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Abstract

A rough set is a formal approximation of a crisp set which gives lower and upper ap-
proximation of original set to deal with uncertainties. The concept of neutrosophic set is
a mathematical tool for handling imprecise, indeterministic and inconsistent data. In this
paper, we introduce the concepts of Rough Fuzzy Neutrosophic Sets and Fuzzy Neutrosophic
Rough Sets and investigate some of their properties. Further as the characterisation of fuzzy
neutrosophic rough approximation operators, we introduce various notion of cut sets of neu-

trosophic fuzzy sets.

1 Introduction

Rough set theory is a [9], is an extension of set theory for the study of intelligent systems
characterized by inexact, uncertain or insufficient information. Moreover, it is a mathematical
tool for machine learning, information sciences and expert systems and successfully applied
in data analysis and data mining. There are two basic elements in rough set theory, crisp set
and equivalence relation, which constitute the mathematical basis of rough set. The basic
idea of rough set is based upon the approximation of sets by a pair of sets known as the lower
approximation and the upper approximation of a set . In classical rough set theory partition
or equilence relation is the basic concept. Now fuzzy sets are combined with rough sets in
a fruitful way and defined by rough fuzzy sets and fuzzy rough sets [5,6]. Also fuzzy rough
sets, generalize fuzzy rough, intuitionistic fuzzy rough sets, rough intuitionistic fuzzy sets,
rough vague sets are introduced. The theory of rough sets is based upon the classification
mechanism, from which the classification can be viewed as an equivalence relation and knowl-
edge blocks induced by it be a partition on universe. One of the interesting generalizations
of the theory of fuzzy sets and intuitionistic fuzzy sets is the theory of neutrosophic sets
introduced by F. Smarandache. Neutrosophic sets described by three functions: Truth func-
tion indeterminacy function and false function that are independently related. The theories
of neutrosophic set have achieved great success in various areas such as medical diagnosis,

database, topology, image processing, and decision making problem. While the neutrosophic



set is a powerful tool to deal with indeterminate and inconsistent data, the theory of rough
sets is a powerful mathematical tool to deal with incompleteness. Neutrosophic sets and
rough sets are two different topics, none conflicts the other. Recently many researchers ap-
plied the notion of neutrosophic sets to relations, group theory, ring theory, Soft set theory
and so on. In this paper we combine the mathematical tools fuzzy sets, rough sets and neu-
trosophic sets and introduce a new class of set called fuzzy neutrosophic rough sets. Here
we give rough approximation of a fuzzy neutrosophic set and introduce fuzzy neutrosophic

rough sets

2 Preliminaries

Definition 2.1[1]

A Neutrosophic set A on the universe of discourse X is defined as
A ={ (2, Ta(x),14(x), Fa(z)) / x € X} where
T,I,F:X — ]07,17 [and 0 < Ta(x) + La(z) + Fa(x) < 3T.

Definition 2.2[1]
A neutrosophice set A is contained in another neutrosophic set B (ie)
AC B & Ty(x) <Tp(z), Ia(z) < Ip(z), Falz) > Fp(z).

Definition 2.3[1]

A fuzzy Neutrosophic set A on the universe of discourse X is defined as
A={({z,Ta(z),Ia(z), Fa(z)),z € X} where T, F, I : X — [0,1] and
0 <Ta(z)+ Ia(x)+ Fa(x) < B.

