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�o�G�V�e�n�G�u���e�G�=���x�'�u�n�=���x�u�G�G�-�e�I�����G���=�u���x�'�u�n�G�u�w�G���x�8�G�u�?�{�G���e�u���=�V���x�'�u�n�=���x�u�G�G�-�e�I�����x�u���g�i�e�u���g�i�e�I�?�x�
�V�D�i�e�G�V�e�G�����: b�e�\�u�w�e���n���G���i�e�G�=�f�G�$���i�:�D�x���=�u�/�$�D���u�w¡��u�I�e�G�=���x���x�G�'�n���3�i�e���g�V�e�:�����x�V�e�G�o�w¢=���/�e����£\���+�e�n�3�x�G��¤
�n���n�u�I�e����¥8�e�n�������I�g�e�x�n���I�g�x�n�¦��¥��u�n���n�n���S�/�
�=�u�¦�:�u�a�����l�x�u�
���=�n�{�7�n��§:�u���:�e�I�g�/�
�V�8�V�e���¨�x���:�u�a�����n��©
¢=���w�e�=�f�=���7�u�u���D�I�=�q�1 b�f�G���e�x�G�_�x���=���f���u�I�e�-¢x�x�n�G�i�e�
�u�G�V�e�n�G�u���e�G�x�c�I�o�n�=�����n��ª=�u�3�x�n�I�F�«�G���u���n���n�G�����¬�/�
�n�w¢=���e�x�
�V�e�:�����x�V�e�G�­§:���x�/�e�I�e�G����©�®2�u�G�D�U�x�n�­�n�������I¡��w�U�=�¯�e�u�°�e�x���­�u�n�=���i�u�G�G�G�V�e�I���n���x���x�2±l�u���n���/�=©o�I�
�G���G�/¢/�=�I¢8�G�uªt�7�=���n���u�n���n���:�D�i�e�G�=�_�x�o�������?¢8�G�=�f�x�o�e�u���e�x�u�u�=�²¢=���w�e�=��©1®2�u�G�D�¬�n���V¢=���
�­�u�w�e�w�e�I���D�I�=�_�x�
�V�e�:�����x�V�e�G�1�w¢=���/�e��©(���=�n�4�=�q�G���n���u�?�x�q�e�l�n�?�x�G�I�F�=��±l�u�G�q®\�=�n³o�?�x���1�G�����=�u�u���w�e�G�=��®2�I�e�s�x�u���?�x�n���s�n���G���:�e�I¡��
�u�������n�n�I�F���x���i�e�n�Gªx�u�����:�\�K®\���u�w®´���u�I�e�-¢x�x�n�G�i�e�{�u�G�n���n�w�e���u�G�V�e�n�G�u���e�G�=�u��©:®2�u�G�D�S�x�n�¦���i�e�u�e�x�G�I���7�=�G�G��®2�G�uª
�7�n�=�¨�w¢=���:�e�=�G�xª=�G�?�x�q�u�n�G�u���G�u�G�����

µ��=�I�8�u�=���3�x���u�G�V�e�n�G�u���e�G�=�q©�®2�u�G�D�t�G�o�u�n���­�i�¦�u�n���n���/�
�x�oª=���u���e�x�G�G¶?�i�e�G�=���7�=�¦£\�G�u�=���G�x�W©��G�k�W�x�w�¦�G�n�q¤ �
�D�x³x���G�/�e���x�����=�u�:�l�n�������I¡����u�x�e�G�=�g�7�n�=�¨�u�n�=���i�u�G�G�I�F�f�e�u���=�V�
���x�����I���G�u�u�������u�u���u���s�x���w¢=���/�e��©��e�x�u�u�=�
§:���x�/�e�I�e�G����©��e���V�e���'µ1�n�=���x�u�G�G�-�K�f�e�u���=�V���?�x�S�'�s���=�u�n�G�u���n���S�=�u�I���x�2�����x�V�2�x�����=�����=���f�?�x�n�u�n���e�u���=�V�=©
�=�=�S³:�u��®¦·w�

¸f} ¹º������»¼��½s¾_»¿��¾�����À�½����?½���ÁÂ����Ãq������ÄS�
�����a�

Å��w���e�u���n�$�x�n�4¡��u�I�e�4�n��§:�u���u�?�+�x�
n
�G�u�u�����w�u�u���:���V�e�:�����x�V�e�G�1��¥��'���n�G�����:�e���? F���e�u�1�n���n�u�I���x�8��¥������n�G�����/�

i
�?�x�t���u�n�u�a�=�{�u�x�o�w¢=���/�e�o�7�n�=�

N Æ �n�w� X
(i) �x�1�w¢=���/�e� x(i) ∈ X

(i) ��Ç4¢=���/�e�=�G�=ª=�G�?�x���u�G�V�e�n�G�u���e�G�=�u�l�x�1�n�w�e��x���w¢=���/�e�
X

(i), i = 1, ..., n
�xª=�n���{®2�I�e�g�e�u�¦�e�x���¦��¢/���/�e�=�G�=ª=�G�?�x�'�u�G�V�e�n�G�u���e�G�=�

{p(X), X ⊆ X}
�x�������V�D�x�G�

N Æ �n�w� X
�x���w¢=���:�e�

x ∈ X
©�®2�u�G�D�k�x�n���q¤ �{�D���x�uª=�G�uªf���w�F®\�����t��¥��'���n�G�����/�e���

È �u�D�°�n�D�u�������x�+�e���V�e�G�uª��G�¦�?�x�G�G���PÉ�Ê8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑSÒVÑwÎxÑwÓuÌKÔiËGÔeÕxÍhÖeÏxË ×fØ�ÖDÙ�ÑwÉgÑgÔVÚsÛ¦ÑwÐ�ÓÜÔiÊ8ËXË"Í+ÌFÑDØwÌWÍXÓ8ÕSÝ1ÍXÌXÙ
Þ ÐeÔ?ßxÊ�ÖwÍXÓ8Õ�Ø�ÑwÌlÔVÚ
ÑwÎxÑwÓ�ÌXØ

X
©'�x�u���?�x�D�k�x���e�x�u�u�=�¨§:���x�:�e�I�e�G���

ξx(ω) =
n
∑

i=1

1x(i)(ω), x(i) ∈ X
(i), x ∈ X

�=�'�w�
�e�u�s£\�G�u�=���3�i���u�G�V�e�n�G�u���e�G�=�g®2�I�e�����x�e�x���w�e���n�
n, px = P(x)

©�®2�u�G�G�¦�e�x�u�u�=�à¢=���w�e�=�ná
ξ̂ = (ξx, x ∈

X)
�=�'�w���e�u�aÛ2ÍXÓÜÔiÉ�ÍWÏxËÜÉ�Ê8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑ�Ò

N â ÎiÏxÐ�ÍWÏxÌFÑF×gßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓk®2�I�e�S���x�e�x���w�e���n� (n, {p(X),
∅ 6= X ⊆ X})

�
∗ ä© åxæFçIæFè�é æWê�ë�ì íxî�ì ï:ðVñ è�ò7çIñ óbôoõDò7öeò7çGób÷'ø8ôeñ êKò7çIùGñ ú"ûKï:òXü"ý�óbñ ÷Aþ(êKæFçIæFè�ÿuó��bóböDò7ý4ì çIî�ï/îeçI÷Aþ��KúIú���þ ���	�
�
�'ì ç-ü"òXêKò7ôKúGùWì ôDóbçGæVö�ì çIî���
�æF÷ æWê��FæWê��xì ð�ìðVñ è�ò7çIñ óbô�õDò7öeò7çGób÷(ø8ôeñ êKò7çIùGñ ú"ûKïDòXü"ý�óbñ ÷AþV÷ ó7ênçIò7ôKúGñ ûKì �FæF÷ æWê��FæWêDÿ��Fý�óbñ ÷Aì ä æFý�� á������ ì�����������! #"%$& 	'�(�$)�+*-,&.0/)$)1 2�'� 3$)(�'4$)5�56'�$)(�� ��78$& 9.:'�$& 	2�(�$);�1 '=<>2��+"���� ,&�+ ?$)�+*�� �� 3.8$@����'%.8$@���!"%$)1
'�A-56'�"���$@��� ,&�
B�/@$)(��!$)�+"�'$)�+*C,)����'%(3.:,&.:'%�D�� FEG$& 3$);+ H��(�$&"��3I
'� 	;6'%7&2�'�� �D��'%7&(�$)1! 9$)�+*J 	,K,&�
LM����N'%/&'%�&��,&1 ,&7&ODB-� �N7&'%��'%(�$)1�B�$)�+*N$@�?�����! #"�,&�&��'�A���B+� �N5+$)(	���!"�2�1!$)(�B-����'P��,)��� ,&�RQS/&'�"���,&(�T:�! ?2+ 	� ��78� �N'�A���'%�+*-'�*N 	'%�+ 	'P$& 

