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Abstract: This paper dealing with an extension of the Einstein field equations using
apparatus of contemporary generalization of the classical Lorentzian geometry
named in literature Colombeau distributional geometry,see for example
[11-[2],[5]-[7] and [14]-[15]. The regularizations of singularities present in some
solutions of the Einstein equations is an important part of this approach. Any
singularities present in some solutions of the Einstein equations recognized only in
the sense of Colombeau generalized functions [1]-[2] and not classically.In this
paper essentially new class Colombeau solutions to Einstein fild equations is
obtained. We leave the neighborhood of the singularity at the origin and turn to the
singularity at the horizon.Using nonlinear distributional geometry and Colombeau
generalized functions it seems possible to show that the horizon singularity is not
only a coordinate singularity without leaving Schwarzschild coordinates.However
the Tolman formula for the total energy E of a static and asymptotically flat
spacetime,gives Er = m, as it should be. The vacuum energy density of free scalar

quantum field ® with a distributional background spacetime also is considered.lt
has been widely believed that, except in very extreme situations, the influence of
gravity on quantum fields should amount to just small, sub-dominant contributions.
Here we argue that this belief is false by showing that there exist well-behaved
spacetime evolutions where the vacuum energy density of free quantum fields is
forced, by the very same background distributional spacetime such distributional
BHs, to become dominant over any classical energy density component. This
semiclassical gravity effect finds its roots in the singular behavior of quantum fields
on curved spacetimes. In particular we obtain that the vacuum fluctuations (®?) has
a singular behavior on BHs horizon r,: (®2(r))~r — r:| ™.
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1.Introduction

1.1.The breakdown of canonical formalism of Riemann

geometry for the singular solutions of the Einstein field
equations

Einstein field equations was originally derived by Einstein in 1915 in respect
with canonical formalism of Riemann geometry,i.e. by using the classical
sufficiently smooth metric tensor, smooth Riemann curvature tensor, smooth Ricci
tensor,smooth scalar curvature, etc.. However have soon been found singular
solutions of the Einstein field equations with singular metric tensor and singular
Riemann curvature tensor.

These singular solutions was formally accepted beyond rigorous canonical
formalism of Riemannian geometry.

Remark 1.1.Note that if some components of the Riemann curvature tensor
Ri,, (%) become infinite at point x° one obtain the breakdown of canonical formalism
of Riemann geometry in a sufficiently small neighborhood Q of the point x° € Q,i.e.
in such neighborhood Q2 Riemann curvature tensor R}, (x) will be changed by
formula (1.7) see remark 1.2.

Remark 1.2.Let I be infinitesimal closed contour and let - be the
corresponding surface spanning by I', see Pic.1. We assume now that: (i)
christoffel symbol I';,(x) become infinite at singular point x° by formulae

Th®) = Zu@) i —x) "6 > 1
Ek;(fc) € COO(ZF)
and (ii) x° € Zr.Let us derive now to similarly canonical calculation [3]-[4] the

general formula for the regularized change E(k in a vector 4,(x) after parallel

displacement around infinitesimal closed contour I'. This regularized change Ay
can clearly be written in the form

M; = 3§q>(fc — 3064,
r

(1.1)

(1.2)
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where ®(x —1°) = H(xi —x?)25,5 > 1 and where the integral is taken over the
i=0

given contour I'. Substituting in place of 64, the canonical expression

0A; =Tl (X)Adx" (see [4],Eq.(85.5)) we obtain

Ay = § OG- 7004 = § O - 70) Th @) Aedy!,
T r

where

aAl' i (%
W = Fkl(-x)Ak-

: Black hole

¥

Contour I

Singularity

Pic.1.Infinitesimal closed contour "
and corresponding singular surface Xr > x°
spanning by T".

Due to the degeneracy of the metric (1.12)
at pointr = 0,
the Levi-Civita‘connection T’/ ({}-) =

= L2 (@t + gmis£1) = uin({3)]
is not available on R3 U {0} in canonical sense

but only in an distributional sense.

(1.3)

(1.4)



Black Hole Regions

Pic.2.Infinitesimal closed contour I" with a
singularity at point x° on Horizon and
corresponding singular surface Xr > x°
spanning by T
Due to the degeneracy of of the metric (1.12)
atr =2m,
the Levi-Civita'connection I'//({}) =

= % (g™ () IUgmis ({3) + gmia () = grim({31)]

is not available on horizon in canonical sense
but only in an distributional sense.

Now applying Stokes’ theorem (see [4],Eq.(6.19)) to the integral (1.3) and

considering that the area enclosed by the contour has the infinitesimal value A/,

we get

My = 58q>(fc _30) T (R) Agedx! =

1 (] 0T @)4:2E -3)) o) 4:2E - 1°)) dfn ~
N 2 Ox! ox™ -

m(x)A (D(x %)) a(F};,()Ac)AiCD()%—)%O)) :| Af™ _

[ =
[ G a(rkm(;g lch)A) - T, )6®(x )
b i) a(rka’(i)Ai) ) aq>(x &) :|Af’m )
-0 2Tl g )a<rké(§1>A)
A0 -3 ) g iy - 30y 220U | A

(1.5)



Substituting the values of the derivatives (1.4) into Eq.(1.5), we get finally:

— i ARG - R
AAk:Rklm () (2 )fa

where ?i;dm, is a tensor of the fourth rank

l]\é;clm — ;(lm+25[ ka(x) _ kl(x)o :|

X —x) xXm—x,

Here R:,, is the classical Riemann curvature tensor.That ﬁ;dm is a tensor is clear
from the fact that in (1.6) the left side is a vector—the difference A between the
values of vectors at one and the same point. Note that an similar results was
obtained by many authors [5]-[17] by using Colombeau nonlinear generalized
functions [1]-[2].

Definition1.1. The tensor 'R';dm is called the generalized curvature tensor or the
generalized Riemann tensor.

Definition1.2. The generalized Ricci curvature tensor Rim is defined as

~ ~1

Definition1.3. The generalized Ricci scalar R is defined as

~

R = gkm Aékm
Definition1.3. The generalized Einstein tensor Gun is defined as
5km = liékm - %gkm,ié-

Remark1.3. (I) Note that the Schwarzschild spacetime is well defined only for
r>2m

The boundary of the manifold {r > 2m} in R x R is the submanifold {r = 2m} of

R3 x R, diffeomorfic to a product S? x R. This submanifold is colled the event
horizon, or

simply the horizon [33],[34].

(II) The Schwarzschild metric (1.12) in canonical coordinates (x°, 7,0, ¢), with
m > 0,C eases

to be a smooth Lorentzian metric for » = 2m, because for

such a value of r the coefficient g,, becomes zero while g,, becomes infinite.

For

0 < r < 2m the metric (1.12) again a smooth Lorentzian metric but ¢ is a space
coordinate

while » a time coordinate. Hence the metric cannot be said to be either
spherically

symmetric or static for » < 2m [33].

(M) From consideration above obviously follows that on Schwarzschild
spacetime

Sh =(S? x {r > 2m} U {0 < r < 2m}) x R the Levi-Civita connection

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)



{ T = Fe" I Em (4D + e () = g ()]

is not available in classical sense and that is well known many years from
mathematical

literature, see for example [22] section 6 and Remark 1.1-Remark 1.2 above.

(IV) Note that [4] : (i) The determinat det(g;,({})) = —*sin?0 of the metric (1.12)

is reqular on horizon,i.e., smooth and non-vanishing for » = 2m.

In addition:

(ii) The curvature scalar R({}) = g»R.({}) is zero for r = 2m.

(iii) The none of higher-order scalars such as R*'({})R . ({}),etc. blows up. For
example

the quadratic scalar R”?*'({})R pouv ({}) = 48m?/r® is reqular on
horizon,i.e.,smooth and

non-vanishing for » = 2m.

(V) Note that: (i) In physical literature (see for example[4],[33],[35],) it was
wrongly

assumed that a properties (i)-(iii) is enough to convince us that » = 2m
represent an non

honest physical singularity but only coordinate singularity.

(VI) Such assumption based only on formal extensions

RO CHORW). -

ﬁp g ({})ﬁpwv({}) of the curvature scalar R({}) and higher-order scalars such
as

R ({3H)Ruw({}),. ... R*"({})Rpouv({}) ON horizon » = 2m and on origin » = 0 by
formulae

ﬁ(r)‘ _lim R(") = O.R()|  =lim R(G) = 0

r=2m  2m =0 50

A\POUV

R (r)ﬁpo,uv(r)‘ =lim (R'DG”V(F)RPGHV(}ﬂ)) = lim 4812’12 _ 48m>

r=2m  2m r-2m r r 6 r=2m

POV

R (r)iipGuV(V)

=lim (R*" (r)Rpouv(r)) = lim —48’?2 = 0
r

=0 r-0 r-0

However in the limit » - 2m the Levi-Civita connection F;j’({}) becomes infinite [4]:

(1.11)



. m(r—2m . _
Coo(")] s, :}il;; nr—2m) 3 ) _ 0,I'1 (M, =r1i121; ﬁ = o,
0 _i m _
Loi(M)],,, —rligln -y
()|, =lim 4+ =27m T =~ lim (r—2m) = 0,
r—2m r—2m
I, =lim L+ =27"m ' TL| =~ lim (- 2m)sin%0 = 0,
r—2m r—2m
. —2m) . _
rt =] I’}’l(l" = oo'! =] m —
0™ :3)1 e oo} (1) _, Lan FERET ,

I'}; = —sinfcosh,I3; = %.

Thus obviously by consideration above (see Remark 1.1-Remark 1.2) this
extension given by Eq.(1.15) has no any sense in respect of the canonical
Riemannian geometry.

(VIl) From consideration above (see Remark 1.1-Remark 1.2) obviously follows

that the scalars such as ﬁ({}),ﬁw({})ﬁw({}), . ﬁpw({})ﬁpw({}) has no any
sense in respect of the canonical Levi-Civita connection (1.11) and therefore
cannot be said to be either honest physical singularity or only coordinate singularity
in respect of the canonical Riemannian geometry.

Remark 1.4. Note that in physical literature the spacetime singularity usually is
defined as location where the quantities that are used to measure the gravitational
field become infinite in a way that does not depend on the coordinate system.
These quantities are the classical scalar invariant curvatures of singular spacetime,
which includes a measure of the density of matter.

Remark 1.5. In general relativity, many investigations have been derived with
regard to singular exact vacuum solutions of the Einstein equation and the
singularity structure of space-time. Such solutions have been formally derived
under condition T}, (x) = 0,where T}, (x) represent the energy-momentum densities
of the gravity source. This for example is the case for the well-known
Schwarzschild solution, which is given by, in the Schwarzschild coordinates

('x09r79’ ¢)9
ds® = —h(r)(dx®)? + k() (dr)? + r2[(d0)? + sin20(d¢)2], h(r) = 1 — L&

7
where, r; is the Schwarzschild radius », = 2GM/c? with G, M and ¢ being the
Newton gravitational constant, mass of the source, and the light velocity in vacuum
Minkowski space-time, respectively. The metric (1.12) describe the gravitational
field produced by a point-like particle located at » = 0.

Remark 1.6. Note that when we say, on the basis of the canonical expression
of the curvature square

2
Rpa‘uv(”)Rpoyv(V) _ 122"?

formally obtained from the metric (1.12), that » = 0 is a singularity of the

(1.12)

(1.13)



Schwarzschild space-time, the source is considered to be point-like and this metric
is regarded as meaningful everywhere in space-time.

Remark 1.7. From the metric (1.12), the calculation of the canonical Einstein
tensor proceeds in a straighforward manner gives for » + 0

Gi(r) = Gir) = D L o Gy = Goey = 2 HD _ o g
r
where h(r) = —1 + ry/r.Using Eq.(1.14) one formally obtain a boundary conditions
G4(0) 2lim Gi(r) = 0,G%(0) 2lim G.(r) = 0,
0 0 (1.15)
G%(0) 2lim G)(r) = 0,G3(0) 2lim Gy(r) = 0.
r-0 r—-0

However as pointed out above the canonical expression of the Einstein tensor in a
sufficiently small neighborhood Q2 of the point » = 0 and must be replaced by the

generalized Einstein tensor Goom (1.10). By simple calculation easy to see that

Gh(0) 2lim Go(r) = =0, G(0) 2lim G.(r) = o,

r-0 r-0
~0 ~0 ~0 ~p (1.16)
Go(0) 2lim Gy(r) = —0,G,(0) £lim G,(r) = —oe.

r-0 r-0

and therefore the boundary conditions (1.15) is completely wrong. But other hand
as pointed out by many authors [5]-[17] that the canonical representation of the
Einstein tensor, valid only in a weak (distributional) sense,i.e. [12]:
4(x) = -8rmdid)s3 (%) (1.17)
and therefore again we obtain G¢(0) = —o x (646%). Thus canonical definition of the

Einstein tensor is breakdown in rigorous mathematical sense for the Schwarzschild
solution at origin » = 0.

1.2.The distributional Schwarzschild geometry

General relativity as a physical theory is governed by particular physical
equations; the focus of interest is the breakdown of physics which need not
coincide with the breakdown of geometry. It has been suggested to describe
singularity at the origin as internal point of the Schwarzschild spacetime, where the
Einstein field equations are satisfied in a weak (distributional) sense [5]-[22].

1.2.1.The smooth regularization of the singularity at the
origin.

The two singular functions we will work with throughout this paper (namely the
singular components of the Schwarzschild metric) are % and ﬁ rs > 0.Since
% e L},.(R3), it obviously gives the regular distribution % e D'(R?). By convolution
with a mollifier p(x) (adapted to the symmetry of the spacetime, i.e. chosen radially



symmetric) we embed it into the Colombeau algebra G(R?) [22]:
1 l(%) 2 (%) % p, 2 (%)g,pg _ g%p(g),g e (0,1]. (1.18)

Inserting (1.18) into (1.12) we obtain a generalized Colombeau object modeling the
singular Schwarzschild spacetime [22]:

(ds?), = (he(r)(dD)?), — (h5' (r)(dr)?), + r*[(d6)* + sin’0(dg)>],

ha(r) =—1+rs(%) e € (0,1]. (119

Remark 1.8.Note that under regularization (1.18) for any ¢ € (0, 1] the metric
ds? = he(r)(dD)? — h7' (r)(dr)? + r*[(dB)? + sin*0(d¢)?]

obviously is a classical Riemannian object and there no exist an the breakdown of
canonical formalism of Riemannian geometry for these metrics, even at origin

r = 0. It has been suggested by many authors to describe singularity at the origin
as an internal point, where the Einstein field equations are satisfied in a
distributional sense [5]-[22]. From the Colombeau metric (1.19) one obtain in a
distributional sense [22]:

(R3(r,6)), = (RY), = (héﬁ’") + 1*”2‘9(’")) = SEmLZ),

r r
(1.20)

@), = @D, = H( 242+ 2 )~ a2,

&€

Hence, the distributional Ricci tensor and the distributional curvature scalar (R.(r))
o(r)
r?

