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ABsTrRACT. We prove some estimates for von Mangold function, second Chebyshev function
and Riemann’s J function by elementary methods.!

1. INTRODUCTION

Using Euler-Maclaurin sum, we demonstrated some estimates for von Mangoldt, second
Chebyshev and Riemann’s J functions.

Our main goal is to estimate
Y(x)
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as Theorem 7, by elementary methods.
2. PRELIMINARIES

Theorem 1. Let vy denotes the Fuler’s constant. Suppose that N and K are positive integers, then
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for 0€(0,1).
Proof. See [1, page 507, Exercise 19]. O

Corollary 2. Let v denotes the Fuler’s constant. Suppose that n is positive integer, then

1
an'erlognJr%fﬁf@m,

for 0€(0,1).
Proof. Set N=n and K =2 in Theorem 1. O
3. THEOREMS

Theorem 3. For n€Z>1 and 0 €(0,1), then

A=Y () Hopa— 530 wld) S+ 5 )G - 25 iy,

d|n d|n d|n d|n

where A(n) denotes the Von Mangold function, p(n) denotes the Mobius function, H,, denotes the
harmonic number and B,, denotes the Bernoulli number.

Proof. We know [1, page 24] that
Z A(d) =logn. (1)
d|n
By Corollary 2 and (1), we have

1 Bs By
> A =Hy=v-g + 55+
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1. 2010 Mathematical Subject Classification. Primary 11A25, Secondary 11A41.
Key words and phrases. von Mangold function, second Chebyshev function and Riemann’s J function.



2 ESTIMATES FOR VON MANGOLDT, SECOND CHEBYSHEV AND RIEMANN’S

FUNCTIONS

for 6 € (0,1). Hence, by Mobius inversion formula, we encounter

An)=>" p(d)Hpya—7> pl(d) —% ,u(d)%-i-% ”(d)z_ere%Z nld) =,

d|n dn d|n d|n dln
ergo, for n > 1, we obtain
1 d  Bs d*
A(n) Z; N(d)Hn/d_§; pld)—+ TZ +9—Z wd) -7
We put
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in (2). This completes the proof.

Theorem 4. For n€ Z>1 and 6 € (0,1), then

oi(n) , o2(n) ,o4(n)
An) < n T T2n? 912077,4’

where A(n) denotes the von Mangoldt function and or(n) denotes the divisor function.

Proof. We easily set the inequalities, for n € Z>1,

n/d
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and

From (3), (4),(5), (6) and Theorem 3, we get

oi(n) | o2(n) ,0a(n)
An) < +Tonz ~ 00T
for n € Z>1. This ends the proof.

Theorem 5. For n€Z>1 and 0 €(0,1), then
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where 1(n) denotes the second Chebyshev function, u(n ) denotes the Mébius function, H, denotes

the harmonic number.

Proof. We put the partial summation, for n < x, with respect to n, in both members of the

Theorem 3 and find

S A=Y udHua 53 S )

n<w n<z dn n<z d|n
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n<z d|n n<z d|n

(7)



On the other hand, we well-know that

Y Am)=y(x). (8)

n<x

Replace the rigth hand side of (8) in the left hand side of (7) and By = %, By=——, we have

EDIDINILLNIEES S u<d>§ (9)

n<z d|n n<z d|n
1
= DL
S D BT b S
n<z d|n n<z dln
Let n— m and x — n. This ends the proof. (|

Theorem 6. For ncZy1, then
1
@< (7 +logn)Hy + 5,

where 1(n) denotes the second Chebyshev function, v denotes the Euler’s constant, logn denotes
the natural logarithm function and H, denotes the harmonic number.
Proof. Now, for x > 1, consider the expressions

>3 =3 wdrgl G| =% @%w(z @t
Sz d<sz d<=

n<z d|n

S =3 wa L] E =3 ) +O<Z u(a) % ) ()
n<z d|n <z d<z d<z
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n<z dln d<z d<z d<z
5 u(d>j—§+0< j—) () L+ O(a):
d<z d<z d<z
S wd) Hupa=Y (d)HLz/dJL%J @ u(d)%JrO(Z |M(d>HLm/dj|> (13)
n<z dln d<z d<z d<z
oS () lzte +o< z/cu)—wz Bl | o)
d<z d<z d<z
and
1 1
By=%,Bi=—. (14)
From (9), (10), (11), (12), (13) and (14), we get
(@) =23 u( HWC” +O(z) - 0(%) (15)

d<z
1 d d? Ox
+Edz<;v wd)7+0 (12) 120 Z P (120)

H[z/dj d 0 d?
=z + 15 Z *mz p(d)—5 +O(a).

d<z d<zx d<z
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Dividing (15) by x, we take

W(x) _ Hiaa) 1 d__0 i

d<z

We evaluate easily the inequality, for z > 1

Hioja) _ 5~ pld) 1 B> By
; )= *; g\l le/dl+ o = o Ve (17)
p(d) pu(d p(d) By 1(d)
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< — - _
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where
p(d) 1
Sl sy,
d<z d<z
Z i )log lx/d]| < Z log =H,logz,
d<z d<z
p(d) p(dd _ 1 1
Z dL:E/dJ\Z dx :cz (d) < Zl ’
d<z d<z d<z d<z
pd) N~ pld)d p(dd _ 1 _1l+a
Z dL:c/dJQ\Z dx? 2 T a2 d= 2z
d< d<z d<z d<z
pd) o~ pd)d - opdd® 1~ s (1)’
Z de/dJ‘i\Z da? _Z 4 = g &= 422
d< d<= d<z d<=
On the other hand, we evaluate
d 1 1+z
Y ez =
Z M(d)xg = $2 d 27 ’ (18)
d<z d<z
a3 1 5 (14+x)2
Do udg<)y ) = (19)
d<z d<z
1 1
By=z Bi=—55 (20)
From (16), (17), (18), (19) and (20), we find
(2) 1 14z ,(1+x)2
< -
o SHe T Haog+ 5 = o O e
l+z  ,(1+x)?
€ —
' 24z 1m0z oW
accordingly, for z > 1, we obtain
Y(z) 1
- <(’y+10g:c)Hz+2.
Let £ —n. This ends the proof. ]