TD>A@VRDCWTwLKChLbT�U ��� ��'P 	'��3,&( TD>A@VRDChTwLKCWLbT�U ��� ��'P"�,&1 1 '�"���� ,&��,)<V 	,&.:'='%1 '%.:'%�D�� %L
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µ1�n�=���x�u�G�G�-�e�I�����x�{Û2ÍXÓÜÔiÉ�ÍWÏxË�ÉfÊ:Ë"ÌWÍXÎiÏ=Ð�ÍWÏxÌFÑgßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓ�u{Ý�Ù8ÍhÖDÙ­ÍGØaÕ:ÑwÓÜÑwÐnÏxÌFÑeßtãDv
N â Ø�ÑwÌ�ÔVÚ�ÑwÎxÑwÓ�ÌXØ X

©
�x�n���u�w¡��u���S�7�=�l�w¢=���V�S�G�/�e��ª=��� Æ ¢i�x�G�u�������=�G�G���w�e�G�=� n̂ = (nx, x ∈ X) ∈ [0, n]N

�/�
�e�u���7�=�n���u�3�

bn̂

(

n; p(X), ∅ 6= X ⊆ X
)

= P(ξ̂ = n̂) = P(ξx = nx, x ∈ X) =
∑

ň

mň

(

n; {p(X), X ⊆ X}
)

,

®2�u���n�

mň

(

n; {p(X), X ⊆ X}
)

= P(ξ̌ = ň) = P

(

(

ξ(X), X ⊆ X
)

=
(

n(X), X ⊆ X
)

)

=

=
n!

∏

X⊆X

n(X)!

∏

X⊆X

[p(X)]n(X)

�x�n�f�u�n�=���i�u�G�G�I�e�I���¦�x�
2N Æ ¢i�x�n�3�i�e�fµ��=�I�8�u�=���3�x���u�G�V�e�n�G�u���e�G�=���x�����e�x�u�u�=� ¢=���w�e�=�

ξ̂ =
(

ξ(X), X ⊆ X
)

®2�I�e�����x�e�x���w�e���n�
(n; {p(X), X ⊆ X})

©u®2�u�G�D�S�G�lª=���u���e�i�e���S�:�
2N Æ �n�w�{�x���e���n�e�x��� Æ �w¢=���/�e� {ter(X),

X ⊆ X}
©+®l�u�G��� ���x�
�u�G�u�u�G§:�u�S���=�n�n���n���=�u�u���u���t�e�«�e�u�tª=�I¢=��� £\�G�u�=���G�x�l���u�I�e�-¢x�x�n�G�i�e���u�G�V�e�n�G�u���e�G�=�9w

�n�u���g�i�e�G�x���G�$�g�x�u�{�/�g�x�G�
2N Æ ¢i�x�n�3�i�e�2�n�w�e� n̂ =

(

n(X), X ⊆ X
)

∈ S2N �7�n�=�
2N Æ ¢/���V�e��¥g�n�G���u�G��¥ S2N ©

�h� �x�u�n�u�D�t�x�
n =

∑

X⊆X

n(X),

�u���l®2�u�G���k�x�n�������w�l�D�u�
N
��§:���i�e�G�=�u�

nx =
∑

x∈X

n(X), x ∈ X.

x8y%zPy {}|�~�����|��P�R�P~��\���#�4�p|���������|����r�p|��J����|��P~
�¯�u���

N = 1 � �h� �x�lÕ:ÑwÓÜÑwÐnÏxÌWÍXÓ8Õ°Ø�ÑwÌ X = {x}
�G�
�«���=�u�=�u�G�w�
�x�s�w¢=���:�e�@�
£\�G�u�=���3�i�2�=�u� Æ ¢x�x�n�3�i�e��u�G�V�e�n�G�u���e�G�=�´�x�g� �e�x�u�u�=� §:���i�:�e�I�F�

ξx

���=�G�u���G�u���k®2�I�e�U�e�u�c���3�x�n�n�G�?�x�a£\�G�u�=���3�x�s�u�G�V�e�n�G�u���e�G�=�´®2�I�e�
���x�e�x���w�e���n�

(n; px)
�+ F�¬�x�e�u���f®\�=�n�u��©+�u�n�=���x�u�G�G�I�e�I���f�x�o�e�u�­Û2ÍXÓÜÔiÉ�ÍWÏxË2ÔxÓ�Ñ â ÎiÏ=Ð�ÍWÏxÌFÑkßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓ¯���?¢/����3�x�n�n�G�?�x�Ü�7�=�n�g�i�

bnx
(n; px) = P(ξx = nx) = Cnx

n pnx

x (1 − px)
n−nx , 0 6 nx 6 n.

x8y�x8y {}|�~�����|��P���6�}�=���=�4�p|���������|����r�p|��J����|��P~
�¯�u���

N = 2 � �h� �x�
Õ:ÑwÓÜÑwÐnÏxÌWÍXÓ8Õ¬Ø�ÑwÌ X = {x, y}
�G���u�u�u�G�w�­�x�g�w¢/���/�e�@�­£\�G�u�=���G�x�
�F®\� Æ ¢x�x�n�3�i�e��u�G�V�e�n�G�u���e�G�=�
�x�4�f�e�x�u�u�=�à¢=���w�e�=�

ξ̂ = (ξx, ξy) = (ξx, x ∈ X)
�G�l�u�w¡��u���k�/�
�7�=�u�l���x�e�x���w�e���n� (

n; p(x),
p(y), p(xy)

) ©u®2�u���n�D�

p(x) = P(x ∩ yc), p(y) = P(xc ∩ y), p(xy) = P(x ∩ y).
µ1�n�=���x�u�G�G�-�e�I���+�x��Û2ÍXÓÜÔiÉ�ÍWÏxË�ÌWÝ\Ô â ÎiÏxÐ�ÍWÏxÌFÑsßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓS�x�n�o�?�x�G���u�3�i�e�I�uªs�7�=�\�x�/���G�/�e��ª=��� Æ ¢x�x�G�u���f¢/���w�e�=�

n̂ = (nx, ny) ∈ [0, n]2
�/���e�u�¦�7�=�n���u�3�

bn̂

(

n; p(x), p(y), p(xy)
)

= P(ξ̂ = n̂) = P(ξx = nx, ξy = ny) =

�S�#;�/�� ,&2+ 	1 O&B
p(∅) = 1−p(x)−p(y)−p(xy)

LD�?'%(�'%� �+$@<���'%(\$)(�'32+ 	'�*:��'�A��F*-'%��,&.:� �+$@��� ,&�+ %�
px = P(x) = p(x)+p(xy)

B
py = P(y) = p(y) + p(xy)

B
Kovxy = p(xy) − pxpy

B
σ2

x = px(1 − px)
B
σ2

y = py(1 − py)
L
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=

min{nx,ny}
∑

n(xy)=max{0,nx+ny−n}

mň

(

n; p(∅), p(x), p(y), p(xy)
)

,

®2�u���n�
mň

(

n; p(∅), p(x), p(y), p(xy)
)

= P(ξ̌ = ň) =

= P

(

(

ξ(∅), ξ(x), ξ(y), ξ(xy)
)

=
(

n(∅), n(x), n(y), n(xy)
)

)

=

=
n!

n(∅)!n(x)!n(y)!n(xy)!
[p(∅)]n(∅)[p(x)]n(x)[p(y)]n(y)[p(xy)]n(xy)