Remark 1.9. Note that the formulae (1.20) should be contrasted with what is the
expected result G¢(x) = —8mmdi595°(x) given by Eq.(1.17). However the equations
(1.20) are obviously given in spherical coordinates and therefore strictly speaking
0 0 0
or’ op’ 00
Representing distributions concentrated at the origin requires a basis regular at the
origin. Transforming the formulae for (R;(¢)). into Cartesian coordinates
associated with the spherical ones, i.e., {r,0,¢} < {x'}, we obtain, e.g., for the
Einstein tensor the expected result G¢(x) = -8zms45%8°(x) given by Eq.(1.17), see
[22].

are of 5-type, i.e. (R:(r)) = mm

this is not correct, because the basis fields { } are not globally defined.

1.2.2.The nonsmooth regularization of the singularity at

the origin.

The nonsmooth regularization of the Schwarzschild singularity at the origin » = 0
is considered by N. R. Pantoja and H. Rago in paper [12]. Pantoja non smooth
regularization regularization of the Schwarzschild singularity are

(he(r)), = —1 + (%@(r—g))g,g € (0,1],r < ry. (1.21)



Here O(u) is the Heaviside function and the limit ¢ —» 0 is understood in a
distributional sense.Equation (1.19) with 4. as given in (1.21) can be considered as
an regularized version of the Schwarzschild line element in curvature coordinates.
From equation (1.21), the calculation of the distributional Einstein tensor proceeds
in a straighforward manner. By simple calculation it gives [12]:

(Gi(r.£)), = (Gi(r.€)), = _(h_gr)) (L0 -

=_rs(5(r—;g)) Z_FSM r

r r?

(1.22)

and

(Gi(r,e)), = (Gh(rE)) = _( hféz(ﬂ ) _ (h_(p) _

r

rs(é(rr; €) )g —rs(r%%(?(r—e))g i é}g) '

which is exactly the result obtained in Ref. [9] using smoothed versions of the
Heaviside function @(r — €). Transforming now the formulae for (G{(r,¢)). into
Cartesian coordinates associated with the spherical ones, i.e., {r,6,¢} < {x'}, we
obtain for the generalized Einstein tensor the expected result given by Eq.(1.17)

4(x) = —8xmSES 903 (x), (1.24)

(1.23)

see Remark 1.9.

1.2.3.The smooth regularization via Horizon.

The smooth regularization via Horizon is considered by J.M.Heinzle and
R.Steinbauer in paper [22]. Note that ,,_ll,s ¢ L} .(R*). An canonical regularization

is the principal value vp( 1 ) e D'(R3) which can be embedded into G(R3) [22]:

r—rs

e Pan(r) (o) () < 0w A

Inserting now (1.25) into (1.12) we obtain a generalized Colombeau object
modeling the singular Schwarzschild spacetime [22]:

(ds?), = (h(r)(dD)?), — (h5' (r)(dr)?), + r*[(d0)? + sin*0(dp)?],
h(r) = =1+ 22 m' () = -1 —r(%) &€ (0,11.

(1.26)

Remark 1.10.Note that obviously Colombeau object, (1.26) is degenerate at
r = ry, because h(r) is zero at the horizon. However, this does not come as a
surprise. Both 4(r) and 27! () are positive outside of the black hole and negative in
the interior. As a consequence any smooth regularization of #(r) (or A~!) must pass
through zero somewhere and, additionally, this zero must converge to r = r, as the
regularization parameter goes to zero.



Remark 1.11.Note that due to the degeneracy of Colombeau object (1.26),
even the distributional Levi-Civita connection obviously is not available by using the
smooth regularization via horizon [22].

1.2.4.The nonsmooth regularization via Gorizon

In this paper we leave the neighborhood of the singularity at the origin and turn
to the singularity at the horizon. The question we are aiming at is the following:
using distributional geometry (thus without leaving Schwarzschild coordinates), is it
possible to show that the horizon singularity of the Schwarzschild metric is not
merely a coordinate singularity. In order to investigate this issue we calculate the
distributional curvature at the horizon in Schwarzschild coordinates.

The main focus of this work is a (nonlinear) superdistributional description of the
Schwarzschild spacetime. Although the nature of the Schwarzschild singularity is
much “worse” than the quasi-regular conical singularity, there are several
distributional treatments in the literature [8]-[29], mainly motivated by the following
considerations: the physical interpretation of the Schwarzschild metric is clear as
long as we consider it merely as an exterior (vacuum) solution of an extended
(sufficiently large) massive spherically symmetric body. Together with the interior
solution it describes the entire spacetime. The concept of point particles—well
understood in the context of linear field theories—suggests a mathematical
idealization of the underlying physics: one would like to view the Schwarzschild
solution as defined on the entire spacetime and regard it as generated by a point
mass located at the origin and acting as the gravitational source.

This of course amounts to the question of whether one can reasonably ascribe
distributional curvature quantities to the Schwarzschild singularity at the horizon.

The emphasis of the present work lies on mathematical rigor. We derive the
“physically expected” result for the distributional energy momentum tensor of the
Schwarzschild geometry, i.e., 7§ = 8zmd® (¥), in a conceptually satisfactory way.
Additionally, we set up a unified language to comment on the respective merits of
some of the approaches taken so far. In particular, we discuss questions of
differentiable structure as well as smoothness and degeneracy problems of the
regularized metrics, and present possible refinements and workarounds.These
aims are accomplished using the framework of nonlinear supergeneralized
functions (supergeneralized Colombeau algebras G(R?,)).Examining the
Schwarzschild metric (1.12) in a neighborhood of the horizon, we see that, whereas
h(r) is smooth, 4~ (r) is not even L} . (note that the origin is now always excluded
from our considerations; the space we are working on is R*\{0}). Thus, regularizing
the Schwarzschild metric amounts to embedding 4! into G(R?,%) (as done
in (3.2)).0Obviously, (3.1) is degenerate at » = 2m, because Ai(r) is zero at the
horizon. However, this does not come as a surprise. Both /() and 4~ () are
positive outside of the black hole and negative in the interior. As a consequence
any (smooth) regularization zf(r) (h:(r)) [above (below) horizon] of 4(r) must pass



through small enough vicinity Of(2m) = {& € R3|||X] > 2m, |X - 2m| < €}
(0:2m) = & € R3||¥]| < 2m, ||¥—2m]| < €}) of zeros set

00(2m) = {y € R3||Y¥|| = 2m} somewhere and, additionally, this vicinity O} (2m)
(O<(2m)) must converge to Oy(2m) as the regularization parameter € goes to
zero.Due to the degeneracy of (1.12), the Levi-Civita connection is not available.
By apriporiate nonsmooth regularization (see section 3) we obtain an Colombeau
generalized object modeling the singular Schwarzschild metric above and below
horizon, i.e.,

(dsi?), = (hi(rdi), - ([hE(N)] " dr?) _+r2dQ2,
(ds?), = (he(r)dir), = ([he(N]7dr?) +r2dQ?, (1.28)
e e (0,1].
Consider corresponding distributional connections (F;j(e)) = ('} Tht] ), € G(R3,%)
and (Ti/(€)), = (TF[hE]), € GR3.Z) :

(TH(€)), = S (@@ mky + €k = (€Dgin])

(1.29)
Ty (), = —((gzl’”)[(gz)mkﬁ(gz)mj,k—(gz)zgpm])e-

Obviously (I'y; [h*]) (T [h*]) coincides with the corresponding Levi-Civita
connection on R3\{(r =0)U (r =2m)}, as (h})e = hi,(ho)e = hy, and
(g&"™), = g™, (gd™), = go™ there. Clearly, connectlons T'i/(e).Til(e),e € (0,1]in

respect the regularized metric gt,e € (0,11],i.e., (g&)ix = 0. Proceedlng in this
manner, we obtain the nonstandard result

(R, = (RD), ~ -md2m),
< € 1)€ = < € O>€ = nﬂi(2nﬂ.

Investigating the weak limit of the angular components of the generalized Ricci
tensor using the abbreviation

(1.30)

() = fsinede j dpD(x)
0
and let ®(x) be the function ®(x) € S,(R3) (D(x) € 82m(R3)) where by S3,,(R?)
(S5,,(R?)) we denote the class of all functions ®(x) with compact support such that
(i) supp(@(x)) < {x[llx[| = 2m} (supp(P(x)) < {xllx| < 2m}) (i) (r) € C*(R).
Then for any function ®(x) € S3,,(R?) we get:
w - lim [Rz] =w- lim [R+ = m<5|(l)> = —mdQ2m),

€*>O 1 €*>O . N . (1'31)
w- lim [R7]) = w - lim [R]) = m{0|®) = md(2m),

-0 -0

i.e., the Schwarzschild spacetime is weakly Ricci-nonflat (the origin was excluded



from our considerations). Furthermore,the Tolman formula [3],[4] for the total
energy of a static and asymptotically flat spacetime with g the determinant of the

four dimensional metric and d>x the coordinate volume element, gives
Er= j(T;+Tg+T$+T;) gdix = m, (1.32)

as it should be.

The paper is organized in the following way: in section Il we discuss the
conceptual as well as the mathematical prerequisites. In particular we comment on
geometrical matters (differentiable structure, coordinate invariance) and recall the
basic facts of nonlinear superdistributional geometry in the context of algebras
G(M,x) of supergeneralized functions. Moreover, we derive sensible nonsmooth
regularizations of the singular functions to be used throughout the paper. Section I
is devoted to these approach to the problem. We present a new conceptually
satisfactory method to derive the main result. In these final section Ill we
investigate the horizon and describe its distributional curvature. Using nonlinear
superdistributional geometry and supergeneralized functions it seems possible to
show that the horizon singularity is not only a coordinate singularity without leaving
Schwarzschild coordinates.

1.2.5. Distributional Eddington-Finkelstein spacetime

In physical literature many years exist belief that Schwarzschild spacetime
(S? x {r > 2m}) x R is extendible, in the sense that it can be immersed in a larger
spacetime whose manifold is not covered by the canonical Schwarzschild
coordinate with » > 2m.In physical literature [4],[33], [34],[35] one considers the
formal change of coordinates obtained by replacing the canonical Schwarzschild
time by "retarded time" above horizon v* given when » > 2m by

vt = t+r+2mln(ﬁ—l>. (1.33)
From (1.31) follows for » > 2m
— _ dr +
dt = T om +dv?. (1.34)

r

The Schwarzschild metric (1.12) above horizon ds*? (see section 3) in this
coordinate obviously takes the form

ds*? = —(1 - 27m>dv+2 + 2drdv + r2[(d0)? + sin®0(dg)?]. (1.35)
When r < 2m we replace (1.33) below horizon by
- — __r
v —t+r+2mln<1 2m> (1.36)

From (1.36) follows for » < 2m



_ dr -
dt = —2_m_1 +dv. (1.37)
r

Schwarzschild metric (1.12) below horizon ds? (see section 3) in this coordinate
obviously takes the form

ds? = (27’” - 1>dv*2 —2drdv + r2[(d0)? + sin®0(dg)?]. (1.38)

Remark 1.12.(i) Note that the metric (1.33) is defined on the manifold
S? x (r > 0) x R and obviously it is regular Lorentzian metric: its coefficients are
smooth.

(if) The term 2drdv ensures its non-degeneracy for r = 2m.

(iii) Due to the nondegeneracy of the metric (1.32) the Levi-Civita connection

{ T = LG () + gmir(1) ~ ()] (1.39)

obviously now available and therefore nonsingular on horizon in contrast
Schwarzschild metric (1.12) one obtain [36]:

ry, = Loy, = DU b v o o L
vV 2}"2 s L vy 27’3 s Ly 2}"2 s L 7o
Y = LTy = = Tpy = —r(r = 7,),T5, = coto, (1.40)
Iy = —rsinze,l“fp(p = —r(r —ry)sin*6,I'Y, = —sinfcosb.
(iv) In physical literature [4],[33], [34],[35] by using properties (i)-(iii) this
spacetime wrongly convicted as an rigorous mathematical extension of the
Schwarzschild spacetime.
Remark 1.13.Let us consider now the coordinates: (i) v©,r' = r,0' = 0,¢' = ¢
and (i) v—,¥' = r,0' =0, ¢' = ¢. Obviously both transformations given by Eq.(1.33)
and Eq.(1.36 ) are singular because the both Jacobian of these transformations is
singular at r» = 2m :
ot vt | s
ot or _ F—2m (1.41)
or o 0 1
ot or
and
ov- ov | __r
oo 2m —r (1.42)
or  or 0 1
ot or

Remark 1.14.Note first (i) such singular transformations not allowed in
conventional Lorentzian geometry and second (ii) both Eddington-Finkelstein
metrics given by Eq.(1.35) and by Eq.(1.38 ) again not well defined in any rigorous
mathematical sence at r = 2m.

Remark 1.15.From consideration above follows that Schwarzschild spacetime
(8% x {r > 2m}) x R is not extendible, in the sense that it can be immersed in a
larger spacetime whose manifold is not covered by the canonical Schwarzschild



coordinate with » > 2m. Thus Eddington-Finkelstein spacetime cannot be
considered as an extension of the Schwarzschild spacetime in any rigorous
mathematical sense in respect conventional Lorentzian geometry. Such "extension"
are the extension by abnormal definition and nothing more.

Remark 1.16.From consideration above follows that it is necessary an
regularization of the Eq.(1.34) and Eq.(1.37) on horizon. However obviously only
nonsmooth regularization via horizon » = 2m possible. Under nonsmooth
regularization (see section 3) Eq.(1.34) and Eq.(1.37) takes the form

di = =+ dv,
+Jr=2m)* + € (1.43)
€ € (0,1]
and
dt = ] dr - +dvg,
Ljam-r?+ée (1.44)
€ € (0,1]
correspondingly. Therefore Eq.(1.41)-Eq.(1.42) takes the form
ove  Ove 1 r
ot or _ J(r—2m)2+€2 (1.45)
o o
ot or 0 1
and
Ove  Ove 1 - z
ot or _ J(2m—r)2+€2 _ (1.46)
o o
ot or 0 1

From Eq.(1.43)-Eq.(1.44) one obtain generalized Eddington-Finkelstein
transformatios such as

dr = - rdr +dvd).,
(Jo-2my+e) (1.47)
¢ e (0,1]
and
dt = rdr +dv;,
(Jem-n"+e) (1.48)
€ € (0,1].

