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“But he that sinneth against me wrongeth his own soul: all they that hate me love

death” - Proverbs 8:36.

ABSTRACT. I proved two approximations for prime numbers using trigonometric sums.
1. FIRST APPROXIMATION
Theorem 1. Let n€ N, for 1<n <10, then

ph(n) = DPn+1;
forn>11, then
ph(n) <p"b+17

where p,, denotes the pth number prime and
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with cos(z) denoting the cosine function.

Proof. The function p,+;1 have the following integer sequence:

{Prni1tns1=1{3,5,7,11,13,17,19, 23,29, 31, 37,41, 43,47, 53,59, 61,67, 71, 73,79, 83,89, ... }.

Now, suppose that the above sequence obeys the following function:
pA(n) = (ar1n+ B1)p1(n) + (on + B2)pa(n) + (asn + Bs)ps(n)
+(aun + Ba)pa(n) + (asn + Bs)ps(n),

where

def 1 4 Cos(QﬂF(nil)k)i 1,m=1mod}5,
5 ] 0,otherwise;
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def 1 277(n—2)k)_ 1,n=2mod 5,
pa(n) = 52 COS( 5 "] 0,otherwise;
defl Qﬂ(nfg)k) 1,n=3mod 5,
Z ( 0, otherwise;

def Z (271'(n—4)k) 1,nE4mod5,
— 0, otherwise,
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def 1 2mnk) ) 1,n=0mod 5,
ps(n)= 5};) COS( 5 ) B { 0, otherwise,

for n>1 and ne€ N.
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So, I can write the system of equations:

ar+p1=3
{ 6o+ B =17, (7)
soon, solving Eq. (7), I encounter
M =1 (8)
5705

Hereafter, I write the system of equations:

200+ B2=5 (9)
Tag + B2 =19,
hence, solving Eq. (9), I find
14 3
042_37522—5- (10)

Afterward, I write the system of equations:

3az+ B3="17
{8a3+6323, (11)
thus, solving Eq.(11), I get 13
,53 : (12)
After, I write the system of equations:
day+ B4=11
{ 9Oé4+ﬂ4:29 (13)
wherefore, solving Eq. (13), I set 17
= 54 . (14)
Hereafter, I write the system of equations:
Sas+ B5=13
{ 10as + G5 =31, (15)
soon, solving Eq. (15), I obtain 18
¥ ps=-s. (16)

From (1),(2),(3), (4), (5), (6), (8), (10), (12), (14) and (16), it follows that
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This leads to the following numerical sequence, which is equal to the original for 1 < n < 10;
but, for n > 11, their numbers are lower than the original numerical sequence

{p*(n)}n>1=1{3,5,7,11,13,17,19,23,29, 31, 31, 33, 39, 47, 49, 45, 47, 55, 65, 67, (18)
59,61,71,83,85,73,75,87,101,103,87,89,103,119, 121, 101, 103,119, 137,139, ... },
which proves the result. O
2. SECOND APPROXIMATION

Theorem 2. Let n€ N, for 1<n<20, then
PH(n) = pot1;

for n>21, then
PH(n) < pot,



where p,, denotes the pth number prime and
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with cos(z) denotes the cosine function.

Proof. The function p,1 have the following integer sequence:

{Prni1tns1=1{3,5,7,11,13,17,19, 23,29, 31, 37,41, 43,47, 53,59, 61,67, 71, 73,79, 83,89, ... }.

Now, suppose that the above sequence obeys the following function:
pH(n) = (ca1n + Br)pi(n) + (aan + B2)pa(n) + (agn + B3)ps(n) + (can + B1)pa(n) (19)
+(asn+ fB5)ps(n) + (aen + Bs)pe(n) + (arn+ B7)pr(n) + (asn + Bs)ps(n)
+(aon + Bo)po(n) + (a10n + Bi0)pro(n),

where .
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for n>1 and n e N.
So, I can write the system of equations:

ar+f1=3
11lay + 61 =37,

200+ B2=5
12a0 + (B =41,

3as+ [B3=T7
13as + B3 =43,

dag+ By=11
14y + fy =47,

Sas+ 05 =13

{
{
{
ST
{
{
{
{

6+ 06 =17
16 + B =59,

Tar+ 67=19
1707+ 87 =61,

8ag + B =23
18aig + (3 =67,

9ag + B9 =29
19ag + B9 =171,

10a10 + Bro=31
20ci10+ Br0=173,

hence, solving Eq. (30) at Eq. (39), I encounter
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From (19) at (29) and (40), it follows that
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This leads to the following numerical sequence, which is equal to the original for 1 < n < 20;
but, for n > 21, their numbers are lower than the original numerical sequence

{p¥(n)tns1={3,5,7,11,13,17,19, 23,29, 31,37, 41,43, 47, 53,59, 61, 67, 71, 73, 71, (42)
77,79,83,93,101,103, 111,113,115, 105, 113,115, 119, 133, 143, 145, 155, 155, 157, ...},

which proves the result.
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