�x�n���u�n�=���x�u�G�G�-�e�G�w�l�x���e�u�
µ��=�I�8�u�=���3�x�F� Æ ¢i�x�n�3�i�e�¦�u�G�V�e�n�G�u���e�G�=���x���e�x�u�u�=�à¢/���w�e�=�
ξ̌ =

(

ξ(∅), ξ(x),
ξ(y), ξ(xy)

) ®2�I�e� ���x�e�x���w�e���n� (
n; p(∅), p(x), p(y), p(xy)

) w¦�n�u���g�i�e�G�=�´�G�t�g�x�u�P�:� �x�G�
�n�w�e�
ň =

(

n(∅), n(x), n(y), n(xy)
) �n�u���k�x�

n = n(∅) + n(x) + n(y) + n(xy)
©u�7�=�\®2�u�G���S�x�n�¦�e�n�u�ota��§:���i�e�G�=�u�

�x��®\���G�
nx = n(x) + n(x, y)

©
ny = n(y) + n(x, y)

©\�x�u� �?�x� ���k�e�u�n�u��� �G�/�e�«�n�u���g�i�e�G�=�_�:� �e�u�
�=�u���o���x�e�x���w�e���

n(x, y)
®2�I�e�u�G�����n���D�u�w�l���=�u�u�u��©��n�G�u���{®2�u���

nx

�x�u�
ny

�x�n�{¡�¥����q©8�e�u�����x�G�'§:���x�/�e�I�e�G���
n(∅), n(x), n(y), n(xy)

�?�x�S���s��¥��u�n���n�n���t�/���=�u�s���x�e�x���w�e����©��7�=�l�G�u�V�D�x�u���x©
n(xy) �

n(x) = nx − n(xy), n(y) = ny − n(xy), n(∅) = n − nx − ny + n(xy),

®2�u�G�D�S�G��¢i�x�V�8�G�uªf®2�I�e�u�G� ���n���D�u�w�{���=�u�u�u� �
max{0, nx + ny − n} 6 n(xy) 6 min{nx, ny}.

¡ �G�n�u©��7�=�n�a�u�3�a�?�x������®2�n�I�n�e���S�I���e�u�s�u��¥8�o�g�x�u�u��� �
bn̂

(

n; p(x), p(y), p(xy)
)

= P(ξ̂ = n̂) =

= [p(∅)]n [τ(x)]nx [τ(y)]ny

min{nx,ny}
∑

n(xy)=max{0,nx+ny−n}

C
n(x,y)
n (n̂) [τ(x, y)]n(xy)

,

®2�u���n�
C

n(x,y)
n (n̂) =

n!

(n − nx − ny + n(xy))!(nx − n(xy))!(ny − n(xy))!n(xy)!�G��ÌWÝ\Ô â ÎiÏxÐ�ÍWÏxÌFÑ¦Û2ÍXÓÜÔiÉ�ÍWÏxË�ÖDÔ�Ñ	¢ ÖwÍhÑwÓ�ÌW©��x�u�

τ(x) =
p(x)

p(∅)
, τ(y) =

p(y)

p(∅)
, τ(x, y) =

p(∅)p(xy)

p(x)p(y)

�G��¡��n�V�o�x�u���n�����=�u�k�u��ª=�n����É�Ê8Ë"ÌWÍhÖDÔiÎiÏxÐ�ÍWÏxÌWÍhÔiÓ�Øs�x���w¢/���/�e�
x
�x�u�

y
�

£$���w�e�=�o�x�1�g�i�e�u���g�i�e�G�?�x����¥��'���w�D�i�e�G�=�u�o�7�=�o£\�G�u�=���3�i�q�K®\� Æ ¢i�x�n�3�i�e�
�e�x�u�u�=� ¢=���w�e�=�
(ξx, ξy)

�G�o��§:���x�
�e�

(Eξx,Eξx) = (npx, npy),
�x�u�a�I�e�����(¢i�x�n�3�i�e�G�=���g�i�e�n�-¥
�?�x���'�l��¥��u�n���n�n���f�e�u�n�=�uª=�a���(¢i�x�n�3�i�e�G�=���g�i�e�n�-¥

�x�4�e�x�u�u�=� ¢/���w�e�=�
(1x,1y)

�x�1�G�u�u�G�?�i�e�=�n�2�x�4�w¢/���/�e�o�7�n�=� �e�u�aÕ:ÑwÓÜÑwÐnÏxÌWÍXÓ8ÕfØ�ÑwÌ
X = {x, y}

�x�u�t�G�2��§:���x�
�e�

(

npx(1 − px) nKovxy

nKovxy npy(1 − py)

)

= n

(

px(1 − px) Kovxy

Kovxy py(1 − py)

)

¤ ��¢x�x�n�3�i�e�G�=���g�i�e�n�"¥��x���e�u�s�����/�e���n���t�x�u�S�u�=�n�g�x�G�I¶�����£\�G�u�=���G�x���F®�� Æ ¢x�x�n�3�i�e���e�x�u�u�=�à¢=���w�e�=�
(

ξx − npx

σx

,
ξy − npy

σy

)
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�G�l��¥��u�n���n�n���k�e�u�n�=�uª=�����(¢i�x�n�3�i�e�G�=���g�i�e�n�-¥
�x���e�u�s�e�x�u�u�=�à¢/���w�e�=�
(

1x − px

σx

,
1y − py

σy

)

�����/�e���n���t�x�u�S�u�=�n�g�x�G�I¶������G�u�u�G�?�i�e�=�n���x�4�w¢=���/�e�2�7�n�=�
X = {x, y}

�x�u�S�G�l��§:���x���e�
(

n nρxy

nρxy n

)

= n

(

1 ρxy

ρxy 1

)

,

®2�u���n�
ρxy = Covxy

σxσy

�G�
���=�n�n���3�i�e�G�=�°���8�&¥����G���/���7�=�
�e�x�u�u�=� §:���x�/�e�I�e�G���
1x ¦ 1y � �h� �i���7�=�
�G�u�u�G�?�i�e�=�n�s�x��w¢=���/�e�{�7�n�=�

X = {x, y}
���

x8y	§�y ¨}©��4�p�Pª^���9�p|�����|�ªF�G�P«
{}|�~�����|��P�i�¬������|��=�4�p|������¬��|����r�p|��J����|��P~

£$���w�e�=�a�x�2�g�i�e�u���g�i�e�I�?�x�$��¥������w�D�i�e�G�=�u���7�=���a�u�I�e�I¢x�x�n�G�i�e���e�x�u�u�x� ¢=���w�e�=�
(ξx, x ∈ X)

�G����§:���x�\�e�
(Eξx, x ∈ X) = (npx, x ∈ X),

�I�e������¢x�x�n�3�i�e�G�=�°�g�i�e�n�-¥­�G����¥��u�n���n�n�?�c�e�u�n�=�uª=�P����¢x�x�n�3�i�e�G�=�°�g�i�e�n�-¥°�i�
�e�x�u�u�=�à¢/���w�e�=�

(1x, x ∈ X)
�x���G�u�u�G�?�i�e�=�n�l�x���w¢=���/�e�{�7�n�=�à�e�u��Õ:ÑwÓÜÑwÐnÏxÌWÍXÓ8Õ�Ø�ÑwÌ

X
�x�u���G�l��§:���x���e�





nσ2
x . . . nKovxy

. . . . . . . . .

nKovxy . . . nσ2
y



 = n





σ2
x . . . Kovxy

. . . . . . . . .

Kovxy . . . σ2
y



 ,

®2�u���n�
σ2

x = px(1 − px)
©
Kovxy = −pxpy

®2�u���
x 6= y

�¤ ��¢x�x�n�3�i�e�G�=�t�g�i�e�n�-¥k�x�+ª=���u���e�i�e���°�/�t���x�V�e�I�e�G�=�t�����/�e���n���«�x�u�­�u�=�n�g�x�G�I¶����­£\�G�u�=���G�x���a�u�I�e�I¢i�x�n�G�i�e�
�e�x�u�u�=�à¢/���w�e�=�

(

ξx − npx

σx

, x ∈ X

)

�G�l��¥��u�n���n�n���k�e�u�n�=�uª=�����(¢i�x�n�3�i�e�G�=���g�i�e�n�-¥
�x���e�x�u�u�=�¨¢=���w�e�=�
(

(1x − px)

σx

, x ∈ X

)

�x�������/�e���n���t�x�u�S�u�=�n�g�x�G�I¶������G�u�u�G�?�i�e�=�n�l�x���w¢=���/�e�2�7�n�=�
X
�x�u���G�l��§:���x���e�





nσ2
x . . . nρxy

. . . . . . . . .

nρxy . . . nσ2
y



 = n





σ2
x . . . ρxy

. . . . . . . . .