Definition 2.4[1]
If A= {(z,Ta(z),14(x),Fa(z)) /Jr € X} and B = {{x,Tp(z),Ip(z), Fp(z)) /x € X}
are any two fuzzy neutrosophic sets of X then
(i) AC B < Ty(x) <Tp(x); Ia(z) < Ip(z) and Fa(x) > Fp(x)
(il) A= B < Ty(x) =Tp(x); Ia(z) =1Ipg(z) and Fy(x) = Fp(x) Ve € X
(iii) A = {{z, Fa(2),1 - Ia(2),Ta(x)) /v € X}
(iv) AN B = {(2,T(anp) (), I(anp)(2), Flanp)(2))/x € X} where
Tan(x) = min{Ta(x), Tp(x)} Ianp(x) = min{la(z),Ip(x)} Fanp(x) = maz{Fa(z), Fp(z)}
(v) AUB = {(&, Toaum (@), Taus) (@), Favs)(@)/z € X} where
Taup(z) = max{Ta(x),Tp(z)} Taup(z)=maz{la(z),Ip(x)} Faup(z)=min{Fa(z), Fp(z)}.



Definition 2.5[5]

Let R C U x U be a crisp binary relation on U. R is referred to as reflexive if (z,z) € R
for all x € U.R is referred to as symmetric if for all (x,y) € U, (x,y) € R implies (y,x) €
R and R is referred to as transitive if for all x,y,z € U, (x,y) € R and (y,z) € R imply (x,z) € R.

Definition 2.6[5]

Let U be a non empty universe of discourse and R C U x U, an arbitrary crisp relation
on U. Denote tR=y € U/(z,y) e R z €U
xR is called the R-after set of x (Bandler and kohout 1980) or successor neighbourhood of
x with respect to R (Yao 1998 b). The pair (U,R) is called a crisp approximation space.
For any A C U the upper and lower approximation of A with respect to (U,R) denoted by
R and R are respectively defined as follows
R={z€U/zRNA# ¢}
R={xeU/zR C A}
The pair (R(A), R(A)) is referred to as crisp rough set of A with respect to (U,R) and R, R :
p(U) — p(U) are referred to upper and lower crisp approximation operator respectively.

The crisp approximation operator satisfies the following properties for all A, B € p(U)

!

(L1) R(A) = R'(A') (U1)R = R( A)

(Le)R(U) =U (U2)R o=

(L3) R(ANB) = R(A) N R(B) (U3)R(ANB) = R(A) U R(B)
(Ly) AC B= R(A) C R(B) (U))A C B = R(A) C R(B)
(Ls) R(AUB) 2 R(A) UR(B) (Us)R(ANB) C R(A)N R(B)

Properties (L;)and(U;) show that the approximation operators Rand R are dual to each other.
Properties with the same number may be considered as a dual properties. If R is equivalence
relation in U then the pair (U,R) is called a Pawlak approximation space and (R(A), R(A))

is a Pawlak rough set, in such a case the approximation operators have additional properties.

3 Fuzzy Neutrosophic rough sets

In this section, we introduce fuzzy neutrosophic approximation operators induced from the
same. Further we define a new type of set called fuzzy neutrosophic rough set and investigate
some of its properties.
Definition 3.1:

A constant fuzzy Neutrosophic set (o, 5,7) = { (z,a,3,~v )/ z € U}



where 0 < q,8,vy<land a+F+~v<3.

We introduce a special Fuzzy Neutrosophic set ly for y € U as follows

no-{n i T

0, if z=y
ﬂ“muﬁ:{l if ©4y

1, if z=y
Ily:{
0

, if xFy
0, if z=y
h“mwﬁz{l if vty
)0 if =y
Fly()_{L if T#y
1L, iof =y
Flu{y}(x):{() if x#vy.

Definition 3.2:
A Fuzzy Neutrosophic relation on U is a Fuzzy Neutrosophic subset
R = {(z,y),Tr(%,y), [r(z,y), Fr(2,y)/z,y € U}
Tr:UxU —[0,1]; Ir:UxU —[0,1]; Fr:U xU — [0,1] satisfies
0 <Tgr(z,y)+ Igr(x,y) + Fr(z,y) <3 forall (z,y) € U x U. We denote the family of all
Fuzzy Neutrosophic relation on U by FNR(U x U).