Therefore Eq.(1.45)-Eq.(1.46) takes the form



o’ ol

(85;)6 (aavf)e (1 (J(r—2n:)2+€2)€ (1.49)

ot or 0 1
and
(8vg ) (8vg ) 1 — r
ot € or € — (J(Zm—r)2+€2) ) (150)
or or' ‘
ot or 0 1
At point » = 2m one obtain
( ovy ) ( ovt ) 1
1 _
ot J. or J. _ r€), (1.51)
or’ or’ 0 1
ot or o

and

or' or 0 1
ot or

(agf)e (agv;)e ( e, > (1.52)

r=2m
where (e7')_ € R. Thus generalized Eddington-Finkelstein transformations

(1.47)-(1.48) well defined in sense of Colombeau generalized functions. Therefore
Colombeau generalized object modeling the classical Eddington-Finkelstein metric
(1.35)-(1.36) above and below gorizon takes the form

(ds¥), = —%‘/(r —2m)? + €2 dvi? + 2drdvi + r*[(d0)? + sin®0(d¢)?].

(1.53)
(ds:?), = = J@m—r)? + €2 dv2 + 2drdv; + r2[(d6)? + sin®0(d¢)?].

It easily to verify by using formula A.2 (see appendix) that the distributional
curvature scalar (R(¢)),_ singular at » = 2m as in the case of the distributional
Schwarzschild spacetime given by Eq.(1.28). However this is not surprising
because the classical Eddington-Finkelstein spacetime and generalized
Eddington-Finkelstein specetime given by Eq.(1.53) that is essentially different
geometrical objects.

2. Generalized Colombeau Calculus
2.1.Notation and basic notions from standard

Colombeau theory

We use [1],[2],[7] as standard references for the foundations and various
applications of standard Colombeau theory. We briefly recall the basic Colombeau
construction. Throughout the paper Q will denote an open subset of R”. Stanfard
Colombeau generalized functions on Q are defined as equivalence classes



u = [(ug):] of nets of smooth functions u, € C*(Q) (regularizations) subjected to
asymptotic norm conditions with respect to ¢ € (0, 1] for their derivatives on
compact sets.

The basic idea of classical Colombeau’s theory of nonlinear generalized
functions [1],[2] is regularization by sequences (nets) of smooth functions and the
use of asymptotic estimates in terms of a regularization parameter ¢. Let (u:)cc0.1]
with (u.), € C*(M) for all ¢ € R,,where M a separable, smooth orientable
Hausdorff manifold of dimension n.

Definition 2.1.The classical Colombeau’s algebra of generalized functions on M is
defined as the quotient:

G(M) = En(M)IN(M)
of the space &,/(M) of sequences of moderate growth modulo the space N(M) of
negligible sequences. More precisely the notions of moderateness resp.
negligibility are defined by the following asymptotic estimates (where X(M)
denoting the space of smooth vector fields on M):

EuM) = {(us)e| VK(K & M) Vk(k € N)IN(N € N)

2.1)

2.2
Ve, .. k&, ¢k € X(M)) |:Sllp |L§1...L§kug(p)|= O(S_N) as g - 0:|}, 2.2)

pek

NM) £ {(u:):| VKK & M), Vk(k € No)Vq(gq € N)

2.3
Ve .. kr,....¢k € X(M)) |:sup |Le,...Le,uc(p)l= O(g9) as € - O:|} (2.3)

pek

Remark 2.1. In the definition the Landau symbol a. = O(y(g)) appears, having the
following meaning: 3C(C > 0)3eo(go € (0,1])Ve(e < go)[a: < Cy(e)].
Definition 2.3. Elements of G(M) are denoted by:

u = cl(u:).] = (ue)e +N(M)
Remark 2.2.With componentwise operations (-,+ ) G(M) is a fine sheaf of
differential algebras with respect to the Lie derivative defined by L:u = cl[(Lsu,).].

The spaces of moderate resp. negligible sequences and hence the algebra
itself may be characterized locally, i.e., u € G(M) iff u oy, € Glyq(V,)) for all charts
(Va,va), Where on the open set v,(V,) < R” in the respective estimates Lie
derivatives are replaced by partial derivatives.

The spaces of moderate resp. negligible sequences and hence the algebra
itself may be characterized locally, i.e., u € GM) iff uoy, € G(y,(V,)) for all charts
(Va,w4), where on the open set w,(V,) < R” in the respective estimates Lie
derivatives are replaced by partial derivatives.

Remark 2.4.Smooth functions f € C*(M) are embedded into G(M) simply by the
‘constant” embedding o, i.e., a(f) = cl[(f):], hence C*(M) is a faithful subalgebra

of G(M).

(2.4)



Point Values of a Generalized Functions on A/.

Generalized Numbers.

Within the classical distribution theory, distributions cannot be characterized by
their point values in any way similar to classical functions. On the other hand, there
is a very natural and direct way of obtaining the point values of the elements of
Colombeau’s algebra: points are simply inserted into representatives. The objects
so obtained are sequences of numbers, and as such are not the elements in the
field R or C. Instead, they are the representatives of Colombeau’s generalized
numbers. We give the exact definition of these "numbers”.

Definition 2.5.Inserting p € M into u € G(M) yields a well defined element of the
ring of constants (also called generalized numbers) K (corresponding to K = R
resp. C), defined as the set of moderate nets of numbers ((r;). € K with
[re= O(¢7") for some N) modulo negligible nets (|r:|= O(¢™) for each m);
componentwise insertion of points of M into elements of G(M) yields well-defined
generalized numbers, i.e.,elements of the ring of constants:

K = E(M)IN(M) (2.5)
(withK:@'orlC:EforK:RorK:(C), where
EeM) = {(re), € K'[An(n e N)[|re] = O(e ") as ¢ -~ 0]}
NeM) = {(re), € K/|Vm(m € N)[|re| = O(e") as & - 0]} (2.6)
I=(0,1].

Generalized functions on M are characterized by their generalized point values,
i.e., by their values on points in M., the space of equivalence classes of compactly
supported nets (p.). € M@ with respect to the relation

pe ~ pr & di(ps,p:) = O(e™) for all m, where d;, denotes the distance on M
induced by any Riemannian metric.

Definition 2.6. For u € G(M) and xo € M, the point value of u at the point
xo0,u(x0),is defined as the class of (u:(x¢)), in K.

Definition 2.7.We say that an element r € K is strictly nonzero if there exists a
representative (r;), and a g € N such that |r;| > ¢4 for ¢ sufficiently small. If 7 is
strictly nonzero, then it is also invertible with the inverse [(1/r;).]. The converse is
true as well.

Treating the elements of Colombeau algebras as a generalization of classical
functions, the question arises whether the definition of point values can be
extended in such a way that each element is characterized by its values. Such an
extension is indeed possible.

Definition 2.8. Let Q be an open subset of R”. On a set O :



Q = {(x;), € QFpp > 0)[|xe| = O(e?)]} =

{(XS)a e Q|Fp(p > 0)Teo(g0 > 0)[ x| < &, for 0 < & < 80]} (2.7)

we introduce an equivalence relation:
(xs), ~ (s), = Vg(g > 0)Ve(e > 0)[ |xs —ys| < &9, for0 < & < & | (2.8)

and denote by Q = O/ ~ the set of generalized points. The set of points with
compact support is

Q. = {y — el[(x.).] € QBEK(K < Q)Fso(eo > 0)[x. € Kfor0 < & < 80]} (2.9)

Definition 2.9. A generalized function u € G(M) is called associated to zero,
u =~ 0onQ < Min L.Schwartz sense if one (hence any) representative (u.).
converges to zero weakly,i.e.

w=limesoue = 0 (2.10)
We shall often write:

u = 0. (2.11)
Sch

The G(M)-module of generalized sections in vector bundles-especially the space of

generalized tensor fields 7;" (M)-is defined along the same lines using analogous
asymptotic estimates with respect to the norm induced by any Riemannian metric
on the respective fibers. However, it is more convenient to use the following
algebraic description of generalized tensor fields

giM) = G ® T,"(M), (2.12)

where 7;" (M) denotes the space of smooth tensor fields and the tensor product is
taken over the module C*(M). Hence generalized tensor fields are just given by
classical ones with generalized coefficient functions. Many concepts of classical
tensor analysis carry over to the generalized setting [1]-[2], in particular Lie
derivatives with respect to both classical and generalized vector fields, Lie
brackets, exterior algebra, etc. Moreover, generalized tensor fields may also be
viewed as G(M)-multilinear maps taking generalized vector and covector fields to
generalized functions, i.e., as G(M)-modules we have

Gi(M) = Lan(GY(M)",Go(M)*; G(M)). (2.13)
In particular a generalized metric is defined to be a symmetric, generalized
(0,2)-tensor field guy = [((ge),,)e] (with its index independent of ¢ and) whose
determinant det(g.») is invertible in G(M). The latter condition is equivalent to the
following notion called strictly nonzero on compact sets: for any representative
det((ge),,)e Of det(guy) We have VK < M 3Im € Ninf,ck|det(gus (€))[> €™] for all €
small enough. This notion captures the intuitive idea of a generalized metric to be a
sequence of classical metrics approaching a singular limit in the following sense:
gq» is a generalized metric iff (on every relatively compact open subset V' of M)
there exists a representative ((g¢) ) of g such that for fixed e (small



enough)(ge) , = ga»(€) (resp. (g¢),,|v) is a classical pseudo-Riemannian metric
and det(g,») is invertible in the algebra of generalized functions. A generalized
metric induces a G(M)-linear isomorphism from G} (M) to G%(M) and the inverse
metric g 2 [(g;} (€))] is a well defined element of G3(M) (i.e., independent of the
representative ((g¢),,)<)- Also the generalized Levi-Civita connection as well as the
generalized Riemann-, Ricci- and Einstein tensor of a generalized metric are
defined simply by the usual coordinate formulae on the level of representatives.

2.2. Generalized Colombeau Calculus.

We briefly recall the basic generalized Colombeau construction. Colombeau
supergeneralized functions on Q < R”, where dim(Q) = n are defined as
equivalence classes u = [(u.).] of nets of smooth functions u. € C*(Q\X),where
dim(X) < n (regularizations) subjected to asymptotic norm conditions with respect
to ¢ € (0, 1] for their derivatives on compact sets.

The basic idea of generalized Colombeau’s theory of nonlinear
supergeneralized functions [1],[2] is regularization by sequences (nets) of smooth
functions and the use of asymptotic estimates in terms of a regularization
parameter ¢. Let (u;)¢c0.1] With u such that: (i) u, € C*(M\X) and (i) u, € D'(M),for
all ¢ € (0,1],where M a separable, smooth orientable Hausdorff manifold of
dimension n.

Definition 2.10.The supergeneralized Colombeau’s algebra G = G(M, ) of
supergeneralized functions on M, where ¥ ¢ M,dim(M) = n,dim(Z) < n, is defined
as the quotient:

CM,3) 2 £4(M,2)/NM,Y) (2.14)
of the space £y(M,X) of sequences of moderate growth modulo the space N(M, %)
of negligible sequences. More precisely the notions of moderateness resp.

negligibility are defined by the following asymptotic estimates (where X(M\X)
denoting the space of smooth vector fields on M\X):

EvM,2) £ {(ue):| VK(K & M) Vk(k € N)AN(N € N)

VEL . Ex(Ery b € X(MT)) |:sup Ls,...Le us ()= O ™), e > 0} &
pek

2.15
VK(K & M) Vk(k € N)AN(N € N)V(f € C*(M)VEr, ..., E(Er, .. En € X(M)) 215)

|:||Lg”l... Pougll = qup LY, ... gkug(f)|> = 0(g™M),e - 0}},
=C*(M)



NM,E) 2 {(u:):| VKK & M\2), Vk(k € No)Vq(g € N)

pek

VEL . Er(Ery .. Ex € X(ME)) |:sup L¢,...Le us(p)|= O(e%), 6 - o} &

VK(K @ M)Vk(k € N)ANN € N)V(f € C*(M))VE,...,E(&1,....Er € X(M))
[nLgl... Yugl = (sup LY. ... gkug(f)|> = 0(g9),¢ - 0}},
eC*(M)

where L} denoting the weak Lie derivative in L.Schwartz sense.In the definition the
Landau symbol a. = O(y(¢)) appears, having the following meaning:
AC(C > 0)3eo(ep € (0,1])Ve(e < go)[a: < Cw(e)].

Definition 2.11. Elements of G(M, %) are denoted by:

u = d[(“s)s] = (us)s +N(M,Z).

Remark 2.5.With componentwise operations (-, ) G(M,¥) is a fine sheaf of
differential algebras with respect to the Lie derivative defined by L:u = cl[(Lzu.).].
The spaces of moderate resp. negligible sequences and hence the algebra

itself may be characterized locally, i.e., u € G(M,3) iff u o o € Gy o(Vy)) for all
charts (V4,v+), where on the open set v,(V,) < R” in the respective estimates Lie
derivatives are replaced by partial derivatives.

The spaces of moderate resp. negligible sequences and hence the algebra
itself may be characterized locally, i.e., u € G(M,) iff u oy, € Glyo(Vy)) for all
charts (V4,v+), Where on the open set v,(V,) < R” in the respective estimates Lie
derivatives are replaced by partial derivatives.

Remark 2.6.Smooth functions f € C*(M\X) are embedded into G(M, %) simply by
the “constant” embedding o, i.e., o(f) = cl[(f):], hence C*(M\Y) is a faithful
subalgebra of G(M, ).

Point Values of a Supergeneralized Functions on M.

Supergeneralized Numbers

Within the classical distribution theory, distributions cannot be characterized by
their point values in any way similar to classical functions. On the other hand, there
is a very natural and direct way of obtaining the point values of the elements of
Colombeau’s algebra: points are simply inserted into representatives. The objects
so obtained are sequences of numbers, and as such are not the elements in the
field R or C. Instead, they are the representatives of Colombeau’s generalized
numbers. We give the exact definition of these "numbers”.

Definition 2.12.Inserting p € M into u € G(M, ) yields a well defined element of
the ring of constants (also called generalized numbers) X (corresponding to K = R
resp. C), defined as the set of moderate nets of numbers ((r;). € KU with

(2.16)

2.17)



lre= O(¢7") for some N) modulo negligible nets (jr:|= O(¢™) for each m);
componentwise insertion of points of M into elements of G(M, ) yields well-defined
generalized numbers, i.e.,elements of the ring of constants:

Ks= E(M,2)N(M,3) (2.18)
(with Kz = R or K = Cs for K =R or K = C), where

EeM,Z) = {(r0). € K'[Bn(n e N)[|re| = O(c™") as & - 0]},
NeWM,Z) = {(re), € K'|Vm(m e N)[|r:] = O(¢") as ¢ - 0 |} (2.19)
I=1(0,1].

Supergeneralized functions on M are characterized by their generalized point
values, i.e., by their values on points in M., the space of equivalence classes of
compactly supported nets (p.). € (M\2) ! with respect to the relation

pe ~ pe i di(pe,pr) = O(e™) for all m, where d;, denotes the distance on M\X
induced by any Riemannian metric.

Definition 2.13. For u € G(M,X) and xo € M,the point value of « at the point
xo,u(x0),is defined as the class of (u.(xo)), in K.

Definition 2.14.We say that an element » € X is strictly nonzero if there exists a
representative (r;), and a g € N such that |r;| > ¢7 for ¢ sufficiently small. If » is
strictly nonzero, then it is also invertible with the inverse [(1/r;).]. The converse is
true as well.