ρxy . . . σ2
y



 ,

®2�u���n�
ρxy = Covxy

σxσy
= − pxpy

σxσy

�G�4���=�n�n���3�i�e�G�=�a���8�&¥����G���/�$�x�Ü�e�x�u�u�=� §:���x�/�e�I�e�G���
1x

�x�u�
1y � �h� �x�=�G�u�u�G�?�i�e�=�n��x���w¢=���/�e�{�7�n�=�

X
���

x8yH­Cy ® �P��¯8~�����|��P�°��|����r�p|��J����|%�P~±|��0��²J�4�r��|�ªF�����4�³ªF�P�r�´�P«
{}|�~�����|��P�i�¬������|��=�4�p|������¬��|����r�p|��J����|��P~�µ
�0©��3~¶��©��������
���9�·|��0�F¸8²��p�3�r�r�3�¹�:¯º��©��´²J�4�r��|���|��P~±�P«
�3���?���3~����4��¯¶�9�P�3~K���»�
²J�PªF�

�¯�u���t�e�u��Õ:ÑwÓÜÑwÐnÏxÌWÍXÓ8Õ
N â Ø�ÑwÌ X

���=�u�n�G�V�¦�x�4�e�u�a�w¢=���/�e��©Ü®2�u�G�D���x�n�G�n�G�uª��e�u�����x�V�e�I�e�G�=�
Ω =

∑

x∈X
x
©

�e�u���PÛ2ÍXÓÜÔiÉ�ÍWÏxË�É�Ê8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑ�ßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓP�x�\���e�x�u�u�=� ¢=���w�e�=�
ξ̂ = (ξx, x ∈ X)

�G�¦�u�w¡��u���°�/�t�e�u�
N
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Z3d@eVf�g�fihkj�l#j%Z9]�_Vmn[\f�g�foX�[pbpqrj%Z3dSbFs6j�s�] ¼

���x�e�x���w�e���n�%½
(n; px, x ∈ X)

©:®2�u���n�
px = P(x)

© ∑
x∈X

px = 1
©��x�u���I���G��µ��x�I�8�u�=���3�x�'�u�G�V�e�n�G�u���e�G�=��®2�I�e�

�e�u�sª=�I¢=�������x�e�x���w�e���n���
¾{���u���x©��u�n�=���x�u�G�G�-�e�I���q�x�:�e�u�\Û2ÍXÓÜÔiÉ�ÍWÏxËxÉ�Ê8Ë"ÌWÍXÎiÏxÐwÍWÏxÌFÑ\ßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓ�u�Ý�Ù8ÍhÖDÙsÍGØ�Õ:ÑwÓÜÑwÐnÏxÌFÑeß¦ãDv{ÌXÙ�Ñ Þ ÏxÐ�ÌWÍXÌWÍhÔiÓ

Ω
©��G�
�u�w¡��u���¯�7�x�
�w¢/���V� �G�/�e��ª=��� Æ ¢x�x�G�u���¬¢/�w�w�e�=� n̂ = (nx, x ∈ X)

�7�n�=�¿�e�u���n�G���u�G��¥
SN � �����?�x�u�n�

∑

x∈X
nx = n

���/�
�e�u�s�e�x�����7�=�n�a�u�3�a�x�2�u�n�=���x�u�G�G�-�e�I���l�x�����=�n�n���n�'�=�u�u�G�uªgµ��=�I�8�u�=���3�x�Ü�u�G�V�e�n�G�u���e�G�x�

bn̂(n; px, x ∈ X) = P(ξ̂ = n̂) = P(ξx = nx, x ∈ X) =
n!

∏

x∈X

nx!

∏

x∈X

[px]
nx .

Ω Ω Ω

z(1) z(2) z(n)

y(1) y(2) · · · y(n)

x(1) x(2) x(n)

1 2 n

¿^À+Á L6Â&L�Ã�,&1 O���,&.:�!$)16ÄF'%(���,&2�1 1 �-��'� H��� ��7� �"���'%.:'#*-' U ��'� ^Ãp,&1 O���,&.:�!$)1+*-�! H��(��!;-2-���!,&�8Å3� ���85+$)(�$).:'���'%(� 
(n; px, py, pz)

BDÅ3���!"���! 37&'%��'%(�$@��� ��7K;DO�����'���(�� 5�1 '��?,)<�'%/&'%�D�� 
X = {x, y, z}

x8y�Æ8y {}|�~�����|��P�
N
���=�4�p|���������|����r�p|��J����|��P~�µ°�0©�|�ªp©Ç|��ÉÈP�3~��9�p�����3�Ê�:¯Ë��©��Ì�r�F�

X
µ

���9ÍJ~��3�Î® �P��¯8~�����|��P�
2N ���#�4�p|������Ï��|����r�p|��J����|��P~�µi�0©�|�ªV©Ð|��´ÈP�3~��9�p�����3�Ç�:¯

��©��´�r�F�G�P«i���9���p�PªF�\�+�9�P�3~����
{ter(X)

µ
X ⊆ X}

µJ�J���G~����»�8|��r�Ñ�P�9�p�r�
ÒtÊ8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑ
Ò

N â ÎiÏxÐ�ÍWÏxÌFÑF×�Û¦ÑwÐ�ÓÜÔiÊ8ËXË"Í1ÌFÑDØwÌWÍXÓ8Õ�Ø�ÖDÙ�ÑwÉgÑ�ÔVÚ n
ÌFÑDØwÌXØaÝ1ÍXÌXÙSÌXÙ�Ñ�Õ:ÑwÓÜÑwÐnÏxÌhÍXÓ:ÕfØ�ÑwÌ2ÔVÚaÑwÎxÑwÓ�ÌXØ

X
©u®2�u�G�D�S�=���w���w¢=���/�e�=�G�=ª=�G�?�x�q�u�G�V�e�n�G�u���e�G�=�

{p(X), X ⊆ X}
©��u�w¡��u���

N
�e�x�u�u�=� §:���x�/�e�I�e�G���

ξx(ω) =
n
∑

i=1

1x(i)(ω), x(i) ∈ X
(i), x ∈ X,

�?�x�D�P�x���e�u��� ���x�a£\�G�u�=���G�x�1�u�I�n�e�n�G�u���e�I�=�­®2�I�e�°���x�e�x���w�e���n� (
n; px = P(x)

) �x�u�P�x�G�4�e�=ª=�w�e�u���s�7�=�n���
N Æ ¢x�x�n�3�i�e���e�x�u�u�=�Â¢/���w�e�=�

ξ̂ = (ξx, x ∈ X)
©1®2�u�G�D�¬�G�f�u�G�V�e�n�G�u���e���¬�/� �e�u��Û2ÍXÓÜÔiÉ�ÍWÏxË\É�Ê8Ë"ÌWÍXÎiÏxÐwÍWÏxÌFÑ

Ò
N â ÎiÏxÐ�ÍWÏxÌFÑF×�ËIÏxÝ´®2�I�e�

2N
���x�e�x���w�e���n� (

n; {p(X), ∅ 6= X ⊆ X}
) ©�®2�u�G�D�k���=�/�D�x�G�u�{�x���=�u�:�2�x�4�e���V�e�

n�x�u�
2N − 1

�u�n�=���x�u�G�G�I�n�G���4�7�n�=� �w¢=���:�e�=�I�=ª=�G�?�x���u�G�V�e�n�G�u���e�G�=�f�x�q�e�u�{ª=���u���e�i�e�G�uª
�n�w���x�q�w¢/���/�e�
X � �G���x�e�u���®\�=�n�u��©'�x�G�

2N
�u�n�=���x�u�G�G�I�n�G���

p(X)
®2�I�e�u�=���

p(∅)
���

±l�u�s�e�x���
£\���n�u�=�u�G�G�Ü�a�u�I�e�I¢i�x�n�3�i�n�o�e���V�e�G�uª��n�D�u�����s�x�
n
�e���V�e�{�u�w¡��u���

2N
�e�x�u�u�=� §:���x�/�e�I�e�G���

ξ(X)(ω) =
n
∑

i=1

1ter(X(i))(ω), X(i) ⊆ X
(i), X ∈ X,

�?�x�D�S�x���e�u��� ���x�{£\�G�u�x���3�x���u�G�V�e�n�G�u���e�G�=�g®2�I�e�����x�e�x���w�e���n� (
n; p(X) = P(ter(X))

) ©��x�u�S�x�G���e�=ª=�w�e�u���
�7�=�n���

2N Æ ¢x�x�n�3�i�e�
�e�x�u�u�=�²¢=���w�e�=�
ξ̌ =

(

ξ(X), X ⊆ X
) ©4®2�u�G�D� �G���u�G�V�e�e�I�u���D�w� �:�P�e�u�ÔÓ2ÔiË�viÓÜÔiÉ�ÍWÏxË

ÕSÖ � �+"�'
∑

x∈X
px = 1

B-����'%(�'4$)(�'�,&��1 O
N − 1

� �+*-'%56'%�+*-'%�D�#5-(�,&;+$);�� 1 � ��� '� 9$).:,&��7
N
L
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Ω Ω Ω

· · ·

1 2 n

¿^À+Á L:Ø-LrÙ9�-(�'%'�ÚÛ/)$)(��!$S��' ÄF'%(���,&2�1 1 �8��'� H��� ��7} �"���'%.:'&B�Å3���!"��0�! R7&'%��'%(�$@��'�*Ü;DOÜ����'Ý��(�� 5�1 '��Þ,)<N'%/)'%�D�� 
X = {x, y, z}

B*-' U ��'� ³ß@ÚÛ/@$)(��!$@��'Î(�$)�+*-,&.à/&'�"���,&(
ξ̂ = (ξx, x ∈ X)

B Å3���!"��¶�! ³*-�! H��(�� ;�2-��'�*º;�OÑ����'áÄF� ��,&.:�!$)1âß@ÚÛ/)$)(��!$S��'1!$�ÅÏÅ3� ���G5+$)(�$).:'���'%(� (
n; p(x), p(y), p(z), p(xy), p(xz), p(yz), p(xyz)

) ã $)�+*G$)1! 	,Üä@ÚÛ/@$)(��!$@��' (�$)�+*-,&.å/)'�"���,&(
ξ̌ =

(

ξ(∅), ξ(x), ξ(y), ξ(z), ξ(xy), ξ(xz), ξ(yz), ξ(xyz)
) B�Å3���!"��R�! K*-�! H��(��!;-2-��'�*R;�Oo����'�Ã�,&1 O���,&.:�!$)1

8
ÚÛ/)$)(��!$@��'81!$SÅ»Å3� ���°����' �$).:'�5+$)(�$).:'���'%(� \���+$@�?�+$& 3ÄF� ��,&.:�!$)1
ß@Ú�/)$)(��!$S��'�*-�! H��(�� ;�2-��� ,&�
L

É�Ê8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑ�Ò
2N â ÎiÏxÐ�ÍWÏxÌFÑF×fËIÏxÝ1©�®2�u�G�����G�lª=���u���e�i�e���k�/�
�e�u�s�n�w�{�x���e���n�e�x��� Æ �w¢/���/�e� {ter(X),

X ⊆ X}
�x�u��®2�u�G�D�a�G���u�w¡��u�����:�

2N +1
���x�e�x���w�e���n�

(n; {p(X), X ⊆ X}
�i±l�u�=�n�����x�e�x���w�e���n�����=�/�D�x�G�u�

�x���=�u�/�2�x���e���V�e�
n
�x�u�t�i�G�

2N
�u�n�=���x�u�G�G�-�e�I���

p(X)
�7�n�=� �w¢=���:�e�=�G�=ª=�G�?�x�q�u�G�V�e�n�G�u���e�G�x���x���D�u�sª=���u���e�i�e�G�uª

�n�w�
X
�x���w¢=���:�e���

µ1�n�=���x�u�G�G�-�e�I���s�x�\�e�u��ª=�I¢/���cÛ2ÍXÓÜÔiÉ�ÍWÏxË$ÏxÓ�ß Ó2ÔiË�viÓÜÔiÉ�ÍWÏxË1É�Ê8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑ
ßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓ�Ø
�x�n�����=�u�u�°�7�=�
�w¢=���V�

N Æ ¢i�x�n�3�i�e�
���=�G�G���w�e�G�x�u�a�x�{�u�=�u�u��ª/�i�e�I¢=���:�u���'���n� n̂ = {nx, x ∈ X} ∈ [0, n]N
�/�«�e�u�
�7�=�n���u�3�

P(ξ̂ = n̂) =
∑

ň P(ξ̌ = ň)
®2�u���n�
�n�u���g�i�e�G�=�°�G�
�g�x�u�g�/�°�e�u�
�x�G�

2N Æ ¢x�x�n�3�i�e���n�w�e�a�x�l�u�=�u�u��ª/�i�e�I¢=��:�u�a�����n�
ň =

(

n(X), X ⊆ X
)

∈ S2N �7�=�q®2�u�G���
n =

∑

X⊆X
n(X)

�x�u���x�G�n�
nx =

∑

x∈X n(X), x ∈ X
�

�
,ræÜçu&(94 o���=�t�x�/� £\�G�u�=���G�x�
N Æ ¢i�x�n�3�i�e�x©2®2�u�G�D���G�kª=���u���e�i�e�����/�´�e�u�P�n�w�­�x���w¢=���/�e�

X
©{�e�u���n�

�G�­Ê8Ó�Í	è�Ê�Ñcµ��=�I�8�u�=���3�x�
2N Æ ¢x�x�n�3�i�e�­�u�G�V�e�n�G�u���e�G�=�q©\®2�u�G�D�U�G�Sª=���u���e�i�e���U�/�¯�e�u�°�n�w�t�x�a�e���n�e�x��� Æ �w¢=���:�e�

{ter(X), X ⊆ X}
�'±l�u�a���=�/�e�e�x�V�S�G�{�u�x�o�e�n�u�x©��h� �x���7�=�o�x�n�u�I�e�e�x�V�Sµ��=�I�8�u�=���3�x�

2N Æ ¢x�x�n�3�i�e�s�u�G�V�e�e�I�u���D�I�=�q©®2�u�G�D���G��ª=���u���e�i�e�����/�g�e�u�
2N Æ �n�w�l�x���w¢=���/�e� � �e�u�=�n���w¢=���/�e�l�7�=�n�à���x�V�e�I�e�G�x�
�x�

Ω
��©8�e�u���n���x�n�x©�ª=���u���e�x�G�I�

�n�'�?�x³:�G�uªu©
(2N)!

£\�G�u�=���3�x�
N Æ ¢x�x�n�3�i�e�
�u�G�V�e�n�G�u���e�G�=�u��©�®2�u�G�D�_�G�fª=���u���e�i�e���_�:�P�e�u� N Æ �n�w�e���x�{�e���n�e�x��� Æ�w¢=���/�e�

X � �x�u�u�n�����3�x�u�-�­�u�������u�u�a�=�«�e�u��®��?�°�x�2���i�n�e�I�e�I�=�°�w¢=���/�e��¤4�3�x�'���G�G�I�uªk�x�
�n�u�u�n�w�e� X ⊆ X
�x�u�

�e�x�D�x���x���=�u�/�2�x���n�u�D�S®��?�8�{�G�l��§:���x�q�e�
(2N)!