Definition 3.3:

Let U be a non empty universe of discourse. For an arbitrary fuzzy neutrosophic relation
R over U x U the pair (U,R) is called fuzzy neutrosophic approximation space. For any A €
FN(U), we define the upper and lower approoximations with respect to (U, R), denoted by
R(A) and R(A) respectively.

R(A) = {(z, Tr(a) (%), I ay(2), Freay(2))/z € U}

R(A) = {{z, Trea) (), Ip(a) (%), Fra) (@) /z € U}

Tray(z) = \E/U [ Tr(z,y) A Ta(y) |



Treay(z) = \G/U[ Ir(z,y) A a(y) ]

Froa(z) = é\U[ Fr(z,y) V Fa(y) ]

Tray(x) = A [ Fr(z,y) VTa(y) |
yeU

Ty () = é\U[ 1 —Ig(x,y) VIa(y) ]

Freay(@) = V [Tr(z,y) A Fa(y) ]

yeU
The pair (R(A), R(A)) is called Fuzzy Neutrosophic Rough set of A with respect to (U,R)
and R,R: FN(U) — FN(U) are referred to as upper and lower Fuzzy Neutrosophic rough
approximation operators respectively.
Remark 3.4:

If R is an intuitionistic fuzzy relation on U then (U,R) is a intuitionistic Fuzzy approx-
imation space, Fuzzy neutrosophic rough operators are induced from a intuitionistic fuzzy
approximation space that is
R(A) = {(z, Tga) (%), Ipa) (%), Feay(2))/z € U} A€ FN(U)

R(A) = {{z, Tia) (@), Ina) (@), Facay(@))/w € Uy A € FN(U)
where,

T () = \/U[ pr(T,y) ATa(y) |
(z,

Taga) = V. (1= (unle )+ 2m(e) ATl
Fray(z) = yé\U[ Yr(2,y) V Fa(y) |

Tr(a)(z) = yé\U[ Yr(z,y) V Ta(y) |

Ir(a)y(x) = yé\U[ (1r(2,y) +vr(2, ) V La(y) ]
Freay(z) = y\e/U[ pr(z,y) A Fa(y) ]

Remark 3.5:

If R is a crisp binary relation on U then (U,R) is a crisp approximation space, the Fuzzy
neutrosophic rough approximation operators are induced from a crisp approximation space,
that VA € FN(U)

R(A) = {{z, Tp(ay (), Ipcay (), Fea) () /2 € U}



R(A) = {(z, Tga) (), Ip(a) (), Frea)(x))/U € U}

where,

Tray(@) =V Taly) Iguy(@)= V Ialy) Fra(@)= A Faly)
yElz]r yElz]r yElz]r

Tray(@) = N Taly) Ira(z)= A Ialy) Fra(z)= V Fa(y)
yElz]r yEla]r yElz]r

Theorem 3.6:

Let (U,R) be a Fuzzy Neutrosophic approximation space. Then the upper and lower
fuzzy Neutrosophic rough approximation operators induced from (U,R) satisfy the following
properties. V A, Be€ FN(U) ,¥V a,B3,7€[0,1] with a+8+~v < 3

’ —

(FNL1)R(A) = R'(A), (FNU1)R(A) = R (A)

(FNL2)R(AUa, B,7) = R(A) U (a, B,7), (FNU2)R(ANa, B,7) = R(A) N (a, B,7)
(FNL3)R(AN B) = R(A)N R(B), (FNU3)R(AUB) = R(A) U R(B)
(FNL4)A C B = R(A) C R(B) (FNU4)A C B = R(A) C R(B)
(FNL5)R(AUB) 2 R(A)UR(B) (FNU5)R(AN B) C R(A) N R(B)
(FNL6)Ry C Ry = Ri1(A4) D Ry(A) (FNU6)R; C Ry = R1(A) C Ro(A)
proof:

It follows directly from Definition 3.1.
Properties (FNL1) and (FNU1) show that FN rough approximation operators R and R are

dual to each other.