Treating the elements of Colombeau algebras as a generalization of classical
functions, the question arises whether the definition of point values can be
extended in such a way that each element is characterized by its values. Such an
extension is indeed possible.

Definition 2.15. Let Q be an open subset of R"\S. On a set Qy :

Qr = {(x:), € (QZ)BFp(p > 0)[Ixs| = O")]} =

2.20
{(xc), € (QZ)'Fp(p > 0)Ieo(g0 > O)[ x| < &7, for 0 < & < &9 ]} (2.20)

we introduce an equivalence relation:
(xs), ~ 0e), < Yalg > 0)Ve(e > 0)[ Jxs —ys| < &9, for0 < e <eo] (2.21)

and denote by 52 = Qy/ ~ the set of supergeneralized points. The set of points
with compact support is

Qs = {7 = el[(x.).] € QxPK(K < Q\2)3eo(g0 > 0)[x. € Kfor0 < & < 50]} (2.22)

Definition 2.16. A supergeneralized function u € G(M,) is called associated to
zero, u = 0 on Q < M in L. Schwartz’s sense if one (hence any) representative



(u:). converges to zero weakly,i.e.

w=limgesoue, = 0 (2.23)
We shall often write:

u = 0. (2.24)
Sch

Definition 2.17.The G(M,=)-module of supergeneralized sections in vector
bundles- especially the space of generalized tensor fields 7;" (M\X)-is defined along
the same lines using analogous asymptotic estimates with respect to the norm
induced by any Riemannian metric on the respective fibers. However, it is more
convenient to use the following algebraic description of generalized tensor fields

GrM,Y) = CM,2) ® T." (M), (2.25)

where 7" (M\X) denotes the space of smooth tensor fields and the tensor product is
taken over the module C*(M\X). Hence generalized tensor fields are just given by
classical ones with generalized coefficient functions. Many concepts of classical
tensor analysis carry over to the generalized setting [], in particular Lie derivatives
with respect to both classical and generalized vector fields, Lie brackets, exterior
algebra, etc. Moreover, generalized tensor fields may also be viewed as
G(M,%)-multilinear maps taking generalized vector and covector fields to
generalized functions, i.e., as G(M,%)-modules we have

Cr(M.2) = Lan(@ (.2, Th(M.2): (L)), (2.26)
In particular a supergeneralized metric is defined to be a symmetric,
supergeneralized (0, 2)-tensor field gu, = [((g:),,):] (with its index independent of ¢
and) whose determinant det(g.;) is invertible in G(A\2). The latter condition is
equivalent to the following notion called strictly nonzero on compact sets: for any
representative det((g:),, ). Of det(g.,) We have
VK < M\X 3m e N[inf,ex|det(g. (€))> €7] for all ¢ small enough. This notion
captures the intuitive idea of a generalized metric to be a sequence of classical
metrics approaching a singular limit in the following sense: g, is a generalized
metric iff (on every relatively compact open subset ' of M) there exists a
representative ((g:),, ) Of gu» such that for fixed ¢ (small enough)(g:),, = g (€)
(resp. (g:),,|v) is a classical pseudo-Riemannian metric and det(g.) is invertible in
the algebra of generalized functions. A generalized metric induces a G(M, X)-linear
isomorphism from G}(M,3) to ??(M, ¥) and the inverse metric g* 2 [(g;}(g)):] is a
well defined element of ?é(M, Z) (i.e., independent of the representative ((g:) ,)«).
Also the supergeneralized Levi-Civita connection as well as the supergeneralized
Riemann, Ricci and Einstein tensor of a supergeneralized metric are defined simply
by the usual coordinate formulae on the level of representatives.

2.3.Distributional general relativity



We briefly summarize the basics of distributional general relativity, as a
preliminary to latter discussion.In the classical theory of gravitation one is led to
consider the Einstein field equations which are,in general,quasilinear partial
differential equations involving second order derivatives for the metric tensor.
Hence, continuity of the first fundamental form is expected and at most,
discontinuities in the second fundamental form, the coordinate independent
statements appropriate to consider 3-surfaces of discontinuity in the spacetime
manifolfd of General Relativity.

In standard general relativity, the space-time is assumed to be a
four-dimensional differentiable manifold M endowed with the Lorentzian metric
ds? = gudxtdx’ (u,v = 0,1,2,3). At each point p of space-time M, the metric can be

diagonalized as ds; = 1 (dX*),(dX"), with n,, = (-1,1,1,1), by choosing the
coordinate system {X*;u = 0,1,2,3} appropriately.

In superdistributional general relativity the space-time is assumed to be a four-
dimensional differentiable manifold M\X, where dim(M) = 4,dim(X) < 3 endowed
with the Lorentzian supergeneralized metric

(ds?), = (gu(€)dxtdx") su,v =0,1,2,3). (2.27)
At each point p e M\X, the metric can be diagonalized as
(dsp(€)), = Muw(dXE)p(dXY)p), withmuy 2 (=1,1,1,1), (2.28)

by choosing the generalized coordinate system {(Xé‘)€;u = 0,1,2,3} appropriately.
The classical smooth curvature tensor is given by

4 2 | P 2 Wl a\_J e L) 2
Rpo-’uv_a”{av} av{au}+{ly}{av} {AV}{U#} (229)
with {%} being the smooth Christoffel symbol.The supergeneralized nonsmooth

curvature tensor is given by

o 0((2)) (), (23 ().

(2.30)
({#1).0),

with ({%}6)6 being the supergeneralized Christoffel symbol.The fundamental
classical action integral I is

1=1 I(IEG + La)d*y, 2.31)
where L, is the Lagrangian density of a gravitational source and L is the
gravitational Lagrangian density given by

Lg = i@ . (2.32)

Here « is the Einstein gravitational constant « = 8zG/c* and G is defined by

o= we (M) HED



with g = det(g,). There exists the relation

JEgR=G+0,D", (2.34)
with
<o {5} o (5))
Thus the supergeneralized fundamental action integral (I¢), is
(Le), = %I ((Lg(e)), + (La(e)) Jd*x , (2.36)

where (ILuy(€)), is the supergeneralized Lagrangian density of a gravitational
source and (]LG(@)G is the supergeneralized gravitational Lagrangian density given

by
(Lo(©), = 5=(Go), - (2.37)

Here « is the Einstein gravitational constant k = 87G/c* and (G.), is defined by

©oc= e e (({F){Hr) - (EHEE))  ew

with g. = det[(g.v(€))]. There exists the relation
J(€) Re) = (Ge), +0u(DE)_, (2.39)

o, Fam (e () e ((2))) . e

Also, we have defined the classical scalar curvature by

with

R = R*, (2.41)
with the smooth Ricci tensor
Ry = R* v (2.42)
From the action I, the classical Einstein equation
G, =R, -4 204" = kT, (2.43)
follows, where 7)," is defined by
T v
T.v = —H 2.44
H ‘/% ( )
with
~YV oA oLy
T, =2 2.45
u gur 5ng ( )

being the energy-momentum density of the classical gravity source. Thus we have
defined the supergeneralized scalar curvature by

Re), = (R*u(€)), (2.46)
with the supergeneralized Ricci tensor



Ruw(€)), = (R* (), - (2.47)
From the action ()., the generalized Einstein equation

(Gu"(€)), = Ru"(€)), — %%V(Re)g =k(T,"(€)),,  (2.48)
follows, where (7,,"(¢)), is defined by
(’fu V(€)>
(T,"(€)), = ——== (2.49)
,/_(ge)g
with
v s o(La(e))
T £ 2(gy — 2.50
(f1©), * 2605600 220
being the supergeneralized energy-momentum density of the supergeneralized
gravity source.The classical energy-momentum pseudo-tensor density ?,f of the
gravitational field is defined by
TV v aIE
t, =0,"L¢— 8gofv oty (2.51)
with go., = 0g+./0x".The supergeneralized energy-momentum pseudo-tensor
density T, of the gravitational field is defined by
~v _ V(T _ aIEG(G)
(T/@) =6, Cate)), (—agm,v(o )E(gm,u(e»e (2.52)

With (goev(€)), = (8goc(€)/0x"),.
3.Distributional Schwarzschild Geometry from
nonsmooth regularization via Horizon

3.1.Calculation of the stress-tensor by using

nonsmooth regularization via Horizon

In this section we leave the neighborhood of the singularity at the origin and turn
to the singularity at the horizon. The question we are aiming at is the following:
using distributional geometry (thus without leaving Schwarzschild coordinates), is it
possible to show that the horizon singularity of the Schwarzschild metric is not
merely only a coordinate singularity. In order to investigate this issue we calculate
the distributional curvature at horizon in Schwarzschild coordinates. In the usual
Schwarzschild coordinates (z,7,0,¢), r + 2m the Schwarzschild metric (1.12) takes
the form above horizon r > 2m and below horizon r < 2m correspondingly



above horizon r > 2m :
ds*2 = h*(r)de® — [h*(r)] 'dr? + r2dQ2,

) () = -1 + Z;n _ _r—r2m

below horizon r < 2m :
ds™? = h=(r)dt* — h~(r)"'dr* + r*dQ?,

() = -1+ 2;11 _ 2mr—r

Remark 3.1. Following the above discussion we consider the metric coefficients
(), [h* ()] h~(r),and [h~(r)]"" as an element of D'(R?) and embed it

into (G(R?)) by replacements above horizon » > 2m and below horizon r < 2m
correspondingly

r=2m:r—2mw— J(r—2m)2+62,

r<2m:2m—r— J(2m—r)2+€2.

Remark 3.2. Note that, accordingly, we have fixed the differentiable structure of the
manifold: the usual Schwarzschild coordinates and the Cartesian coordinates
associated with the spherical Schwarzschild coordinates in (3.1) are extended on

r = 2m through the horizon. Therefore we have above horizon r > 2m and below
horizon » < 2m correspondingly

3.1)



r—2m ; _ 2, 2
hvy-{ Vhr”>”"}kawan—<ﬂr27)+€:>,
0ifr <2m .

where (h:(r)), € G(R3,B*(2m,R)),B*(2m,R) = {x € R*2m < ||x|| < R}.

p

-1 _ _r—2m’r>2m +y-1 _

h=(r) = — (hE) () =
0,7 = 2m

_r—2m ;
() = = if r < 2m b () = (3.2)
Oifr>2m

L2
(J(2m r) +e ) e GR3,B-(0,2m)),

€

where B=(0,2m) = {x € R0 < | x| < 2m}

— (he)™' () =

_ (,/ r — > e G(R3,B(0,2m))
(r—2m)  +e .

Inserting (3.2) into (3.1) we obtain a generalized object modeling the singular
Schwarzschild metric above (below) gorizon, i.e.,

(ds?), = (h(r)dt?), - ([hg(r)]’ldﬂ)e +r2d02?,

3.3
(ds?), = (hz(r)di?), - ([hg(r)]_ldﬂ)E +r2dQ)? (3-3)
The generalized Ricci tensor above horizon [R*]g may now be calculated
componentwise using the classical formulae
(R, = (R, = 5 (ke + 50),)
(3.4)

hY 1+ (hf
([REEL _ ([REBL _ ( r)e N +(2 )e _

r

From (3.2) we obtain



[(r— 2m)? + 62]1/2

he(r) = ———L=2m . :

[ (r—2m)? +€2:|1/2 r

r(he), +1+(hi), =

_r[(r—Zm)2+62:|1/2 r? :
r—2m |:(r—2m)2+€2:|1/2 . J(r—Zm)2+€2
_|:(r—2m)2+€2:|1/2 : T : B
r—2m "

) [ (r—2m)* +€2:|1/2

! o) 4 e2 12 !
hl'(r) = — r—22m 7 " [( m)2 +€ :| _
rl:(r—2m) +€ :| r

. 1 " (”—2””)2 r—2m
[ (r—2m)* + 62]1/2 [ r—2m)* + 62]3/2 [ (r—2m)* + 62]1/2

2[(r—2m)* + 62]1/2
_ a '

r—2m
F2|:(V—2m)2+€2:|1/2 r

Py, +2r(ht), =

(3.5)

24 1 (r—2m)* " r—2m i
[ (r—2m)* + 62]1/2 r[(r=2m)* + € ]3/2 [ (r—2m)* + 62]1/2

r—2m 2|:(r—2m)2+€2:|1/2 N
}’2|:(r—2m)2+€2:|1/2 r
) 12
o) r—2m N [(r—2m) +€2:| _
r[(r—2m)2+€2:|1/2 r?
r(r—2m)° r—2m

- r + +
|:(r—2m)2+€2:|1/2 |:(r—2m)2+€2:|3/2 |:(r—2m)2+€2:|1/2

2[(r—2m)* + 62]1/2
12 7 +

r—2m
[(r—2m)* +€*]

20-2m)  2Ae-2mpPee]"

_l:(,,_zm)2+€2:|1/2 r

r r(r—2m)?

B [ (r—2m)? +€2:|1/2 ’ [ (r—2m)? +€2:|3/2 .

Investigating the weak limit of the angular components of the Ricci tensor (using
the abbreviation



o) = }sin@d@ f dp®(x)
0

and let ®(x) be the function ®(x) € S%,,(R3), where by S35, (R?) we denote the class
of all functions ®(x) with compact support such that:

(i) supp(@(x)) < {x[llx[l = 2m} (i) @(r) € C*(R).

Then for any function ®(x) € S,,(R?) we get:

[ (D 0@ = | (RIE) 0GP -

[ows) + 1+ ) Yo =

2m

R R
2&{_ r_22’:’: 62]1/2 }&)(l")dr-l- J. (i)(l")dl"

|:(r—2m) o

By replacement » — 2m = u, from (3.6) we obtain

(3.6)

R-2m R-2m

JK<[RZ]§>€CD(x)d3x= J.K<[Rz]§>€(1)(x)d3x:— [ ”‘(I;(z”‘:jz’“)?g” + [ G+ 2mdu. (3.7)
0 0

By replacement u = en, from (3.7) we obtain the expression

)
1) = | (R @)’ = T5(e) = | (RE13), 0@)dx =

R-2m R-2m

< ¢ ~ < (3.8)
. n®(en +2m)dn ~ J
€ ‘([ (n2+1)1/2 ‘([ ®O(en + 2m)dn
\
From Eq.(3.8) we obtain
e N
(0) = Ti(e) = 28 [W”}m_
_e -1 |®® dn =
T [(n e J (&)ndn 65.9)
)| (R ) 1 - (Bam oy |-

4 Tt Jomn

where we have expressed the function 5(617 +2m) as



~ U]
Blen+2m) = g T2 (eny' + Leny o)

(3.10)
E20en+2m, 1>60>0, n=1
with D (&) £ g'd/dE!. Equations (3.9)-(3.10) gives
- .
lim I3(e) = lim I3(¢) =
e-0 e-0
lim {—e&)(zm)[‘/(@)z +1+1- @J} +
o (3.11)
R-2m
2 .
lim { —€- — T 1 |dW(E)ndy s =0
T { [ 7+ D) } ©nd
.
Thus in S5, (B;(2m)) < S5, (R3) < D'(R3), where
B*(2m,R) = {x € R3*2m < | x| < R} from Eq.(3.11) we obtain
w-lim [R{]] = lim I§(e) = 0,
>0 >0 (3 12)
w—lim [R{]3 = lim I}(e) = 0.
-0 -0
For ([R{1}) . ([RE15), we get:
2| (R 0@ = 2 IK([Rg]g)p(x)de -
R
207+ + T _
) 2j (22", +2r(he) ) D(r)dr 613)
h (r = 2m)’
r r(r—2m =
- — + O(r)dr.
2‘!;{ |:(r—2m)2+€2:|1/2 [(r2m)2+62:|3/2}
.
By replacement r» — 2m = u, from (3.13) we obtain
i@ =2] (R} @0dx =I5 = 2] (RY) 0@
R
_ 2(1,+! +/ T _
) Zj (R2(he"), +2r(he) ) (r)dr G1d)
R-—2m 2( ) )
_ __u+2m u-(u+-om 5
— I { o +€2)1/2 + o +€2)3/2 }(I)(u+2m)du.