Theorem 7. We have

. x
lim Sup:L"l{)O(T);L'



Proof. We have the following estimate for harmonic number

1
H,~ 1 — 21
e~ g+ o (21)

From Theorem 5 and (21), we obtain

Y(x)

T

logzx 1
—. 22
2z + 2 (22)

<72+2710gx+%+10g2$+

Divide (22) by log?x and let x — oo, as follows

. Y(x) . 72 2~ ~y 1 1
| | 1 =1.
lfisolipz log2 x < et log? x + log = + 2z log T 2z logx + 2log
This completes the proof. O

Theorem 8. For € (0,1) and n € Zx1, then

n m d—1 n m d—1 —_—
P(n) = 2—1 c; M(d)fgm/d] ZO ¢ %Zl %dzl M(d)ZO ¢ (23)
1 n 1 m d—1 Smim 0 n 1 m d—1 P
+EZ WZ /L(d)dz e d fmz WZ u(d)dgz e d
or m=1 d=1 r=0 m=1 d=1 r=0
n m d—1 n m d—1
W(n) = Z Z p(d)H 1] Z COS(27rmr> 7lz iz H(d)z COS(27rmr)
m=1 d=1 d r=0 d 2m:1 md:l r=0 d
1 — 1 «— “! 2mmr 0 = 1 3d_1 2rmr
+§Z WZ u(d)dz cos( p] )mz WZ wu(d)d Z col ( pi ),

where ¥ (n) denotes the second Chebyshev function, u(n) denotes the Mébius functin, H, denotes
the Harmonic number and B,, denotes the Bernoulli number.

Proof. Set the partial summation, for n < x, with respect to n, in both members of the Theorem 3:

S A=Y Y ) -3 3 3 pld)d (24)

n<z n<z dln n<z din
Bs 1 By 1
22N o d)d>+0=2N " —; d)d*.
+2;n2;M(> + 4 — n4;M(>

On the other hand, we know that

S An) = v(a). (25)

n<x

Replace the rigth hand side of the Eq. (25) in the left hand side of the Eq. (24)

b= 30N wdHoa =53 5 pld)d (26)

n<z d|n n<x dln
B 1 9 By 1 n
+5 2 nQ%; p(d)d® + 0= n;ﬁ n4% p(d)d?.

We well-know that

Z € 0, otherwise. (27)

d—1 . .
2mine { d,if d|n;
r=0
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From (26) and (27), it follows that

x n H 5 1 T 1 n d—1 )
n/d 7\'1717‘ 2winTr
:ZZ L”Z P ICOP (25)
n=1 d=1 n=12 d=1 r=0
T n d—1 T n d—1
B 1 2minT By 1 3 2minT
+5° FZ p(d)dy e +0 FZ p(d)d®y " e
n=1 d=1 r=0 n=1 d=1 r=0
Set x — n and m in (28); and, again, put (14) in (28)
n m d—1 n m d—1
_ p(d)H |1 /a) 2mimr ] 1 2mimr
RS DD SLLLITL SRS S DRI Do 2
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e 3
g Dl ey ddY e T — ey Y u(d)dy e
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We well-know that
d—1
2rmr\ _ ) d,if d|m;
= €08 < d > B { 0, otherwise. (30)

m=1 d=1 m=1 d=1 r=0
n m n m d—1
1 1 2mmr 0 1 3 2mmr
2 s dzco( ) o7 D Y @Y cos (2
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This ends the proof. O

Theorem 9. For 6 €(0,1) and n € Zxo, then

1 1
Z log;mZ M/diz,;n mlog;mZ uld)d

m<n dlm
TP IR ) DNCC LD D ) SR
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where J(n) denotes the Riemann’s J function, u(n) denotes the Mébius functin, H, denotes the
Harmonic number and B,, denotes the Bernoulli number.

Proof. In [2, page 63], we know
(31)

Z

where J(z) denotes the Riemann’s J function.
Dividing the Theorem 3 by logn and summating for n < x, with respect to n, we find

Z 108;” Z lognZ Hnya = QZ nlognz u(d)d (32)

logn -

n<w n<w d|n
Bs 1 By 1
— —_ d)d®>+ 60— _ d)d*.
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From (14), (31) and (32), it follows that

Z o gnZ Hyya— 22 nlognz p(d)d (33)
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1
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Let n— m and x — n. This completes the proof. (|

Theorem 10. For 8 €(0,1) and n € Zyo, then
2mmr n m d=1 i

—~ 1 = p(d)Hm 1 1
0=3 s MU S s waly
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and
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where J(n) denotes the Riemann’s J function, u(n) denotes the Mébius functin, H, denotes the
Harmonic number and B,, denotes the Bernoulli number.

Proof. From (27), (30) and Theorem 9, we encounter

n m Hm
J=y oy HOE /diz
g
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27r7.mr 27r1m'r
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1 1 1
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and m=2
n m d—l
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This completes the proof. (|

REFERENCES

[1] Montgomery, Hugh L. and Vaughan, Robert C., Multiplicative number theory I.
Classical theory. Cambridge University Press, 2006.

E-mail adress: edigles.guedes@gmail . com



	1. Introduction
	2. Preliminaries
	3. Theorems