Remark 3.7: The properties (FNL2) and (FNU2) imply, following properties (FNLQ)/
and (FNU2)'
(FNL2) R(U)=U (FNU2) =R(p)=¢

Example 3.8:

Let (U,R) be a FN approximation space where U = {z1,22,23} and R € FNR(U x U)
is defined as
R = {({(x1,21)0.8,0.7,0.1) ((x1,22),0.2,0.5,0.4) ((x1,23)0.6,0.5,0.7) ((x2,x1)0.4,0.6,0.3)
((22,22)0.7,0.8,0.1) ((22,23)0.5,0.3,0.1) ((x3,21)0.6,0.2,0.1) {(z3,22)0.7,0.8,0.1) ((x3,23)1,0.9,0.1)}
If a Fuzzy Neutrosophic set
A= {(21,0.8,0.9,0.1) (z2,0.5,0.4,0.3) (x3,0.5,0.4,0.7)}

then T 4 (71) = \E/Y[TR(Il’y) ANTa(y)] = 0.8

Igay(@1) = yy[IR<x1,y) A a(y)] = 0.7



Friay(1) = Ay[FR(xl,y) V Fa(y)] =01
ye

Similarly we have TE(A)(ZUQ) =0.7, IE(A)(xg) = 0.6 , Fipay(22) = 0.3 and
Tray(®3) = 0.6, Tga)(s3) = 0.4, Fy(23) =0.1.

Hence R(A) = {(z1,0.8,0.7,0.1) (22,0.7,0.6,0.3) , (x3,0.6,0.4,0.1) }.

Likewise we can calculate

R(A) = {(x1,0.5,0.5,0.4) (x2,0.5,0.4,0.3), (x3,0.5,0.4,0.7) }

Definition 3.9:
Let Ae FN(U) and «, 3,7 € [0, 1] with a+ 8+~ < 3 with (¢, 3, 7) level set of A denoted
by A5 is defined as
AP = L2 e U/Ta(x) > a, Ia(z) > B, Fa(z) < v}
We define
Ay ={z € U/Ts(z) > o}
Aoy = {2z € U/Ty(z) > a}
the « level cut and strong « level cut of truth function generated by A.
Ay = {w € U/Ia(x) = B}
Agy = {w € U/Ly(x) > B}
the 3 level cut and strong S level cut of indeterminacy function generated by A.
and
A7 = {w € U/Fa(a) <7
A" ={z e U/Fa(z) <~}
the v level cut and strong  level cut of false value function generated by A.
Similarly, We can define other types level cuts
At BHa4) = Lo € U/Tyu(x) > a, Ia(z) > B, Fa(z) < v} which is (o + B + v+) level cut set
of A.
ACHBY) = Lo € U/Ta(x) > a, Ia(z) > B, Fa(z) < v}
AP = L € U/Ta(x) > o, I4(x) > B, Fa(z) <~}
ABAH) = L € U/Ta(x) > o, Ix(x) > B, Fa(z) <~}
Like wise other level cuts can be defined.
Theorem 3.10:
The level cut sets of Fuzzy Neutrosophic sets satisfy the following properties V A, B €
FN(),
a,B,v€[0,1]] witha+8+~<3
a1, B1,m € [0,1] with a1 + 61+ <3



az, 2,72 € [0,1] with ag + B2 + 72 < 3

1) AlB) = A, NABNAY

/ / /

2) (A)e = (A)a+: (A)B = (A1 - p4);(A) =
) (04), = 0.