0
.
By replacement u = en, from (3.14) we obtain



2 IK<[R§]1>E®(x)d3x -2 j (R 0@ =

R
= [0, + 200 ) -

2m
R—€2m
B en+2m e’n’(en+2m) | » B
=€ j -, N1 + s T ®O(en + 2m)dn =
0 (e*n=+€*) (en” +¢€)
fgm o fm
B J’ e2n®(en + 2m)dn Com J' €®(en + 2m)dn N
(€2n2+€2)1/2 : (62772 +€2)1/2

Rm
¢ e*n3den+2m)dn ¢ 3n2d(en +2m)dn
I 24372 +2m .[ 2.2 24372 -
) (e°n” +€%)

2.2
(e‘n“ +e€ )

R2m R2m

I n®(en + 2m)dn I n3®(en + 2m)dn
- I > 2 I S on
(n”+1) 7 (n°+1)

0

R2m R2m

oml — j‘ O (en + 2m)dn N j‘ n2®(en + 2m)dn

0

From Eq.(3.15) we obtain

R-2m
dQm) | 1 n’
+ — 1+ — —
I5(e) = Ii(e) = 2m 0! |: (772 N 1)1/2 + (772+ 1)3/2 dn +

._.|

E Rzm oW n’
{ SR el

R-2m

+ecb(zm) e[_ 1 1

2

0! (n2+ 1)1/2 + (n2+ 1)3/2 :|d77+

—2m
€

2
1)(é)|: ( 2_,_11)1/2 + (nzzl)yz :|ndn’

O ey

where we have expressed the function 5(617 +2m) as

~ w1 DD
B(en+2m) = 0 L @yt +

E20en+2m, 1>60>0, n=1

(e

with @0 (&) 2 d'd/dE! Equation (3.17) gives

(3.15)

(3.16)

(3.17)



w-lim Ij(e) = w-lim I7(e) =

-0 -0
~ 772
2m®d(2m) lim |: + :|d =
( 0 (n* + 1)1/2 (n* +1)*? 1 (3.18)
~ . _ntdn ¢ dn B
2md(2m) tim | | (n T 1) -1, 2+ )7 J B
= 2md(2m).
where use is made of the relation
|t n ¢ dn
lim J. 277 na/z __[ 2 12 ] = -1 (3.19)
s [0 (n*+1) O(u +1)
Thus in S5, (B*(2m,R)) < S5, (R3) we obtain
w - lim [R{]} = w- lim [R{]) = —-m®Q2m). (3.20)
-0 -0

The supergeneralized Ricci tensor below horizon [R;]? = [Rg]g may now be

a

calculated componentwise using the classical formulae

(Rl), = (R, = %((hg”)e +20),),
: . (3.21)
(R, = (R, = Yede 130G

72

From Eq.(3.21) we obtain

— 1?2 2
he(r) =~ b () = (J(zm e ) — —h(r)or < 2m.

[(r—2m)* + 62]1/2

he'(r) = —he () = L=2m - :
r|:(r—2m)2 +€2:|1/2 r?
r(h) + 1+ (he) = —r(h) + 1= (hE), =
r—2m — + 1.
[(r—2m)* + €] (3.22)

h'(r) = =he'(r) =

—om 2[ (r—2m)* +e2:|1/2
_rz[(r—2m)2+€2:|1/2 r .
r2(h") +2r(h), = —r* (B, = 2r(hE), =

" r(r —2m)?

|:(r—2m)2+€2:|1/2 [(r—2m)2+€2:|3/2.

Investigating the weak limit of the angular components of the Ricci tensor (using



T 2r
the abbreviation ®(r) = Isin@d@ f dp®(x) where ®(X) € C*(R3), ®(x) is a function
0

with compact support K such that K < B-(0,2m) = {x € R30 < ||x|| < 2m} we get:

J (R oG = [ (R, 0 -

J.(r(hg/)e + 1+ (ho) )d(r)dr =

2m 2m
| { r=dm }ci)(r)dr + [ d)ar.
0 0

[(r—2m)* + €]

By replacement » — 2m = u, from EQq.(3.23) we obtain

J (R o@adx = | (R3) @00dx =

J‘ ud(u + 2m)du
W +e2)"”

J. O(u + 2m)du.

—2m —2m

By replacement u = en, from (3.23) we obtain
5 = | ([Ra) @) = I3(e) = | (RIE), @) =

0 . 0
€ X ne(en + 2m)dy + j d(en +2m)dn |,

2 172
o (71D o

which is calculated to give

~ 0
IE(G) = IE(G) =€ (D(O2|M) |: (nz 11)1/2 + 1:|d77 +

€

0
j[ Dm+@®%&mw
e&><zm>[1- (Yo

0

where we have expressed the function 5(611 +2m) as

(3.23)

(3.24)

(3.25)

(3.26)



~ 0}
B(en+2m) = Xy LI (@)l + L (e o (@)

(3.27)
E20en+2m, 1>0>0, n=1
with O 2 ¢'d/dr!. Equation (3.27) gives
- . .
lim I3(e) = lim I;(e) =
-0 -0
lim {e&)(2m)|:1 - (ZT’”)Z+1 + ZTMJ} +
< €0 (3.28)
0
. 2 n ~
im0 5 [ | gt 1 [ -0
L e
Thus in S5,,(Bx(2m)) < S5,,(R3), where B=(0,2m) = {x € R3|0 < ||x|| < 2m} from
Eq.(3.28) we obtain
w—lim [R7]3 = lim I3(e) = 0.
<0 , (3.29)
w—lim [R7]2 = lim I5(e) = 0.
-0 -0
For ([Rg]})g, ([Rg]g)e we get:
| 3, _ 2 R- 0 ) d} —
2[ (R, o@ax = 2| (REY) 0@
2m
201, - F _
-([(r (he"), +2r(he) )D(r)dr = (.30)
2m ( ) )2
r r(r—2m ~
_ _ d(r)dr.
{{[(r—Zm)2+€2]1/2 |:(r—2m)2+€2:|3/2}
By replacement » — 2m = u, from (3.30) we obtain
1) = 2 [(IR:1}) @) = I3(e) = 2 [(IR:15) @(x)dx
2m
_ 201, — F _
.([(r (h"), +2r(h7) )DG)dr G531

W2+ WP +e2)*?

0
2 ~
= j{ u+2m __ u(ut2m) }d)(u+2m)du.
—2m

By replacement u = en, from (3.31) we obtain



2 IK<[RQ]1>E(D(x)d3x =2 j (REY) o) =

0
[ 2y + 200 VB -

_2m
€

0
. J‘ en+2m _ e*n*(en+2m) (en + 2m)dy =
(€2n2+€2)1/2 (€2n2+€2)3/2 n n

_2m
€

0 . 0 .
2
J‘ e“n®(en + 2m)dn L om J‘ e®(en +2m)dn

S @nr )’ S @nr+en)'”? (3.32)

0 . 0 -
B J’ e*‘n*®(en +2m)dn ) J‘ en*O(en+2m)dny
(€212 + €2)*? m (€22 + €2)*? B

_2m _2m
€ €

0 . 0 .
n®(en + 2m)dn n3®(en + 2m)dn
€ o I mo T
(m*+1) (m*+1)

_2m _2m
€ €

- 0 .
D(en +2m)dn J n?®(en + 2m)dn

0
+2m
_[ (n? + 1)1/2 (n? + 1)3/2

_2m

_2m
€ €

which is calculated to give

~ 0
_ _ D2 2
1566) = 1360 = 2 PG [ - s
- (3.33)

2

6 Gy e i 0

]

1

€
Y

OQ—.ml

where we have expressed the function 5(611 +2m) as

~ ap(l)
®d(en+2m) = 27:_01 (Dl—!(zm)(en)l + %(En)nq)aﬁ(n)(g) 5 (3.34)

E20en+2m, 1>0>0, n=1
with D (&) £ J'd/dE! Equation (3.34) gives



lim Ij(e) = lim I7(e) =

-0 -0
bem) | 2
2m lim " [ 1 S :|dn -
0 ob - JL@+D” P+ 1) (3.35)
: - 0 dn 0 n’dn _
e i | [ o - [, o | -
= 2md2m).
where use is made of the relation
0 0
: dn n’dn _
o D @2+ 1)1 | mn= |8 G-36)
Thus in S'(B~(0,2m)) < S'(R3?) we obtain
w - lim [R]} = w - lim [RZ]) = m®(2m). (3.37)
-0 -0

Using Egs. (3.12),(3.20),(3.29),(3.37) we obtain

j[ (Tr+ T+ TP+ T + (T7 + T+ T, + T) [/ gdPx =0 (3.38)

Thus the Tolman formula [3],[4] for the total energy of a static and asymptotically
flat spacetime with g the determinant of the four dimensional metric and d*x the

coordinate volume element, gives

Er— j(T; FT)+ T+ T)) fgdix = m, (3.39)

We revrite now the Schwarzschild metric (3.3) in the form

{ (ds2), = (hE()dr?), = (1 + CE())dr?), +r2dQ? (3.40)
Ci(r) = —1+ [hE()] ™.
Using Eq.(A.5) from Eq.(3.40) one obtains for » =< 2m
(R*¥ ()R (€)), =
N 2 +y/ 72
(oo o)), o[22 T) ([0 42T ) -
1 2

4[(r—2m)* +€*] i Qm)*’

and



(3.40)(R”*(€)Rpopv(€)), =

+/ 2
(((hf)”)2+2<(h 9] ) +4—+2((hi) ) ) = (3.42)

_ 1 L _4
[(r-2m)*+e*]  (@m)*

3.2.Examples of distributional geometries. Calculation
of the distributional quadratic scalars by using

nonsmooth regularization via Horizon
Let us consider again the Schwarzschild metric (3.1)

ds? = h(r)dzf2 —h(r)~'dr? + r*dQ?,
h(r) = - 2;" = _r—2m (3.43)
1(7") _

2m
We revrite now the Schwarzschild metric (3.43) above Horizon (r» > 2m) in the form
ds*2 = —A*(r)d: + (A7 (r)) ' (F)dr* + r:dQ?2,
AH() = %, (3.44)
()" =

2m

Following the above discussion we consider the singular metric coefficient A~ (r) as
an element of D'(R?) and embed it into (G(R?)) by replacement

r—2m > Jr’+¢€* —2m. (3.45)
Thus above Horizon (» > 2m) the corresponding distributional metric (ds ) takes
the form

( (Eszz)e = (At ()de + (L) dr?) +rdQ?,

) 2 (0), - ( Jrrc —om ) 6.46)
\ (™), = (ﬁ — )
We revrite now the Schwarzschild metric (3.43) below Horizon (r < 2m) in the form
ds2 = A~ (r)dt* — (A~ (r)) 'dr? + r2dQ2,
{ A7) = B=L (4 ()) ™ = 4D

Following the above discussion we consider the singular metric coefficient A~ () as
an element of D'(R?) and embed it into (G(R?)) by replacement



2m—r — 2m— Jr* + €. (3.48)
Thus belov Horizon (r < 2m) the corresponding distributional metric (715;2)6 takes

the form

@33), = (Ac()de® — (A ()~ dr?) _+r2dQ?,

_ 2m— Jr* + e el - (3.49)
A=(r)). = (4 _ .
o ( ’ ) (). (m-,/T)

From Eq.(3.46) one obtains

!

U2) = _JrP+e? =2m 1 +,/r2+62—2m

(AZ)N _ 7 \/1’2 +€2 -2m 1

(3.50)

-2 +

\ 2+ )" = R ie

From Eq.(3.46) using Eq.(A.5) one obtains

r ’,.2

4 1 N JrP+er —2m L2

r m 2 2 (3.51)
B r _2,/r2+62—2m+ 1 .
r rrr+e* /.

(2 + €2)*?

i
(R()), = (— ade | 24.Cc -Ag> _

From Eq.(3.51) for r = 2m one obtains

6 1 11 5
RV =G am? Y amy® ~ amy ey’ G-52)

Remark 3.3. Note that curvature scalar (R(¢)), again nonzero but nonsingular.
Let us introduce now the general metric which has the form [11]:

{ ds? = —A(r)(dx®)? — 2D(r)dx’dr + (B(r) + C(r)(dr)?

, (3.53)
+B(r)r2[(d0)? + sin20(d¢)?] ,

where



N =02(1-_a_ r:Kz(”)
40y - 2(1- g5 ) B0y - £

o0 = (1-gh5) won- oy (176 ).

D(r) = Q( K?r) )//,K/(r) 2 dK(r)/dr.f'(r) £ df(r)/dr,
K(r) = p(r) —lal,
a<0.
.

Remark 3.3.Note that the coordinates ¢ = x°/c and r are time and space
coordinates, respectively, only if

-4 >0, (1— K) (K')? - (1— K)(f)2>o
In the Cartesian coordinate system {x*;u = 0,1,2,3} with
x! = rcos¢sinf,x? = rsingsind,x> = rcos0,
the metric (3.53)-(3.55) takes the form
ds? = gudx*dx"
with g, given by
goo =-A4, gou= —D% , Zap = B5"ﬁ+Cxl;—)2€ﬁ .

