXKECTBO MPSMOYTOJIbHBIX MMapauIeICTUIEI0B, Y KOTOPBIX
JuaroHajiu BCEX rpaHeﬁ U rj1aBHas AuaroHajib IEJIOYHCIICHHBIC. OTKpLITO HOBO€
CBOMCTBO TPEXMEPHOIO KOMIUIEKCHOT'O IPOCTPAHCTBA (110 OTHOIIEHHUIO K
METPUYECKOMY), B KOTOPOM CyMMa JIByX CTOPOH TPEYroJbHUKA MEHBIIE WX PaBHA
TpeThel, B YaCTHOCTH, Ha 3TOM OCHOBE MOJIyYeH NPUBEIEHHBIN B 3TON CTaThe

[V XT]

JAKOHUYHBIN BapuaHT JI0Ka3aTenbCcTBa 'Benukoil' Teopembr Oepma.

IIpo6aema: CymiecTByeT i napajuienenune Jiepa (mapaienenure] co BCeMU
LETOYUCIIEHHBIMU JTUArOHAIISIMU ), TIaBHAs! TMAaroHalb KOTOPOTO TaKkKe UMEET IeNTyI0
muny? Bukuneaus. "OTKpbIThe (HEpEIIEHHBIE) MaTEMATHUECKHUE TPOOIeMbI".

Penrenne

1.10. Paccmotpum crenyromuii
MPSIMOYTOJIBHBIN Tapauiesenuiie]] (ITOJTHOCTBI0 COOTBETCTBYEM YCIIOBHIO
MPOOJIEMEI - HE pelIeHa U JJI 3TOTO CIydasi):
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1.11. B ypaBHeHnun
BC? = AB? + BC? + BD? [1]

JIOJ’KHO OBITH
AB? + BC? = AC? [2]
+<{BD? + BC? = DC? [3]
AB? + BD? = EC? [4]

1.12.
(2] +[3] + [4] =
= 2(AB* + BC* + BD?) =
= AC? + DC? + EC? [5]
n

B AC? + DC? + EC?
B 2

BE*

[6].

T.€. KBaJpaT IJIaBHOM JuaroHay MpsIMOYTOJIbHOTO NapajuleienuIeia paBeH
CyMMe KBaJIpaTOB Bcex ero pédep 6e3 MOBTOPOB; MOJIy CyMMeE KBaJIpaToB
JaroHayiei Bcex ero rpaHei 6e3 moBTOpPOB.

1.13. M3 1.2.ul.3.

EC? + AC? — DC?
AB = [7]

2

AC? + DC? — EC?
BC =

= 8
- 8]
DC? + EC? + AC?
BD =
2
1.14. [Tonyuyensl ToXAECTBA!

a* + b*+ (a £ b)* = 2(a® + ab + b?)? [10],
a’?+ b?+ (a+ b)? =2(a?+ ab + b?) [11]

rae-'a" u "b"  -mpousBonbHBIE HATypaibHBIE (LENbIE) YHCIA



1.14.1. Y3 [10], anpumep,

1)
AC =a?=7%DC=b?=8%EC =AD = (a + b)? = 152
BE = a* + ab + b? = 169
AB =/24465,BC = V—22064 = i/22064, BD = v26160.
AC+DC < AD 7% +8?% < 152
2)

AC=a=7DC=b=8EC=a+b=15
AB = 105,BC = V-56,BD = /120,
AC+DC =EC,7+8=15
7% + 8% + 152
N 2
BE = 13

BE? =169 = 132

Pemenue npoGiemsl Diinepa 3aBepIlIeHO MOJHOCTIO.
1.5.1.2. Pemrenue B neibpIX Yucaax ypaBHEHUIH
a’?+ab + b? = k? (3):
a=W?-9)t;b = +(29 —u)ut,
k= ?—ud+9°)t

. (u? _192)'19 129 -wu
) a ) '
_uf—ud + 9%

k 5 ;

t- IMPOU3BOJIbBHOC HATYPAJIBHOC YUCIIO

O - HaOOJBIIIHI OOIINI IETUTEND

1.15. [Ilycts
AC =a=x%DC=b=y?
EC =2z*=x*+y?

Torna momyuaercs u3 [6] u [10], mo kpaiineit Mepe, 1Ba BapiaHTa GECUNCICHHOTO
MHOXECTBA LICJIOYNCICHHBIX )II/IaFOHaJ'Ieﬁ H3 CICAYIOIINUX TOXICCTB.
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(x4 _ y4)2 + (24 _ x4)2 + (Z4 _ y4)2 =
= x8 +y8 _I_Z8 = Z(XZZZ _I_y4 2 = Z(yZZZ +x4)2 =
= 2(z* — x%y?)? [12].

1.16. Tpumeuanne. 13 [12] umeem u Taxoit BapuanT:
2xtyt 4+ 2z%x* + 224yt = 2(x%2% + y*)?
AC? = 2z*%x*, DC? = 2z%y*, EC? = 2x*y™.