(na)s= s

ieJ icJ

(na) = near

1<y 1€

eJ ieJ

Y
(u Ai) — U@y
eJ eJ

8) Forag >as f1 > 71 <7
Aoq C Aag; ABI - ABQ A C A

Alen,Bim) C Alaz,f2,72)

Proof

1) and 3) follow directly from definition 3.9

2) Since A = {(x,Fa(x),1 —Ia(x),Ta(z))/z €U}
(4) = {z € U/Fa(e) > a}

By definition,

At ={z € U/Fs(z) < a}

At ={z € U/Fa(z) > a}



= (A)a= (477)
Similarly we can prove,

(A)p= (A7)

(A)r = (A7)
0 = { o ATalo) A Tafa), V Fao)fa e U
i€J ieJ eJ ieJ
We have <ﬂ A,;) = {x eU/ /\ Ty, (z) > a} ={z € U/Ta,(x) > a} = ﬂ (Ao
e a ieJ e
Similarly,
(Na)s={oev/ A 1o 2 5} = fo € U1 (o) 2 i € 7} = (495 and
ieJ - iceJ iceJ
(na) ={oetr Vv Fuw) v} = o ev/mn < i 1) = (A
ieJ ieJ ieJ

We can conclude

(ﬂ Ai) T- (ﬂ Ai)am< N AZ’) ﬁﬂ(ﬂ Az‘)V =N ((A)a N (A)B N (A)) = (4B

icJ ied e icJ ey A
5) We know
igJ(Ai) - {<x7i¥] fa (x)’i!] a (x)jié\‘] Fa@)/e € U}
(iLE_JJAZ-)a = {x € U/iijAi(x) > a} = {x € U/iijAi(x) >a, Jdic J} = @'LGJJ(Ai)a

(U AZ-> B= {x cU/ \ Iy (z) > 5} —{z e U/l (z)> 8, VieJt= U(A)B

1eJ icJ ieJ

(U Ai>7 - {x c U/ N\ Fa,(z) < 7} = {z € U/Fa,(x) <7, VieJ} = U (A4)

1eJ icJ e

6) For any x € A,, according to definition(*) we have for T4(z) > a1 > a2, we obtain
An, C Ag,.
Similarly for 51 > B2 and v1 < 5 we obtain AB; C AfBy and A" C A2,
Hence we have,
Alen,Bim) C Alaz,f2,72)
Corollary 3.11:
Assume that R is a Fuzzy Neutrosophic relation in U,
Ry ={(z,y) € U x U/Tr(z,y) > a}
Ra(@) = {y € U/Tp(z,y) > a}
Ro+ ={(z,y) e U x U/Tr(x,y) > a}
Roy(z) ={y € U/TR(z,y) > o}
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RB = {(z,y) € U x U/Ir(z,y) = B}
RB(x) = {y € U/Ip(z,y) > B}
RB+ ={(z,y) €U x U/Ig(z,y) > B}
RB+(x) ={y € U/Ir(z,y) > B}

RY ={(z,y) € U xU/Fg(z,y) <~}
Ri(z) ={y € U/Fr(z,y) <7}
R ={(z,y) €U x U/Fg(z,y) <7}
R (x) ={y € U/FRr(z,y) < o}
R@H) = {(z,y) € U x U/Tr(z,y) > o, Ig(z,y) > B, Fr(z,y) < 7}
RPN (z) = {y € U/Tr(z,y) > o, Ig(z,y) > B, Fr(z,y) <7}
Then for all Ry, Ry, RB, RA+, RY, R*t, R(®%7) are crisp relation in U and
1) If R is reflexive then the above level cuts are reflexive.
2) If R is symmetric then the above level cuts are symmetric.
3) If R is transitive then the above level cuts are transitive.
Proof
Since R is a crisp reflexive V 2 € U, «, 3,7 € [0,1]
Take, Tr(z,z) =1 Ig(z,z)=1 Fgr(z,x)=0 V xze€U
Now, we have R, is a crisp binary relation in U and x € U, (z,z) € R,. .". R, is reflexive.
If R is symmetric then V z,y € U, we have (x,y) € Ry, = (y,x) € Ry. .. Ry is symmetry.
Similarly we can prove RS and R" are symmetric.
If R is transitive then Vz,y,2z € U and «, 3,7 € [0, 1]
Tr(,2) = Tr(z,y) A Tr(y, 2)
Ig(x,z) > Ir(z,y) A IR(y, 2)
Fr(z,2) < Fr(z,y) V Fr(y, 2)
for any (z,y) € Ra  (y,2) € R,
(z,y) € RB  (y,7) € Ry
(z",y") e R (y',2") e RY
(ie) Tr(z,y) > o, Tgr(y,2) >a =Tgr(x,2) >«
In(z'y) 2 B, Iply,2) 2B =Ig(a’.2)=p
Fr(a",y") <v, Frly',2") <y = Fgp(z",Z")
Therefore R, R3, R are transitive.
Hence R(*#") is transitive.