From Eq.(3.54) one obtain
_ o2 P _ (p(r) —la))?
A(r) = Q ( \a!> , B ,

p(r) - p2(r)
(o0 =lal) O =1aD® [ p@) oo
e ( () ) () (p<r>—|a|)(f(”)’
_ p(r)
D) = ( B ||)f<r>f<r> dfr)dr

Regularizing the function (p(r) — ||)™" above gorizon (under condition p(r) — |a| > 0)
such as

p(r) —lal 2 0 :

(o) ~1al) ™ = (petr) —la) ™ = (Jo2) + € ~lal)

with € € (0,1] from Eq.(3.59)-Eq.(3.60) one obtains

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)



AL(r) = QZ(%) . B(r) = (pe(r) —|a])”®

Pe(’”)— pg(”) ’
oy _ (LD =1al _ (pe) —aD® [ pe(r) ')? 3.61
cir = (2 ) - - (G2 Jeer e

PN pe(r) ' () A
DG(V) = Q(m)/ (I"),f (I") = df(r)/dr

Regularizing the function (ja| — p(»)) ™ below gorizon (under condition |a| — p(r) > 0)
such as

la| — p(r) = 0 :
(lal = p) ™" & (al —pe()) = (ja| =P+ )" (3.62)

with € € (0,1] from Eq.(3.59),Eq.(3.62) one obtains

Ac(r) = —QZ(M’)&), B:(r) = M’

= pe(r) pg(lf)
() — _ lal = pe(r) _(|a|—p€(r))2 pe(r) / 2 3.63
Celn) ( pe() ) 220 +(|a|—p€<r>)(’((’””’ G.63)
De(r) = —Q(%)/ ) (F) 2 A

Remark 3.4. Finally the metric (3.57) becomes the Colombeau object of the
form

(afsﬁ)€ = (g,i;v(e)abc“d)cv)€ (3.64)
with g, (e) given by

Zoo(€) = —AE(r), i l€) = -DE(r)<T,

N N B L gy xOxP (3.65)
8ap(€) = Be(r)o® + Ce(r) =5~ .
Using now Eq. A2 one obtains that the Colombeau curvature scalars (R*(¢))_ in
terms of Colombeau generalized functions (4¢(r)) ., (B<(r)),,(Ce(r)) ., (De(r)), is
expressed as
(R*(e)), = e _ 9ae? __ 2ae? 3
( [(2 1 e _ |a|> (2 +e)T P22 +ed)?
‘ (3.66)

(R—(G)) _ _ r’ + € |: 9ae? _ 2a€? :|
e (JPve —a) L (2+e)?  rPereed)?

Remark 3.6. Note that (i) on horizon r = a« Colombeau scalars (R*(¢))_ well
defined and becomes to infinite large Colombeau generalized numbers



(R™(e)), =
2, 2 2 2 [
a‘+e . 9ae — - 2ae . =7a‘2(€‘2)€ e R,
A\ {a+@-a) L@+e)?  a@+e) (3.67)
(R7(e)), =
B a*+é? . Oae? _ 2ae? . =-Ta?(e?), € R
(J@+e —@) L@+rert  rervent
.

(i) for » + a Colombeau scalars (Ri(e))€ well defined and becomes to infinite
small Colombeau generalized numbers (R*(¢))_ = £(e?)..

Using now Eq. A2 one obtains that the Colombeau scalars (Ri’”(e)Riv(e))g in
terms of Colombeau generalized functions (4 (7)), (Be ()., (C(r)),, (De(r)), is

expressed as

( (R (€)R%,(€)), =

+ (* +€2)? i|: 3ae? :|2 2a€? N
(e @) L 2Lerers | rereen)? (3.68)

2
) 3ae> ae?
(l”2+€2)% r2(r2+€2)% .

Remark 3.7. Note that (i) on horizon r = a Colombeau scalars (R*"(€)R},(€)),
well defined and becomes to infinite large Colombeau generalized numbers, (ii) for
r + a Colombeau scalars (Ri(e))6 well defined and becomes to infinite small
Colombeau generalized numbers.

Using now Eq. A2 one obtains that the Colombeau scalars (R*°*"(€)Rjq, (€)),

in terms of Colombeau generalized functions (4:(r))_, (B(r)) ., (Ce(r)),, (De(r)), is
expressed as

A

(Ripo-,uv (G)Ria,uv (G) ) c

2
124” 6|:1+ ae’ i:| ¥
(,/r2+€2 —|a|> (r* +€?)?

2
T 4a’ |1+ ac? : . %ez _— 9¢? |+ (.69
(Ve ~al) (P+e)? | L) (e

4t 8l¢* J

22
(,/r2+€2 —|a|>4 |:V4(I"2+€2) (r? +e€*)’




Remark 3.8. Note that (i) on horizon » = a Colombeau scalars
(R*71(€)R56,(€)) , well defined and becomes to infinite large Colombeau

generalized numbers, (ii) for » + a Colombeau scalars finite

(R*#() Ry (€)), = — 12— (3.70)
< @ —la))
and tends to zero in the limit » - oo.
Remark 3.9. Note that under generalized transformatios such as

2 2 2 2 _
dt = (d[ e 2m }g) +<"’” < 2mdvg> , (3.71)

and

r r

dt = (d[ 2m—yr* + e ng> +<2’”_"’”2+€2 dvg> , (3.72)

the metric given by Eq.(3.61)-Eq.(3.64) becomes to Colombeau metric of the form

dst? = FA*(r,e)(dvi)? — 2vEDE(r,e)dvidr + [B*(r,e) + CT(vE,r,e)](dr)? + 3.73)
+BE(r,)r2[(d)? + sin®0(d$)?]. '

4. Quantum scalar field in curved distributional
spacetime

4.1 Canonical quantization in curved distributional spacetime

Much of formalism can be explained with Colombeau generalized scalar
field.The basic concepts and methods extend straightforwardly to distributional
tensor and distributional spinor fields. To being with let’s take a spacetime of
arbitrary dimension D, with a metric g, of signature(+ —...—-). The action for the
Colombeau generalized scalar field (¢.), € G(M) is

(Ss)g - (J de%\/@(géwau(PsaMDS) - (m2 + RS)(P§> . 4.1)
M

&

The corresponding equation of motion is
([Oe + m? + SR:1pe) € € (0,1]. (4.2)
Here
@e02), = (lgol " 0ulgs| et 00 ) - (4.3)

With 7 explicit, the mass m should be replaced by m/h. Separating out a time
coordinate x°, x* = (x°,x%),i = 1,2,3 we can write the action as

(5, = (Ja'ze) o), = (favixe.) . (4.4)
The canonical momentum at a time x° is given by
(m:(x)), = (BL:/5(B0p:(x))), = (he|"*n*0ups(x)) (4.5)

where x labels a point on a surface of constant x°, the x° argument of (¢.), is



suppressed, n* is the unit normal to the surface, and (|4.|), is the determinant of
the induced spatial metric (4;(¢)),. To quantize, the Colombeau generalized field
(p:), and its conjugate momentum (z.(x)), are now promoted to hermitian
operators and required to satisfy the canonical commutation relation,

([(Dg()_C),ﬂ'g()_/)])g = ihaD_l(-x:.)_}):g € (0’1] (46)
Here di‘lyéD‘l(;_c,)_z)f(;_/) = flx) for any scalar function /' € D(R?), without the use of

a metric volume element. We form now a conserved bracket from two complex
Colombeau solutions to the scalar wave equation (4.2) by

(<(P8,¢e>)g = (Idzﬂg> ,& € (0,1]. 4.7)

where
(fg((PSa(lSe))g = (i/h)<|g8|l/2ggv(§_0gavfbs - §Dsavag)>g- (4.8)
This bracket is called the generalized Klein-Gordon inner product, and ({(¢.,¢:)),
the generalized Klein Gordon norm of (¢.),. The generalized current density
(jé‘((pg,d)g))g is divergenceless,i.e. (8ujé‘(<pg,¢8))g = 0 when the Colombeau
generalized functions (¢.), and (¢.), satisfy the KG equation (4.2), hence the
value of the integral in (4.7) is independent of the spacelike surface X over which it

is evaluated, provided the functions vanish at spatial infinity. The generalized KG
inner product satisfies the relations

(9er9)), = ~(,.0,)), = (be,0:)),.€ € (0,1]. (4.9)
We define now the annihilation operator associated with a complex Colombeau
solution (¢.), by the bracket of (¢.). with the generalized field operator (¢.), :
(a(@:)), = (Ps,02)),- (4.10)

It follows from the hermiticity of (¢.), that the hermitian conjugate of (a(¢.)), is
given by

(@'(9:)), = —(a(4,)),- (4.11)
From Eq.(4.5) and CCR (4.6) one obtain
(la(pe).a’(9:)]), = (@e.Pe)).- (4.12)
Note that from Eq.(4.11) follows
(la(pe),a(d:)]), = ~(9e.9,)) . ([@'(@e),a'(9:)]), = ~(D,.$:)) (4.13)

Note that if (¢.), is a positive norm solution with unit norm hf with, then (a(¢:)),
and a'(¢.) satisfy the commutation relation ([a'(¢:),a(¢.)]), = 1. Suppose now

that |'¥') is a normalized quantum state satisfying (a(¢.)|¥)), = 1, then for each n,
the state |n, V) = ((1/\/n!)(a(¢g))"|‘l‘>>g is a normalized eigenstate of the number

operator (N[(¢:)]), = (a'(p:)a(ep.)), with eigenvalue n. The span of all these states



defines a Fock space of the distributional (¢.), - wavepacket “n-particle excitations”
above the state |V). If we want to construct the full Hilbert space of the field theory
in curved distributional spacetime,how can we proceed? We should find a
decomposition of the space of complex Colombeau solutions to the wave equation
(4.2) S into a direct sum of a positive norm subspace S, and its complex conjugate
Sp, such that all brackets between solutions from the two subspaces vanish. That
is, we must find a direct sum decomposition:

S =8§, &S, (4.14)
such that
(e 9:)), > 0,Y(9;), € Sp (4.15)
and
(@e,9:)), > 0,V(0e),, (9:), € Sp. (4.16)

The condition (4.15) implies that each (¢.), in S, can be scaled to define its own
harmonic oscillator sub-albegra. The second condition implies, according to (4.13),
that the annihilators and creators for (¢.), and (¢.), in the subspace S, commute
amongst themselves:

([a(p:),a(d:)]), = ([a'(pe),a'(9:)]), = 0. (4.17)

Given such a decompostion a total Hilbert space H for the field theory can be
defined as the space of finite norm sums of possibly infinitely many states of the
form

(@ ($1s)...a" ($0)|0)),, (4.18)
where |0) is a state such that (a(¢,.)[0)), = 0 for all (¢.), in S,. The state |0), as in
classical case, is called a Fock vacuum and Hilbert space H is called a Fock space.

The representation of the field operator on this Fock space is hermitian and
satisfies the canonical commutation relations in sense of Colombeau generalized
function.

4.2 Defining distributional outgoing modes

For illustration we consider the non-rotating,uncharged d-dimensional SAdS BH
with a distributional line element

(ds2), = (—fgdtz 4 f;ler) +12dQ2 .6 € (0,17, (4.19)
where

Je # 0,6 € (0,1],
2 d-3 (4.20)
foo = 1+ o5 = T,
where dQ? , is the metric of the (d — 2)-sphere, and the AdS curvature radius
squared L? is related to the cosmological constant by L? = —(d - 2)(d — 1)/2A. The

parameter r, is proportional to the mass M of the spacetime:



M = (d—2)A42r33/16m, where A4, =274 V2/T[(d - 1)/2]. The distributional
Schwarzschild geometry corresponds to L - «. The corresponding equation of
motion (4.2) for massless case are

@-2)y
H =
(V.UV (pfs)g 4(d ) ( 8)85
4.21
(Gew), + A(geuv), = 8TG(Te ), ( )
(Tev) ~6(x).
The time-independence and the spherical symmetry of the metric imply the
canonical decomposition
i \le,s(r) Ylm (9)
(0.0, = (3, Tl @ ) “.22)
where Y;,(0) denotes the d-dimensional scalar spherical harmonics, satisfying
AQi2Yim(0) = —I(l+d —3)Ym(0), (4.23)
the Laplace-Beltrami operator.Substituting the decomposition (4.22) into Eq. (6)
one get a radial wave equation
dZ\P m.g d\P m,e
(ﬁTw wfofe Pinell) s 2 - Vz,n,g(m)%m,g(r)) = 0. (4.24)
We define now a “tortoise” distributional coordinate (), = (v;(r)), by the relation
dr;
( 4 ) ('®) . (4.25)
By using a “tortoise” distributional coordinate the Eq.(4.24) can be written in the
form of a Schrodinger equation with the potential V', . (7)
(L) (@ - rewi, =0 (4.26)

Note that the tortoise distributional coordinate (r;(r)), becomes to infinite
Colombeau constant [(#;(r+)).] = [(Ing),] at the horizon, i.e. as » - r,, but its
behavior at infinity is strongly dependent on the cosmological constant:

[(ri(ry)),] = +oo for asymptotically-flat spacetimes, and [(r;(r;)).] = finite
Colombeau constant for the SAdS,; geometry.

4.2.1. Boundary conditions at the horizon of the distributional SAdS BH
geometry.

For most spacetimes of interest the potential (V.(r;(r))), = 0asr =r,, i.e.

(|r£(r)|), = +o0, and in this limit solutions to the wave equation (4.26) behave as

(W (t,r)) ~(exp[—ia(t £ rE(r))]),, @S r~r.. (4.27)

Note that classically nothing should leave the horizon and thus classically only
ingoing modes (corresponding to a plus sign) should be present,i.e.

(We(t,7f)) ~(exp[—iw(t+75(r))]),, as r~r,. (4.28)



Note that for non-extremal spacetimes, the tortoise coordinate tends to

(), = ( [ fg_l(r)dr);[ (fg’ (r+)>£ }_1(111(;;»— ri|+€)), as rr, (4.29)

where (fé(m)) > (0. Therefore near the horizon, outgoing modes behave as

(exp[—iw(t —ri(r))]), = {(exp[-iwv;(t,r)]), }(exp[-2i0r;(r)]), =

= {(exp[-iwv; (1, r)])g}{(ﬂr —ry| + s]mﬂ(h)) g}, (%.30)

where (vi(t,r)), = t+ (r;(r)),. Now Eq. (4.30) shows that outgoing modes is
Colombeau generalized function of class G(R).

5. Energy-momentum tensor calculation by using
Colombeau distributional modes

We shall assume now any distributional spacetime which is conformally static in
both the asymptotic past and future. We will be considered distributional spacetime
which is conformally flat in the asymptotic past,i.e.

dsi ~ (f3n(—dt* + dx?)) asymp. past
ds?

e (5.1)
~ (2 ou(—df* + hyydxidy')) ., asymp. future

where ¢ € (0,1] (fz4), = (fg,J(t,Kc’))(g > 0,J € {in,out}, are smooth functions and
heij = hei(x),1,j = 1,2,3, are the components of an arbitrary distributional spatial
metric. Note that we use the same labels r and ¥ = (x!,x2,x?) for coordinates in the
asymptotic past and future only for simplicity; they are obviously defined on
non-intersecting regions of the spacetime.) In each of these asymptotic regions the
distributional field (®. ), can be written as (®;), = (CT)S/fg,J)S, where ((i)g)g satisfies
2~ ~ ~

_(% ) = —(Aa®y) + (Vead,) (5.2)
where (A.»), is the flat Laplace operator, (A...), is the Laplace operator
associated with the spatial metric (%;),, and the effective potential V', is given by

Vea), = (%i—{”) + (f.jJ(m2 +§R£)>‘s -

Asta,J

(1- 65)(T)8 T m2<f82"]>8 + E(Kea),,

with (K¢.in), = 0, Keowr = Ke0u(X) the scalar curvature associated with the spatial
distributional metric (4. )..