���

ég} ê¯�
��Ã�Ã���� » ��¾�����Às½����?½���Á ����Ãq������ÄS�
�������

µ��=�G�n�n�=�k�a�u�I�e�-¢x�x�n�G�i�e���u�I�n�e�n�G�u���e�G�x���G�2�f�u�G�n���n�w�e�
�u�G�V�e�n�G�u���e�G�=���x�4�u�n�=���x�u�G�G�-�e�I���l�x�1�f�e�x�u�u�=�¨¢/���w�e�=�
ξ̂ = (ξx, x ∈ X)

©u®2�u�G�D�S���?¢/��¢i�x�G�u���
n̂ = (nx, x ∈ X)

®2�I�e���e�u�s�u�n�=���x�u�G�G�I�e�I���

P(ξ̂ = n̂) = P(ξx = nx, x ∈ X) = πn̂

(

λ(X), ∅ 6= X ⊆ X
)

=

= e−λ
∑

ň

∏

X 6=∅

[λ(X)]n(X)

n(X)!
,

®2�u���n���n�u���g�i�e�G�=�g�G���g�x�u�¦�/�
���=�G�G���w�e�G�=�u�\�x���n�u�����u�=�u�u��ª/�i�e�I¢=���G�/�e��ª=��� Æ ¢i�x�G�u�����:�u�a�����n� ň =
(

n(X),
∅ 6= X ⊆ X

) ©i�7�=��®2�u�G�D�a�e�u���n�l�x�n�
N
��§:���i�e�G�=�u�

nx =
∑

x∈X n(X), x ∈ X
©=�x�u�

{λ(X), ∅ 6= X ⊆ X}®2�I�e�����x�e�x���w�e���n� � λ(X)
�G�2�x�k�?¢=���e�xª=�s�:�u���'���2�x�����=���G�uª��x���e�u���e���n�e�x��� Æ �w¢=���:�

ter(X) =
⋂

x∈X

x
⋂

x∈Xc

xc,
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�G�
�x�e�u����®\�=�n�u��©��?¢/���e�xª=�¦�8�u�a�'���l�x�����=���G�uª��x���e�u�s�x�G���w¢=���/�e�2�7�n�=�
X
�x�u���e�u���n�s�x�n�¦�u�x�l�w¢=���:�e�l�7�n�=�

Xc
�

λ =
∑

X 6=∅

λ(X)

�G�a�x� ��¢=���e�xª=�
�8�u�a�����a�x�{���=���I�uª��i���G�?�x�V���=�u�
�w¢=���/�f�7�n�=�
X
©4�I�c�x�e�u����®\�=�n�u��©1��¢=���e�xª=�
�8�u�a�����a�x�

���=���G�uª��x���w¢=���/� ⋃
x∈X

x � �u�u�G�=���x�4�x�G�Ü�w¢/���/�e�2�7�n�=� X
���

���=�l��¥u�x���u�G�x©�®2�u���
n̂ = (0, . . . , 0)

�e�u���

P
(

ξ̂ = (0, . . . , 0)
)

= P(ξx = 0, x ∈ X) = e−λ,

®2�u���
n̂ = (0, . . . , 0, nx, 0, . . . , 0), x ∈ X

�e�u���

P
(

ξ̂ = (0, . . . , 0, nx, 0, . . . , 0)
)

= P(ξx = nx, ξy = 0, y 6= x) = e−λ [λ(x)]n(x)

n(x)!
.

 b���D�u�¦¢/���w�e�=�
n̂
���x�2�=�u�¦¡�¥����k���=�����=�u���/�

nx

�x�u�S�x�e�u���2�I�e�����l�x�n�
�x�n�u�I�e�e�x�V� �
n̂ = (·, . . . , ·, nx, ·, . . . , ·), x ∈ X,

�e�u���
P
(

ξ̂ = (·, . . . , ·, nx, ·, . . . , ·)
)

= P(ξx = nx) = e−λx
[λx]

nx

nx!�G�f�t�7�=�n�a�u�3�t�i��µ��=�G�n�n�=� �=�u� Æ ¢x�x�n�3�i�e���u�G�V�e�n�G�u���e�G�x�P®2�I�e� ���x�e�x���w�e��� λx

�x�{�e�u���e�x�u�u�=�Â§:���x�/�e�I�K�
ξx

©
®2�u���n�

λx =
∑

x∈X λ(X)
�G�
�u�w¡��u���P�7�x�
�?�x���

x ∈ X
�:�­�e�u�g���x�e�x���w�e���
�x���e�u�
µ��=�G�n�n�=�«�=�u� Æ ¢x�x�n�3�i�e��u�G�V�e�n�G�u���e�G�=�q�

§�y%zPy ìÝ�P�3~����P���PÈP|�ªF�P�i|�~����9��²��p�F������|��P~
Å��w�f�e�u���n�k�x�n�����=�u�:�D�x�u�G���n��§:�u���u���k�x�

n
�G�u�u�������u�u���/�
�V�e�:�����x�V�e�G����¥������n�G�����/�e���$ F� �e�u�S�n���n�u�I���x�

��¥��'���n�G�����:�
n
�?�x�t���u�n�u�a�=�{�u�x�¦�w¢=���:�e�o�7�n�=�

X
��µ��=�n�n�G�u�G�G�-�e�I���

px = P(x)
�x�1�w¢/���/�e�

x ∈ X
�x�n�
�n�g�x�G�h©

�h� �x�'�'�=�n�n�G�u�G�G�I�e�I���
p(X), ∅ 6= X ⊆ X

�i�1ª=���u���e�i�e���t�:���e�u��� �e���n�D�i��� Æ �w¢/���/�e� ter(X), ∅ 6= X ⊆ X
�x�n�

�n�g�x�G���e�8�u©��x�u��®2�u���
n → ∞

�e�u���
np(X) → λ(X), ∅ 6= X ⊆ X

�u±l�u���k�e�x�u�u�=�¨¢=���w�e�=�

ξ̂ = (ξx, x ∈ X) =
∞
∑

n=1

1x(n) , x ∈ X

�=�'�w�8�{�a�u�I�e�I¢x�x�n�G�i�n� � N Æ ¢x�x�n�3�(�D����µ��=�G�n�n�=�S�u�G�V�e�n�G�u���e�G�x�
®2�I�e�����x�e�x���w�e���n� {λ(X), ∅ 6= X ⊆ X}
�

�
,ræÜçu&(94 � b�?¤ ���G�u���=�n�n���w�f�e�°�G�g�xª=�I�u�
�e���i�����=�n�n�G�u�G�G�-�e�I�����n�°�e���u�_�e�°¶����n�­�e���i���=�u�I�c�G�
n Æ �e� �e���V�

np(X) = λ(X), X ⊆ X.
 F�k�e�n���e�q©��I�?¤ �{�e�i�e�u���2�e�g�����G�G�w¢=�
�e���i�{�e���u�u�G�uªg�x�1���=�n�n�G�u�G�G�-�e�I���l�e�g¶����n�
�G�G³=�

�e���i�+�e�u�G�\��§:���i�e�G�=�g�G�$�e�n�u��Ú�ÔiÐ�ÏxËXË+í4ÐDØ�Ì
n
ÌFÑDØwÌXØw�8±l�:�u��©��V�e�8�D���x�V�e�G�o��¥������n�G�����/�����=�u�n�G�V�e�\�G���e�u�sØ�ÑSè�Ê�ÑwÓÜÖDÑ

ÔVÚ
n â Ø�ÑwÐ�ÍhÑDØkÔVÚ
ÍXÓ�ß:Ñ Þ ÑwÓ�ß:ÑwÓ�Ì�ÌFÑDØwÌXØ«ÒWØ�ÑwÐ�ÍhÑDØkÔVÚ n

ÌFÑDØwÌXØF×i©1�x�u� �e�u�G�f��§:���i�e�G�=� �G���e�n�u���7�=�f�x�G�\�e���V�e�f�7�n�=�
n Æ �n���n�G�����\±l�u��� nÆ �n���n�G���
�u�w¡��u���S£\�G�u�=���G�x�2�a�u�I�e�I¢i�x�n�3�(�e� � N Æ ¢x�x�n�3�i�e�-���u�G�V�e�n�G�u���e�G�=�_®2�I�e� ���x�e�x�f�w�e���n�
(

n; p(X), ∅ 6= X ⊆ X
) ©4®l�u�G���_�/�

n → ∞
�e���u�u�f�e�­�e�u�Sµ��=�G�n�n�=�_�a�u�I�e�I¢i�x�n�G�i�e� � N Æ ¢i�x�n�3�i�e�-�
®2�I�e����x�e�x���w�e���n� (