Similarly we can prove other level cuts sets are transitive.
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Theorem 3.12:
Let (U,R) be a fuzzy neutrosophic approximation space and A € FN(U), then the upper

FN approximation operator can be represented as follows V x € U.
1) TR(A)(x) = \[{)1] [a A Ra<Aa)($)] =V [04 N Ra(Aa—f—)(m)] =V [04 A Ra—‘r(Aa)(x)] =
agc|0,

~ a€0,1] a€l0,1]
V [0‘ A Ra+(Aa+)($>]
a€l0,1]

2) IR(A) (x)= "V [a A Roz(Aoz)(x)] =V [oz A Ra(Aa—l—)(a:)] =V [a A Roz—i—(Aoz)(x)]
a€l0,1] a€gl0,1] a€l0,1]

V  [eA Ro+(Aa+)(z)]
a€l0,1]

NFp(@)= A [aVR(AY@)] = A [aVRY(A)(@)]= A [aVR™(AY) ()] =
~ a€l0,1] a€l0,1] a€l0,1]
A oV R (A*T)(2)]
a€l0,1]
and more over for any « € [0, 1]

D[RA)],, € Rar(Aar) € RalAa) C [R(A)],,

9) [R(A)]"" C Rot(A°+) C Re(A%) C [R(A)]”
Proof
1) For = € U, we have

e\[é , [a A Ro(Ag)(2)] = Sup {a € [0,1]/z € Ra(Aa)}
— Sup{a € [0,1)/Ra(z) N Aa # ¢}
= Sup{a €[0,1]/3y € U(y € Rua(z),y € Aa)}
= Sup{a €10,1]/Fy € U[Tr(x,y) > o, Ta(y) > o}

= \E/U [Tr(z,y) ATa(y)] = Tra)(2)

2) e\[é : [ A Ra(Aar)(z)] = Sup {a € 0,1]/2 € Ra(Aa)}
= Sup {« e [0,1]/Ra(z) N Aa # ¢}
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= Sup{a €10,1]/3y € U(y € Ra(z),y € Aa)}
= Sup{a € 1[0,1]/3y € U[Ir(z,y) > a,I4(y) > o}
= \G/U [Lr(2,y) A La(y)] = Ipa)(2)

3) E\[é : [a/\RO‘ AY)(z )] =inf{a € 0,1]/R*(z) N A~ # ¢}

=inf{a € [0,1]/R%(x) N A~ # ¢}
=inf{a €[0,1]/3y € U(y € R*(x),y € A%)}
= inf{a €0,1]/3y € U[Fr(z,y) < o, Fa(y) < o]}

= /\U [Fr(z,y) V Fa(y)] = Fra(z)
ye
Like wise we can conclude

Tpay(@) = V [eARa(Aar)(@)] = V [aARer(Aa)(@)] = V [aARas(Aas)(@)]

a€(0,1] - a€l0,1] - a€l0,1] -
Tra) (x) = e\[{) : [a A Roz(AOH—)(:L‘)] = E\[é : [a A Roz—l—(Aa)(:E)] = E\[é , [a A Ra—l—(AoH—)(x)]
Fpoay(x)= A [aVR*(A*T)(@)] = A [aVR*™(AY(2)] = A [aVR*(A*")(2)]
a€l0,1] a€l0,1] a€(0,1]