117, M3nm 1.5.1. u 1.6. cuexyer: B NpsIMOYTOJbHON CUCTEME KOOPIMHAT
xXly ,rtel = V=1 s xocoyronmsaom A ACD
AC +DC < AD 49+ 64 < 225
(AC = x?)+ (DC = y?) = AD = z?

,UTO OTKPBIBAET HOBOE CBOMCTBO TPEXMEPHOIO KOMILIEKCHOI'O IIPOCTPAHCTBA (110
OTHOIIEHHIO K METPUYECKOMY), B KOTOPOM CyMMa JIByX CTOPOH TPEyroJibHUKa
MEHBIIIE WU PABHA TPETHEH.

1.17.1. Bcé 6ecunciieHHOE MHOXKECTBO MapajlIeNeUIIeIOB CO BCEMHU
[EJIOYMCIICHHBIME JUaroHaasiMu (4) 6e3 MOBTOPOB MOT'YT HAXOIUTHCS
Tonpko B 3% -MEPHOM IIPOCTPAHCTBE X iy ,TaK KaK B OOBIYHOM TPEXMEPHOM
€BKJIMJ0BOM (METPUYECKOM) IPOCTPAHCTBE B TPEYTOJIbHUKE CyMMa JIBYX
CTOPOH Bcerzia 00JbIlie TpeThel. (0Ha U3 AaKCHOM METPUYECKOTO

npoctpaHcTBa). [IpocTpaHcTBO XIY HCKPHUBISET OOBIYHOE IPOCTPAHCTBO.

1.18. Jloka3aTeancTBo “Besnkoii” Teopembl @epma.

1.18.1. Mycts B [11]
a=x"b=y"a+b=x"+y"

rue X, y, N — Opou3BOJIbHBIC HATYpaJIbHbBIC YHCJIA.

Torna, ecnu 3T0 BO3MOXKHO, BbIOEpEM X, Y, 1 TaKMMHU, UTOOBI

,TII€ Z — HaTypaJbHOC YHCJIO.

10



1.18.1.1. Orcrona us [11]
x4+ Y2 4 (x™ + y™)? =
= 2(x2™ + x"y" + y2N) =
= 2[(x2n + anyn + yZn) _ xnyn] =
= 2[(x™ + y™)? — x"y"] = 2(2%" — x™y"™) [13].

1.9.1.2. U3 [11] npu a=x,b=y;

a+b=x+y=z.
Orcrona,
x2+y?+ (x+y)? =
2(x* +xy +y?) = 2[(x + ¥)* — xy] = 2(2* — xy) [14]

1.18.2. Hannmmem
[13] = [14] = 2(2*" — x™y™) = 2(2* — xy),

4YTO BO3MOXKHO TOJIBKO IIpH n = 1 » IIOCKOJIbKY ITPpU n > 1
XZTL + yZn < (x’fl _|_ yn)z’

€CJIU TOJBKO IIpU N = 2

X,y — He “nudaropoBs!” yucna (Hanpumep, He 3u 4 ,a 7 u §).
1.18.3. Ilpu
n=2x=p*-q’y=2pqz=p*+q

P, ¢ — ONpOoHU3BOJIbHBIX HATYpPalIbHBIX YHCIAX
2 2 _ 2
X + y“ = z*“-ypasnenue [Iudaropa.
1.18.3.1. U3 [11] cyuéromm. 1.9.1.

2)

x 2N _|_y2n + (xn + yn)z —

= 2(z?" — x™y™) [15].
2)

x* +y*+ (x%2 + y?)? = 2(z* — x%y?) [16].

11



1.18.4.
[15] = [16] = 2(z>" — x"y") = 2(z* — x%y?),

9TO BO3MOXKHO TOJBKO P 1 = 2, MOCKOJIBKY OJIs 1 > 2
xZn + yZn < (xn + yn)z_

Taxum o0Opa3oM, ypaBHeHUE

x™ 4+ yn = N
npu N > 2 B HaTYpaabHbIX (LEJIbIX) YHCIAX HE PA3PELIMMO.
JloKa3aTenbCTBO 3aBEPILEHO.
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P.S. Pemenne npoGiemMsl Diiniepa o 11eJ10 YUCICHHOCTH AUaroHaieil npsMoyrojabHOro
napajuiesienunes1a u oka3arenabcTBo “Benukoil” Teopemsl depMa 0J1HOM NPUPOIbL:

nexar B 3% - mepHoM npoctpancte Xiy. Ho eciu npo6iema Diinepa B 0GbIYHOM
IIPOCTPAHCTBE HE pa3pelInMa, To He pa3pemnMocTs “Benukoit” Teopemsr depma B
06b1aHOM 3% - MEpHOM TPOCTPAHCTBE YAACTCS MPEOIONETh C TTOMOIIBI0 AKCHOMBI
“HOBOTO” TIPOCTPAaHCTBA X1 : “B TPEYTONBHUKE CyMMa JBYX €r0 CTOPOH MEHbIIIE

WM paBHA TpeThel”. (KOHEYHO, NP BHIMOJIHEHUH TPEOOBaHUM 11€710 YMCIEHHOCTH
YeThIPEX OCHOBHBIX ITApaMETPOB).
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