λ(X), ∅ 6= X ⊆ X
) �
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Ω Ω Ω

· · · · · ·

1 2 n¿^À+Á L@ß�L�ï\,&2��D��$);�1 'FÄF'%(���,&2�1 1 �&��'� H��� ��7= �"���'%.:'&BSÅ3���!"����! �7&'%��'%(�$@��'�*�;�O=����'\��(�� 5�1 '��p,)<+'%/&'%�&�� 
X = {x, y, z}

B@*-' U ��'� rÃp,&�! � 	,&�����(�'%'�ÚÛ/@$)(��!$@��'�*-�! H��(�� ;�2-��� ,&��Å3� ���J5+$)(�$).:'���'%(� (
λ(x), λ(y), λ(z), λ(xy), λ(xz), λ(yz), λ(xyz)

) L

Ω
λ(∅) = ∞ x

λ(x)

λ(xy) λ(xz)

λ(xyz)

λ(y) λ(yz) λ(z)

y z

¿^À+Á L:ð+L�ÃV$)(�$).:'���'%(� 
λ(x), λ(y), λ(z), λ(xy), λ(xz), λ(yz), λ(xyz)

,)<ñÃp,&�! � 	,&�»����(�'%'�ÚÛ/@$)(��!$@��'ò*-�! H��(�� ;�2-��� ,&�
B:Å3���!"��G�! 7&'%��'%(�$@��'�*¬;DO¬����'G��(�� 5�1 '��a,)<ó'%/)'%�D�� 
X = {x, y, z}

B°�+$& Ü$´ 	'%�+ 	'ô,)<ó$�/&'%(�$)7&'0,)<ó$)5�56'�$)(�� ��7É��'%(�(�$&"�'�ÚÛ'%/)'%�D�� 
ter(x), ter(y), ter(z), ter(xy), ter(xz), ter(yz), ter(xyz)

L�õ^$)1 2�'
λ(∅)

B�'%/&'%�o� <F� ��ö  ���,)�45+$)(�$).:'���'%(�Bn;DOk����'8*-' U ��� ��� ,&���!  	2�5�5n,D 	'�*C'�÷D2+$)1n��,K����'4� � U ��� �HO�$& 92-��.:,D H�#$).:,&2-�D�?,)<r��'� H�� %B�� �JÅ3���!"�������'%(�'4$)(�'���,8$)5�5n'%$)(�'�*C'%/&'��D�� %L
§�y�x8y ¨}©��4�p�Pª^���9�p|�����|�ªF�G�P«i��©���® �P|��r�r�P~±�¬������|��=�4�p|������¬��|����r�p|��J����|��P~
£$�����D�x�s�x�+�g�i�e�u���g�i�e�I�?�x����¥������w�D�i�e�G�=�u���x�$�e�u�fµ��=�G�n�n�=���a�u�I�e�I¢x�x�n�G�i�e���u�G�V�e�n�G�u���e�I�=�t�G�

(Eξx, x ∈ X) =
(λx, x ∈ X)

©�®2�u���n�
λx =

∑

x∈X λ(X), x ∈ X
� È �G�u���

Cov(ξx, ξy) = λxy

©�®2�u���n�
λxy =

∑

{x,y}⊆X λ(X),

{x, y} ⊆ X
©u�n������¢x�x�n�3�x�u�����g�i�e�n�-¥
�G�l��§:���x���e�





λx . . . λxy

. . . . . . . . .

λxy . . . λy



 .

 F�k�e�u���?�x�n�a�x�1�F®\�
�u�G�����u�n�G�=�u��©�®2�u���
X = {x, y}

©��n�u���g�i�e�G�=�S�G�{�g�x³:�G�uªg�/���e�u���=�u�a���x�e�x���w�e���
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n(xy) = n({x, y})
©�®2�u�G�����G�l�����x�uª=�G�uªf�I�S�i�u�n�����u�w�{���=�u�u�u� �
P(ξ̂ = n̂) = P(ξx = nx, ξy = ny) = πn̂

(

λ(x), λ(y), λ(xy)
)

=

= e−λ

min{nx,ny}
∑

n(xy)=0

[λ(x)]n(x)

n(x)!

[λ(y)]n(y)

n(y)!

[λ(xy)]n(xy)

n(xy)!
,

®2�u���n�
n(x) = nx − n(xy)

©
n(y) = ny − n(xy)

©Vù
λ = λ(x) + λ(y) + λ(xy)

�
£$���w�e�=�2�x���g�i�e�u���g�i�e�I�?�x�Ü��¥������w�D�i�e�G�=�u�{µ��x�G�n�e�x���F®�� Æ ¢i�x�n�3�i�e���u�G�V�e�n�G�u���e�G�x� (Eξx, Eξy) =

(λx, λy)
©�®2�u���n�

λx = λ(x) + λ(xy) ¦ λy = λ(y) + λ(xy)
©�����¢x�x�n�3�x�u�����g�i�e�n�-¥
�G�l��§:���x���e�

(

λx λ(xy)
λ(xy) λy

)

,

�'���?�x�u�n���G�
�e�u�s�?�x�n�
�x���F®\���u�G�����u�n�G�=�u�
λxy = λ(xy)

�

§�y	§�y ® �P|��r�r�P~Ë�á������|��#�4�p|������á�4²�²��p�3¸�|%������|��P~
 b�{�x���=�u�/���x�l�G�u�u�������u�u���/����¥������n�G�����/�e�

n
�G�
�3�x�nª=� Æ �n�?�x�G���x�u�P���=�n�n�G�u�G�G�-�e�I��� px = P(x)

�x�2�w¢=���/�e�
x ∈ X

�G���n�g�x�G� � �h� �i�����=�n�n�G�u�G�G�-�e�I��� p(X), ∅ 6= X ⊆ X
�x��ª=���u���e�i�e�����/���e�u���U�e���n�e�x��� Æ �w¢=���/�e� ter(X), ∅ 6=

X ⊆ X
�G�l�n�g�x�G���e�8�
�+�e�u�����7�=�l�?�x���S���=�G�G���w�e�G�=�
�x�4�G�/�e��ª=��� Æ ¢x�i�G�u�����8�u�a���w�e� n̂ = (nx, x ∈ X) ∈ [0, n]N£\�G�u�=���G�x�'���=�n�n�G�u�G�G�-�e�I���\�G����¥��u�n���n�n���k�I�
�e�u�¦�n�=�uª=���:���e���n�����x���e�u�ñÓ2ÔiÍGØDØ�ÔiÓkÉ�Ê8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑ
ßxÍGØwÌWÐ�ÍWã�Ê8ÌWÍhÔiÓ �

bn̂

(

n; p(X), ∅ 6= X ⊆ X
)

≈ e−n
∑

X 6=∅
p(X)

∑ ∏

X 6=∅

[np(X)]n(X)

n(X)!
,

®2�u���n���n�u���g�i�e�G�=���G�s�x�u�u�G�G�����e�S�n�u�D�«�n�w�e� (
n(X), ∅ 6= X ⊆ X

) ©q�7�=�¦®2�u�G���
n >

∑

X⊆X

n(X)
�x�u�

N

��§:���i�e�G�=�u�
nx =

∑

x∈X

n(X), x ∈ X
�x�n���e�n�u�x�

 F�k�e�u���?�x�n�a�x�1�F®\�
�u�G�����u�n�G�=�u��©�®2�u���
X = {x, y}

©��n�u���g�i�e�G�=�S�G�{�g�x³:�G�uªg�/���e�u���=�u�a���x�e�x���w�e���
n(xy) = n({x, y}),

®2�u�G�����G�l�����x�uª=�G�uª��G���n� Æ �?�x�G�G��� ���n���D�u�w�o�'�=�u�u�u� �
bn̂

(

n; p(x), p(y), p(xy)
)

≈

≈ e−n(p(x)+p(y)+p(xy))

min{nx,ny}
∑

n(xy)=0

[np(x)]n(x)

n(x)!