4) Since Ry (Aas) € Rat(As) C Ro(A
We prove only [R(A)]as C R
For any x € [R(A)]a+

R(A) > o

= V [Tr(z,y) ANTa(y)] > a Iy €U > Tr(z,y ) ANTr(y') >
yelU

=9 € Roy(z) and y € Agy

= Ray(z) N Aot # ¢

From the definition of upper crisp approximation operator we have = € R4 (Aa+)
Hence [R(A)]a+ € Rat(Aa+t)

Next, to prove Ry (As) C [R(A)]a

For any x € Ry(Ay), Ra(4s)(z) =1

If 3 3, then

Trey(@) =V [BARs(Ap)(2)] = aARa(Aa)(z) =
Be[0,1]

We obtained x € [R(A)]a
Ra(Aa) C [R(A)]a

5) Similar to (4) It is easy to prove
Ra+(Aa+) C Ra+(Aa) C Ra(Aa)

Hence we prove
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i)[R(A)]a+ C Ra+(Aa+)
ii) Ra(Aa) % [R(A)]a

i) For z € [R(A)]a+, [ga)(2) > a

= \E/U [Ir(z,y) ANa(y)] > a

3y eUsIpx,y)ANIay) > a

(ie) Ir(z,y ) and I4(y )o

=1y € Ra+ (z) and y € Aa+

y € R(z) N Aa+ = Ra+ (z) N Aat # ¢

By the definition of crisp approximation operator we have
r € Ra+(Aa+)

Therefore [R(A)]Ja+ C Ra+(Aa+)

Next for any x € Ra(Aa), Ra(Aa)(z) =1

If3 3 then

Troay(@) = V [BARs(Ap)(2)] > a A Ra(Aa)(z) = a
Bel0,1]

We obtain z € [R(A)]a Therefore Ra(Aa) C [R(A)]a

6) The proof of (6) is similar to (4) and (5) we need to prove only
[R(A)]*F € Ro+(A*F) and R%(A%) € [R(A)]*

For any o € [R(A)]™*, Frn (@) < o ) A [Fi(r.y) Y Fa(y)] <
y€e

3y eUsFr(z,Y)VFA(y) < a

Hence Fr(z,Y') < a,Ta(y) < a

(ie) y € R*t(z) and ¢ € At

ROH(z) N AT #£ ¢

Therefore x € R+ (AT)

[R(A)* C BT (A

Next for any x € R*(A®) note R*(A%)(z) = 1 then we have

Frn@ = A |8V RI(4%)(2)] < aVRT(A%)(@) = a
Thus = € [R(A)]*. Hence RF(A%) C [R(A)]

The proof of (7), (8), (9) can be obtained similar to (4), (5), (6).
Theorem 3.13:
Let (U,R) be FN approximation space and A € FN(U) then Vo € U

DTgpay(z) = A [aV(1—-EX(Auy)(@)] = A [aV(1-RY(Aa)(z))]
a€l0,1] a€l0,1]
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A lav(@—-RT(Ag ) ()] = A [av(1-R"(Ad)(2))]
a€l0,1] a€l0,1]

2) Iny@) = A [aV(1-Rl-a)dat)@)| = A laV(1-R(l-a)(Aa)(@))
a€lo,1] a€l0,1]

A lav(- RO - ad)(Aa+)(@)] = A oV (1= R(1-a4)(4a)(z)

a€gl0,1]
8) Faon(@) =V [aA(1=Ra(AN)@)] = V[0 A (1= Ra(A%)(@))]
ael0,1] a€l0,1]
V oA (= R (A5)@)] =V [0A (1= Ray(4%) (@)
a€l0,1] a€[0,1]

and for « € [0, 1]
4)[R(A)] s+ € B*(Aat) € RO (Aaq) € RO (Aq) € [R(A)]a

5)[R(A)] a+ C R1 — a(Aa+) € Rl — a+(Aa+) € Rl — a+(Aa) C [R(A)]a
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