We assume now this condition: (i) the massless (m = 0) field with arbitrary
coupling £ in spacetimes which are asymptotically flat in the past and

(5.3)



asymptotically static in the future,i.e. f;, = 1 and f; o = f:0u(X), as those describing
the formation of a static BH from matter initially scattered throughout space, and (ii)
the massless, conformally coupled field (m = 0 and & = 1/6). With this assumptions
for the potential, two different sets of positive-norm distributional modes,

(ug) and (vf;ﬁi) , can be naturally defined by the requirement that they are the
solutions of Eq.(5.2) which satisfy the asymptotic conditions:

(uij—;f? )8 p:st (167[3602)71/2 e_i(th_z‘a( ;i}q )g (54)
and
(H2), = Qo) e ™ (o Fea®) . (5.5)

where % € R?, wp = I, e > 0, and (F:«(x)), are Colombeau solutions of

([_Ag,out + Va,ou[@]Fs,a®)g = wé(Fa‘,a(z))ga

5.6
(Fea®),|,, € C*(R?) G0

satisfying the normalization

(S Fg,a@*pgﬁ(}j)g = Sup (5.7)

out

on a Cauchy surface X, in the asymptotic future. Note that each F.,,e € [0,1] can
be chosen to be real without loss of generality. There are reasonable situations
where the distributional modes (vgfo?) , given in Eq. (5.5), together with

distributional modes <V,g‘,_02> fail to form a complete set of distributional normal

modes. This happens whenever the operator ([-A;ou + Vg,ou,(}’)])g in Eq. (5.2)
happens to possess normalizable i.e., satisfying Eq. (5.7) eigenfunctions with
negative eigenvalues, w2 = —Q2 < 0. In this case, additional positive-norm modes
(w&l)g with the asymptotic behavior

(+) Qut—in/12 —Qqt+in/12 F &a@
We,a =< (e + e ) (5.8)
( € future < ‘/2Qa fg,om(}’) >g

and their complex conjugates <w§f3> are necessary in order to expand an arbitrary

Colombeau solution of Eq.(5.1) As a direct consequence, at least some of the
in-modes (“S?)S (typically those with low ;) eventually undergo an exponential

growth.This asymptotic divergence is reflected on the unbounded increase of the
vacuum fluctuations,

. Kezfzz Fs(}) 2 .
(@:())), Mol Te) [(fg,ou;(}?)j [1+O(e™ )], (5.9)

where F(¥) is the eigenfunction of Eq. (5.6) associated with the lowest negative
eigenvalue allowed, @2 = -Q2, ¢ is some positive constant, and « is a
dimensionless constant (typically of order unity) whose exact value depends
globally on the spacetime structure (since it crucially depends on the projection of




each (ufﬁ) on the mode (wfﬁ?) whose @2 = —Q?; k also depends on the initial

state, here assumed to be the vacuum |0), ). As one would expect, these wild
quantum fluctuations give an important contribution to the vacuum energy stored in
the field. In fact, the expectation value of its distributional energy-momentum
tensor, ((T:w(x))),.€ € (0,1], in the asymptotic future is found to be dominated by
this exponential growth:

" ]
(@), = @i {9522 (@ L gl + k. )
3 26D, (Df.)?  Df.D'F 60
(TG, -
2 ap 7 oD . y (5.11)
«@a@»g}{u—4@(—?§—)g 0—6@( b )8+0w )},
(<T8,ij®>)g f*
{«®ﬁ@»;{0—2@(£2%§£5>-42(2%¥3> +&(Res)
_ .. _ T, 2
L fM”GY‘(@%)‘m%‘ﬂ?>) 65.12)
o[ (DEDS  DDF  DADIF,
+ 6@[( 7 fF. fE. >g+

.. 2§D2f6 _ (Dfs)z kaDkFS —€t
+mwg( oL ORE, DiE l}+0w )

where D; is the derivative operator compatible with the distributional metric (4.),
(so that A,,, = D?), (?2’5,,-]-) is the associated distributional Ricci tensor so that

Keour), = (h?ﬁg,ij)g, and we have omitted the subscript out in (f:0u), and (K¢ ou),

for simplicity. The Egs. (5.10-5.12), together with Eq.(5.9), imply that on time scales
determined by Q', the vacuum fluctuations of the field should overcome any other
classical source of energy, therefore taking control over the evolution of the
background geometry through the semiclassical Einstein equations (in which
((Teuw)), is included as a source term for the distributional Einstein tensor). We are
then confronted with a startling situation where the quantum fluctuations of a field,
whose energy is usually negligible in comparison with classical energy
components, are forced by the distributional background spacetime to play a
dominant role. We are still left with the task of showing that there exist indeed
well-behaved distributional background spacetimes in which the operator

[(—Agou + Vg,om(}’))g] possesses negative eigenvalues @2 < 0,condition on which



depends Eq(5.9). Experience from quantum mechanics tells us that this typically
occurs when (V...), gets sufficiently negative over a sufficiently large region. It is
easy to see from Eq. (5.3) that, except for very special geometries (as the flat one),
one can generally find appropriate values of & € R which make (V../), as negative
as would be necessary in order to guarantee the existence of negative
eigenvalues. For distributional BH spacetime using Eq.(5.9)-Eq.(5.12) one obtains

i B 2
D2(r = Ke_mt rPEy(r) 7> Ty 5.13
(@0, - = K<(rr+)2+gz>m g (5.13)

(<T8,00(r>)g =

future

1-4¢) (= DF:(r.))?
<(<q>z(r>>)g}{—( ) (Qz ¢ L)) (<:+)>>

+ m? <(r —r)? + 82> V2 EK,

&

2D%,(1) (Df(r))’ DD,
1-68)| - _ ,
! §)< rr+e)" (rt )™ (e i) e >}

r—rfe(r) = <(r—r+)2 +82>1/4

(5.14)

(Te0i(r))), =

future

<(<®z(r>>)g}{<1—4é>(%;f;+)) _<1_6g><<(rfi’3){f;>”4> } (5.15)

o rnfolr) = (-r)?+ )"

A

(T (), =

future

DiF:D,F D;D,F; ~
{(@g(’””)g}{(l_2‘5)(1'«“—%)5_25( - )g+§(Rg,y)g

+ (1 _ig)hlj (QZ _ ( (Djfg((::)))z _m2<(},_ }"+)2 + 82> 2 §K8>8>

_ _ (5.16
+(1=65) Do 12 DL [Zr Dib 127 +
((r—r+)2+82> ((r—r+)2+82> F. <(}"—7‘+)2+82> F. ),

+(Rei) 2D, - (Dfe)’ + Dyf:D'F;
Mg <(7‘—F+)2+82>1/4 2((}"—}”+)2+82>1/2 <(F—V+)2+82>1/4Fg g >

r—ri.



Remark 5.1.Note that in spite of the unbounded growth at » - 7, in
Eq.(5.13)-Eq.(5.16), ((T:w)), is covariantly conserved: (VH<T€,V>)8 = 0. In the static
case (frou), = (feou()),, for instance for distributional BH geometry, this implies
that the total vacuum energy is kept constant, although it continuously flows from
spatial regions where its density is negative to spatial regions where it is positive.

Remark 5.2. Note that the singular behavior at » - r, appearing in
Eq.(5.13)-Eq.(5.16) leads only to asymptotic divergences, i.e. all the quantities
remain finite everywhere except horizon.

6. Distributional SAdS BH spacetime-induced vacuum
dominance

6.1. Adiabatic expansion of Green functions

Using equation of motion Eq.(5.2) one can obtain corresponding distributional
generalization of the canonical Green functions equations. In particular for the
distributional propagator

iG; (x,x") = (0|T(@: (x)p:(x'))[0),e € (0,1]
one obtains directly
([ + m? + ER*(x,6)]GE(x,x")), = —[-g*(x,8)] 6" (x —x").

Special interest attaches to the short distance behaviour of the Green functions,
such as (G (x,x")), in the limit [x —x'|| - 0 with a fixed & € (0,1]. We obtan now an
adiabatic expansion of (G;(x,x")),.Introducing Riemann normal coordinates y* for
the point x, with origin at the point x* we have expanding

(&5 (0,2)), = v+ 5 [ Rip(e)), 07 = ¢ [ R (1), Iy +
+[ % (Riavpys(€)), + % [(RZ,p (), |(R7%(e)), :|yayﬂyyy6 .

where 1, is the Minkowski metric tensor, and the coefficients are all evaluated at
y = 0. Defining now
(&), = [ (Cehten™) |G,
and its Colombeau-Fourier transform by
(L5, = @m) " ([ ke i)

where ky = n%k,y5, one can work in a sort of localized momentum space.
Expanding (6.2) in normal coordinates and converting to k-space, (£;(k)), can
readily be solved by iteration to any adiabatic order. The result to adiabatic order
four (i.e., four derivatives of the metric) is

6.1)

(6.2)

(6.3)

(6.4)

(6.5)



(L: ), = @ -m) " = (L-g)e -m) > ®E@)), +
(L -g)orw -m) P Rie)), - (6.6)
L@, Jowor e - w7 + [ (£ -8) ®RE@), + 2 (@), [0 -m»)”
where 0, = 0/0k*®,
(azp(e)), = (3= &) Rip(@), + g Rin()), - 1o (Rap' @) -
5| (R @) [®isen, + &5 (R @) |Raen), +
v (R@) | Reupte)),,

(6.7)

and we are using the symbol = to indicate that this is an asymptotic expansion. One
ensures that Eq.(6.5) represents a time-ordered product by performing the &°
integral along the appropriate contour in Pic.3. This is equivalent to replacing m? by
m? — ie. Similarly, the adiabatic expansions of other Green functions can be
obtained by using the other contours in Pic.3.Substituting Eq.(6.6) into Eq.(6.5)
gives

(L:(x,x")), = @m)™" x
G d”ke""y[aﬁ(x,x’;s) + cﬁ(X,x';s)(— 0 ) + a%(x,x’;s)( 622 )2J(k2 - mz)_l) (©5)

2
om c

where

(ap(x,x5e)), =1 (6.9)

and, to adiabatic order 4,
(a1(x,x'32)), =
LR, - L(L -9, b - L@, ! (6.10)
(@330, = T (L - ®2@)), + L (%),

with all geometric quantities on the right-hand side of Eq.(6.10) evaluated at x'.



-
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Pic.3.The contour in the complex k°plane C
to be used in the evaluation of the integral
giving £". The cross indicates the pole at
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KO = (k| +m?) ",
If one uses the canonical integral representation

(K2 —m?+ie)”" =i j dseistk2-m?+ic) 6.11)
0
in Eq.(6.8), then the d"k integration may be interchanged with the ds integration,
and performed explicitly to yield (dropping the ie)
*© !
(Li(x,x")), = —i(4m)™"? (j ids(is) ™" exp|:—imzs + —G(;C;,: ) :|3:§(x,x/;is)>

0 (6.12)

&

o(rx') = Ly,

The function o(x,x") which is one-half of the square of the proper distance between
x and x', while the function (¥ .(x,x';is))_ has the following asymptotic adiabatic
expansion

(FEx,x'sis)), = (a5 (x,x';6)), +is(ai(x,x";€)), + (is)*(a3(x,x";€)), +... (6.13)
Using Eq.(6.4), equation (6.12) gives a representation of (G (x,x")), :
(G (x,x')), =

o0

—i(47[)n/2<|: (Ai/z(x,xl;8)>8:|jids(is)"/Zexp|:_im2S+ o-(;;;,) :|3‘-g(x,x’;is)> (6.14)

0

where (A:(x,x';¢)) is the distributional Van Vleck determinant
(As(x,x's6)), = ~det[0,0,0(r.x)] ([0 £)g" ()] ™) (6.15)
In the normal coordinates about x’ that we are currently using, (A+(x,x";¢)),
reduces to ([—gi(x,e)]‘m)g.The full asymptotic expansion of (F#(x,x';is)) to all
adiabatic orders are



(Fir.x'sis)), = D (isY (ai(x.x'€)),
j=0

with (a5 (x,x";¢)), = 1, the other (a}—r(x,x';s))g being given by canonical recursion
relations which enable their adiabatic expansions to be obtained. The expansions
(6.13) and (6.16) are, however, only asymptotic approximations in the limit of large
adiabatic parameter T.

If (6.16) is substituted into (6.14) the integral can be performed to give the
adiabatic expansion of the Feynman propagator in coordinate space:

- 12 . - t ' o_Y
(G:(wx")), = ~(dri) /2<A+ (xie) 27 (e'io)(~g0r ) =

[ s omor)]

which, strictly, a small imaginary part ie should be subtracted from ¢.Since we have
not imposed global boundary conditions on the distributional Green function
Colombeau solution of (6.2), the expansion (6.17) does not determine the particular
vacuum state in (6.1). In particular, the "ie" in the expansion of (G;(x,x"))_ only
ensures that (6.17) represents the expectation value, in some set of states, of a
time-ordered product of fields. Under some circumstances the use of "ie" in the
exact representation (6.14) may give additional information concerning the global

nature of the states

6.2. Effective action for the quantum matter fields in

curved distributional spcetime

As in classical case one can obtain Colombeau generalized quantity (W),
called the effective action for the quantum matter fields in curved distributional
spcetime, which, when functionally differentiated, yields

2 SWe \ _
( (—g(e))™ 0¢"(e) ) = (Tw(®))),

To discover the structure of (W), let us return to first principles, recalling the
Colombeau path-integral quantization procedure such as developed in []. Our
notation will imply a treatment for the scalar field, but the formal manipulations are
identical for fields of higher spins. Note that the generating functional

(Z:[3:)), = (J.D[gog]exp{iSm(e) + iJJs(x)QDS(x)d"x})g

was interpreted physically as the vacuum persistence amplitude ((out.,0[0,in,)),.
The presence of the external distributional current density (J.), can cause the
initial vacuum state (|0,in.)), to be unstable, i.e., it can bring about the production
of particles. In flat space, in the limit (J.), = 0, no particles are produced, and one
have the normalization condition

(6.16)

(6.17)

(6.18)

(6.19)