[np(y)]n(y)

n(y)!

[np(xy)]n(xy)

n(xy)!
,

ú�û^ü n(x) = nx − n(xy), n(y) = ny − n(xy)
�

ý¦%\þ	ÿ�ÿ�%�������,:%'&(,ræ���æ­#�6���þ3.pçu&+þ�ç	�(,�
nçVÿ�,
�( 1Å��w�
px → 0, x ∈ X

®2�u���
n → ∞

©��x�u�
np(X) →

λ(X)
�7�=���x�G�+�u�=�u�������K�P�n�u�u�n�w�e�

∅ 6= X ⊆ X
�x�a�e���i�?�4±l�u��� �7�=���x�/�P���=�G�G���w�e�G�=�P�x�{�G�/�e��ª=��� Æ ¢x�x�G�u����:�u�a�����n�

n̂ = (nx, x ∈ X) ∈ [0, n]N � ®2�u��� n → ∞
�

bn̂

(

n; p(X), ∅ 6= X ⊆ X
)

→ πn̂

(

λ(X), ∅ 6= X ⊆ X
)

,

®2�u���n�

πn̂

(

λ(X), ∅ 6= X ⊆ X
)

= e−
∑

X 6=∅
λ(X)

∑

ň

∏

X 6=∅

[λ(X)]n(X)

n(X)!
,
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�G�óÓ2ÔiÍGØDØ�ÔiÓ´É�Ê8Ë"ÌWÍXÎiÏxÐ�ÍWÏxÌFÑ Þ Ô�ØDØ�ÍWã�ÍXË"ÍXÌ	vx©l�x�u�¯�n�u���g�i�e�G�=� �G���x�u�u�G�G��� �e� �n�u���´�n�w�e�
ň
©\�7�=��®2�u�G�D�

nx =
∑

x∈X n(X), x ∈ X
�

ý
&(%q%��e�/£\���?�x�u�n�2®2�u���g�f�G�1�3�x�nª=��®2�u�G�G�
n >

∑

X⊆X
n(X)

�G�4�e�n�u�l�7�=�$�x�/�a¡�¥����
n(X), X ⊆ X

©x�e�u���
�n�u���g�i�e�G�x���G���7�=�n�a�u�3�x���x�4£\�G�u�=���G�x�

bn̂

(

n; p(X), ∅ 6= X ⊆ X
)

=
∑

ň

mň

(

n; {p(X), X ⊆ X}
)

�x�u�Sµ��=�G�n�n�=�

πn̂

(

λ(X), ∅ 6= X ⊆ X
)

= e−
∑

X 6=∅
λ(X)

∑

ň

∏

X 6=∅

[λ(X)]n(X)

n(X)!

�'�=�n�n�G�u�G�G�I�e�I�����G�2�x�u�u�G�G�����e���e�u�s�e�x�����n�w�e�
ň
©u�7�=��®2�u�G�D�

nx =
∑

x∈X n(X), x ∈ X
�

�{��®´®\�
�n�u��® µ��=�G�n�n�=�S�x�u�u�n��¥��I�g�i�e�G�=�g�7�=�2µ��=�I�8�u�=���3�i�Ü���=�n�n�G�u�G�G�-�e�I���

mň

(

n; {p(X), X ⊆ X}
)

=
n!

∏

X⊆X

n(X)!

∏

X⊆X

[p(X)]n(X). � ���

 b�2�n�u�=�u�G���������=�G�/�e�����=���?©��e���i�l�7�=�l�x�:�g¡�¥����
n(X), X ⊆ X

�x�u���n��¥����G���/�e�I���3�x�nª=�
n
�e�u���n�
�x�n�¦�7�=�G�I�(®

��§:���i�e�G�=�u� �
m(n(∅),n(Z),{n(X),Z 6=X⊆X})

(

n; {p(X), X ⊆ X}
)

m(n(∅)+1,n(Z)−1,{n(X),Z 6=X⊆X})

(

n; {p(X), X ⊆ X}
) =

p(Z)
(

n(∅) + 1
)

n(Z)p(∅)
,

ú�û^ü Z ⊆ X
�q£+�k���u�I�e�I�u�I�8�I�uª
�x�u�­�u�I¢8�G�u�I�uª
�:�u�����e�i�e�=�¦�x�u�­�u���u�=���G���i�e�=�{�:�

n
�x�u���G�t���=�u�n�G�u���e�i�e�G�=�

�x� n(∅)+1
n

≈ 1
�x�u�

p(∅) ≈ 1
©�®2�u���n�

≈
�n�Gª=�u�I�X�S�x�u�u�n��¥��I�g�i�e����§:���x�G�I�F��®2�I�e�t�u�n�����G�n�G�=�t�u�t�e�

n−1 ©�®\��=���D�x�G�
p(Z)

(

n(∅) + 1
)

n(Z)p(∅)

n

n
=

np(Z)

n(Z)
·
n(∅) + 1

n
·

1

p(∅)
≈

np(Z)

n(Z)
.

£+�
�e�u�s���i�D���x���e�u���e�u���=�n���
np(Z) → λ(Z)

©u�e�u���n�w�7�=�n�

m(n(∅),n(Z),{n(X),Z 6=X⊆X})

(

n; {p(X), X ⊆ X}
)

m(n(∅)+1,n(Z)−1,{n(X),Z 6=X⊆X})

(

n; {p(X), X ⊆ X}
) ≈

λ(Z)

n(Z)
� tn�

�¯�u���
n(X) = 0, ∅ 6= X ⊆ X,

�e�u���

m(n(∅),0,...,0)

(

n; {p(X), X ⊆ X}
)

= [p(∅)]n =

(

1 −
∑

X⊆X

λ(X)

n

)n

=

(

1 −
λ

n

)n

,

®2�u���n�
λ =

∑

X⊆X
λ(X)

� ¡ �X�e����¡��u�u�G�uªa�e�u�s�G�=ª/�x�n�-�e�u���x�����x�e�����x�V�e�l�x���e�u�s��§:���i�e�G�=���x�u���W�x�w�e�=�n�G¶��G�uª
�G�/�e�����Vù���� ü � ¦	�ó¦ �Vù����� \ù û�! ��ù � �#"k�x���3�x�u�n�G���n���n�G���%${®\�s���?¢/�

ln
[

m(n(∅),0,...,0)

(

n; {p(X), X ⊆ X}
)]

= n · ln

(

1 −
λ

n

)

= −λ −
λ2

2n
− . . .

�¯�u���
n
�G�l�3�x�nª=�o®��s���=�u���G�u�u���e���i�

m(n(∅),0,...,0)

(

n; {p(X), X ⊆ X}
)

≈ e−λ. � ���
&
ln(1 + x) =

∞
∑

k=1

(−1)k−1
xk

k
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£+�
�e�u�s�n��§:�u���/�e�3�x�G�I���x�u�u�I�8�G�uª���§:���i�e�G�=�Ôt��e���x�u�u�n�?¥��G�g�i�e�G�=�Ý��®\�s���=���¦�e�

m(n(∅),{n(X),X⊆X})

(

n; {p(X), X ⊆ X}
)

≈ e−λ
∏

∅6=X⊆X

[λ(X)]n(X)

n(X)!
,

�h� �x�xµ��=�G�n�n�=���x�u�u�n��¥��G�g�i�e�I�=�
�x���e�u�lµ��=�I�8�u�=���3�x�/���=�n�n�G�u�G�G�-�K�'�=©i�7�n�=� ®2�u���n�\�e�u�l�x�n�n���V�e�G�=�a�x���e�u�\�e�u���=�n���
�7�=�G�I��®2�l�u�G�n���w�e�I�=�

( Á*)iÁ���Á2���\Á2Ã

+ �-,/.103240357680:9<;#= >@?A=CB\ÎxÑwÓ�ÌFÔiËGÔeÕ6vi�EDGF��e�x�n�u���:�x�n�n³'�HD È �G�����n�3�x�a�����u���e�x�JI{�u�I¢=���n�n�I�K�=�ED t�����ë8�ED
����¼i�q�
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