7.000). = ([ Dio:1expdiSme) + i [ Jo()pa(x)a" ‘ = (0,05)), = 1. (6.20
2:00]), = ([ DlocTexp{iSm(e) +i [ JoeCdx} ) | = (0:l0:)), = 1. (6.20)
However, when distributional spacetime is curved, we have seen that, in general,
(10,0ut;)), + (|0,in.)),, (6.21)
even in the absence of source currents J. Hence (6.19) will no longer apply.
Path-integral quantization still works in curved distributional spacetime; one simply
treats (Sm(¢)), in (6.19) as the curved distributional spacetime matter action, and
(J«(x)), as a current density (a scalar density in the case of scalar fields). One can
thus set J. = 0 in (6.19) and examine the variation of (Z.[0]), :
(0Z:[0]), = iJ.D[gog]&S'm(S)exp[iSm(ng;S)] = i((out,0[0Sm(€)|0,in;)).. (6.22)
Note that
5Sm
. 5 W(E) = (Tw(€)),. (6.23)
(-ge))> 98"(€) ]
From (6.22) and (6.23) one obtains directly
2 OZOL ) jout,, 0T (2)/0,in,)), (6.24)
(-g(e))7 98"() J,
Noting that the matter action Sw(¢) appears exponentiated in (6.19), one obtains
directly
Z:[0] = (exp(iWe)), (6.25)
and
(exp(W¢)), = —i(In{out,0]0,in;)).. (6.26)
Following canonical calculation one obtains
(Z£10]), o ([det(-G(x,x"))]?) (6.27)
where the proportionality constant is metric-independent and can be ignored. Thus
we obtain
(W), = -i(InZ£[0]), = —5 (r[In(-G%) ]) . (6.28)
In (6.28) (Gg)g is to be interpreted as an Colombeau generalized operator which
acts on an linear space 3 of generalized vectors |x), normalized by
(), = 86 =x) (=g )] ) (6.29)
in such a way that
(Gix.x)), = (WIGEK")) .- (6.30)

Remark 6.1.Note that the trace tr[ ] of an Colombeau generalized operator
(R.), which acts on a linear space J, is defined by



(tr[.), = ([ dxlg®(ee)) o) = ([ amalg* o)) (i Raalt'))

Writing now the Colombeau generalized operator (Gf)g as

(62), = ~Fi ), = —i( [ dsexp[—sﬂfz]> ,
0 ¢

& &

by Eq.(6.14) one obtains

((x|exp[-sF:]x')) =
i(47r)_"/2[ (Af%x,x’;s))g}exp|:—im2s ;2 ;;.;C,)

:|37§(x,x’; is) (is) ™"

Now, assuming (¥ ), to have a small negative imaginary part, we obtains
(j ds(is)liexp[ssfg]> = (Bi(-iAF})),
A &

where Ei(x) is the exponential integral function.
Remark 6.2.Note that for x - 0
Ei(x) = vy + In(—x) + O(x)

y is the Euler’s constant. Substituting now (6.35) into (6.34) and letting A - 0 we
obtain

(ln(—éﬁ))g = —(In(F,)), = (J dsexp[SéFZ](is)l> ,
0

&€

which is correct up to the addition of a metric-independent infinite large Colombeau

constant Q € R that can be ignored in what follows. Thus, in the generalized De
Witt-Schwinger representation (6.33) or (6.14) we have

(@ln(=G)R"), = ( [ Gz(x,x/;m%dmz) :

m

where the integral with respect to m? brings down the extra power of (is)~! that
appears in Eq.(6.36). Returning now to the expression (6.28) for (#7), using
Eq.(6.37) and Eq.(6.31) we get

w5, - %[(jd"x[g%x,g)]%)g}(hrg T G;(x,x/;mZ)dm2>

Interchanging the order of integration and taking the limit x —» x’ one obtains

&€

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)



), = (jdm jd" o (x,)] G;(x,x;m2)>. (6.39)

Colombeau quantity (#7), is colled as the one-loop effective action. In the case of
fermion effective actions, there would be a remaining trace over spinorial indices.
From Eq.(6.39) we may define an effective Lagrangian density (L: err(X)) DY

w2, = (Jal-g" o) L) ) (6.40)

whence one get

X=X
m

(L), = (2 (e)] L r(x) = <1lmfdm2G+<xxm>>. (6.41)

6.3. Stress-tensor renormalization

Note that (Lz(x)), diverges at the lower end of the s integral because the o/2s
damping factor in the exponent vanishes in the limit x —» x'. (Convergence at the
upper end is guaranteed by the —ie that is implicitly added to m? in the De
Witt-Schwinger representation of (L;(x)).. In four dimensions, the potentially
divergent terms in the DeWitt- Schwinger expansion of (Lz(x)), are

( (L)), =

b (32%2)1<lin} [(A@xe) j&exp[—zm s+ (xl;“)} (6.42)
x[ag(x,x';e) +isat(x,x; ) + (is) a3 (x,x' ;s)])g

\\§

where the coefficients af, at and aF are given by Eq.(6.9)-Eq.(6.10). The remaining
terms in this asymptotic expansion, involving a3 and higher, are finite in the limit
x - x'.

Let us determine now the precise form of the geometrical (L aiv(x)), terms, to
compare them with the conventional gravitational Lagrangian that appears in
(2.38). This is a delicate matter because (6.48) is, of course, infinite. What we
require is to display the divergent terms in the form o x [geometrical object]. This
can be done in a variety of ways. For example, in » dimensions, the asymptotic
(adiabatic) expansion of (L: etr(X)) 1S

e

(Lg;eff(x))g =

2-1(4n)™"? (hm I:(Al/z(x,x’;s)>8:| zw:aj(x,x/;g) x

. = (6.43)

- s oN—1-n/2 2 o(x,x)
XJldS(lS) exp|: im=s + —5—

0




of which the first n/2 + 1 terms are divergent as ¢ — 0. If n is treated as a variable
which can be analytically continued throughout the complex plane, then we may
take the x - x' limit

e

(Lie(x)), = 27'(4m)™"? (Z aj(xe) [ ids(isy ™" exp[—im2s1> =

J=0 0

< i . (6.44)
271 (4m) " Y i) (m?) T (- 1),
j=0
L aj(x;e) = aj(x,x;¢).
Eq.(6.44) follows we shall wish to retain the units of L (x) as (length)™, even
when n # 4. It is therefore necessary to introduce an arbitrary mass scale u and to
rewrite Eq.(6.44) as
n—4 i Y .
(Lia(x)), = 27 @m) ™2 (1) (ZO aj(x; ) (m?) T - g)) . (6.45)
J= .

If n > 4, the first three terms of Eq.(6.45) diverge because of poles in the I'-
functions:

-
F(—%) - n(n4—2) <4En —)/> +0(n—4),

F(l—%)z (2fn)(43n—y)+0(n—4), (6.46)

F(2—%> = ﬁ—y+0(n—4).

A

.
Denoting these first three terms by (Li;div(x))g, we have

(Lg;div (x) )8 =

T _— (6.47)
(477)_"/2{7414 + %|:y+ln(’;1_22>:|}(|: 4”;(50_();’)8) _ 2mnai(;€,8) +a2(x;8):|)8.

The functions ao(x;¢€),a1(x; &) and a»(x; ) are given by taking the coincidence limits
of (6.9)-(6.10)
e

(a5(x:2)), = 1,
(@ix2), = (L - &) R @),
(a5(32)), = Tag Ripa(e, R (x,8)) | = —d= (REP(x,£)REp(x, 2)), -

_%<% - g)(DRf(x,g))g + %(% — 5)(Ri2(x,8))g-

(6.48)

.
Finally one obtains



(Liren(x)), = — 6417[2 (j‘ ldsln(zs) ¥ [ Fi(x,x;is)e™m ]) (6.49)

&€

Special interest attaches to field theories in distributional spasetime in which the
classical action (S;), is invariant under distributional conformal transformations,i.e.,

(gw(x,€)), » (Qi()gw(x,€)), = (Buw(x,€)),. (6.50)
From the definitions one has

(Sl (o)D), = Sulgh (o)), + (I d”x( PelRitne) )6@@“(&@) 65D

0g*°(x,¢€)

From Eq.(6.51) one obtains

, (6.52)

Ty Plgt(x.€),¢] :—<[ Q) 5Ss[ézv(x,e>]>

—o(x,£)] 7 0Q.(x)

and it is clear that if the classical action is invariant under the conformal
transformations (6.50), then the classical stress-tensor is traceless.Because
conformal transformations are essentially a rescaling of lengths at each spacetime
point x, the presence of a mass and hence a fixed length scale in the theory will
always break the conformal invariance. Therefore we are led to the massless limit
of the regularization and renormalization procedures used in the previous section.
Although all the higher order (j > 2) terms in the DeWitt-Schwinger expansion of
the effective Lagrangian (6.45) are infrared divergent at » = 4 as m — 0, we can still
use this expansion to yield the ultraviolet divergent terms arising from j == 0,1, and
2 in the four-dimensional case. We may put m = 0 immediately in the j = 0 and 1
terms in the expansion, because they are of positive power for n ~ 4. These terms
therefore vanish. The only nonvanishing potentially ultraviolet divergent term is
therefore j = 2 :

£1Q.=1

2‘1(471)_”/2(%)n_4a2(x,e)F(2 -a), (6.53)

which must be handled carefully. Substituting for a,(x) with & = £(n) from (6.48),
and rearranging terms, we may write the divergent term in the effective action
arising from (6.53) as follows
Weai), = 271(4ﬂ)7"/2(ﬂ)n_41ﬂ<2 - )(Jd” x[-g*(x,€)] 17 as(x, 8)) =
6.54
2—1(4n)—"/2(ﬂ)"_4r(2 - —) (j d"x[-g*(x,&)]7 [aFE (x) + ﬁG*(x)]) +0(n—4) (¢
H P

where
(Fa(x)), = (RE0(x,2)REg 5(x,2)), - 2R (x,0)REp(x,2)), + T (RE(x,2)),, 659
(GE()), = (R (x,)Rips(x,6)) '

and



_ 1 p___ 1
%= 150 =360

Finally one obtains

(Ti(x,£)),, = —(1/288072)[ a(Fo(x) — 200R*(x,£)) _+ B(Gi(x)), | =
—(1/288072)[ (Rip,5(x, ) R*P(x,8)) — (Rip(x,&)R*™ (x,6)) —COR*(x,¢) |.

Note that from Eq.(3.42) for » - 2m follows that
(RP ()R poyn(2)), = ([(r=2m)*+22] ) +4@m)*.

Thus for the case of the distributional Schwarzchild spesetime given by the
distributional metric (3.40) using Eq.(6.57) and Eq.(6.58) for » - 2m one obtains

(Th(x,8)).. = —(2880n2)‘1[([(r—2m)2 +e2]™) +4(2m)4:|.

This result in a good agreement with Eq.(5.14)-Eq.(5.16).

8. Conclusions and remarks.

This paper dealing with an extension of the Einstein field equations using
apparatus of contemporary generalization of the classical Lorentzian geometry
named in literature Colombeau distributional geometry,see for example
[11-[2],[5]-[7] and [14]-[15]. The regularizations of singularities present in some
solutions of the Einstein equations is an important part of this approach. Any
singularities present in some solutions of the Einstein equations recognized only in
the sense of Colombeau generalized functions [1]-[2] and not classically.

In this paper essentially new class Colombeau solutions to Einstein fild
equations is obtained. We have shown that a succesfull approach for dealing with
curvature tensor valued distribution is to first impose admisible the nondegeneracy
conditions on the metric tensor, and then take its derivatives in the sense of
classical distributions in space S5, (R?).

The distributional meaning is then equivalent to the junction condition
formalism. Afterwards, through appropiate limiting procedures, it is then possible to
obtain well behaved distributional tensors with support on submanifolds of 4 < 3, as
we have shown for the energy-momentum tensors associated with the
Schwarzschild spacetimes. The above procedure provides us with what is
expected on physical grounds. However, it should be mentioned that the use of
new supergeneralized functions (supergeneralized Colombeau algebras G(R?,%)).
in order to obtain superdistributional curvatures, may renders a more rigorous
setting for discussing situations like the ones considered in this paper.

The vacuum energy density of free scalar quantum field ® with a distributional
background spacetime also is considered.It has been widely believed that, except
in very extreme situations, the influence of gravity on quantum fields should amount
to just small, sub-dominant contributions. Here we argue that this belief is false by
showing that there exist well-behaved spacetime evolutions where the vacuum

(6.56)

(6.57)

(6.58)

(6.59)



energy density of free quantum fields is forced, by the very same background
distributional spacetime such BHs, to become dominant over any classical energy
density component. This semiclassical gravity effect finds its roots in the singular
behavior of quantum fields on curved spacetimes. In particular we obtain that the
vacuum fluctuations (®?) has a singular behavior on BHs horizon r.:

(®%(r))~r — r+|*.We argue that this vacuum dominance may bear importent
astrophysical implications.
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Appendix A.

Expressions for the Colombeau quantities (R({}, (¢))).,
R™ ({1, (€)Rw({},(€))) and (R7*({},(€))Rpow ({},(€)) ) in terms of
(Ae),(Be)e» (Ce) and (De),,€ € (0,1]:

Let us introduce now Colombeau generalized metric which has the form

(ds?), = =(Ae(r)(dx®)?) = 2(De(r)dx’dr) + ((Be(r) + Ce(r))(dr)?),
+(Be(r)r2[(d0)? + sin®0(d$)?])

The Colombeau scalars (R(€)) ., (R*(e)R,v(€)), and (R”°*(€)R popv(€)),, in terms
of Colombeau generalized functions (4¢(r)) ., (Be(r)) ., (Ce(r)) ., (De(r)), is
expressed as

(4.1)



_(Ae[ 2( 54 4Bc | Ac
(R(€))€—(A|:r(2A€ 355t A

2 " Al I / 2
(R™(e)Ryy(€)), = (AE (LA_6_ AAc +LA€B€ +%A€) ) N

A2 2 AB. T T AL
ofAef1(1Ac Ac 5B\, 1 ACetDe 1 ABe
Ag r 2 Ae Ae Be 7"2 AeBe 2 AEBE
1 B 1 BAALTYY
2B 4BA ] ),
A2[ 14l 1A 1 ABL Bl 1 (B
A2 274Ac 4 AAc "2 ABc T B 2\ Bc (4.2)
1B 1 (4 AL L BT
2 BAc T T\ 4. A T 7B o
(R'w'uv(e)RPGuV(E))6 =

A2 (A _LA2A2)2+2A£ (LAQ +LAQB'€)2
AE Ae AeAe AE r Ae 2 eBe

A2 [ 1 ( Ac B A¢ 1 AeBe | B¢
20 [ A\ 4?8, A )t 248 T B
1B\ 1BA T
_E(Be) _TBeAEJ '
Here
(Ac), = (Ac(M)(Be(r) + Ce(r))) + (D)), (4.3) Assume
that
(Ac(), = 1,(Be(r)), = 1,(De(r)), = 0. (4.4)

From Eq.(A.2)-Eq.(A.4) one obtains



!
R, = (-4 s HLe 4],
€

(RW(G)R;!V(G))6 =

(G b)) o[ 26T o ([ da]) - s

(R”"(€)Rpopv(€)) e =

((A’gf +2(A7’€)2 +4(Afr%)2 +2(Ar'€ )2 ) .
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