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We propose a generalized relational expression (GRE), which unifies all dimensional uncertainty relations (URs) through dimensional

analysis. Here we find the general expression of UR, where the product of two or n dimensional non-commutative physical quantities (PQs)

is equivalent to the power product of the reduced Planck constant h, the gravitational constant G, the speed of light in vacuum c, the

Boltzmann's constant k and the base charge e, and find out that any dimensional PQ has a corresponding Planck scale. Since the dimensions

are the same, many PQs have the same Planck scale. All Planck scales fall into two categories, one for the basic Planck scale and the

derived Planck scale, and the other for the Femi-Planck scale, the Bose-Planck scale, and other-Planck scales. The corresponding Planck

scale for any PQ is proven to be equal to the power product of Planck length, Planck time, Planck mass, Planck temperature, and base
charge (or Planck charge). The GRE is found and the power product of the non-switched PQ is found to be equal to the corresponding

Planck scale. Applying GRE we also found the Big Bang UR on the temperature and volume of the Big Bang, and the Schwarzschild B lack

Hole (SBH) UR on the mass and volume of the SBH. These URs suggest no singularities in the Big Bang and SBH considering quantum

effects. We show that GRE is generalized, interesting and significant.

1. Introduction

The Heisenberg uncertainty principle [1] made great progress
in applications [2, 3], developments [4, 5] and experiments [6, 7].
These solidify its solid foundation and expand its connotation.
Now there are many dimensional uncertainty relations (URs):

ApAr > [1]; AEAt>h [1]; 5t = B t2/%¢1/3 [8]; 57 / 5= 4nh /
« [9]; ATAX ~ L& ~ L} / ¢ [10]; dxdydt ~ L} /¢ [11]; L, ~
VIeL [12]; &@Q)(P) + ¢Q)o(P) + o@Qn(P) = b / 2 [7];
(39 (8r)® = nr213 / c[13], etc.
where Ap is the momentum fluctuation, Ar the position momentum,
h the reduced Planck constant; AE the energy fluctuation, At the
time fluctuation; &t the time fluctuation, B an order one constant,
tp = \/I’T/CS Planck time, G the gravitational constant, ¢ the
speed of light in vacuum, t the time; # the ratio of shear viscosity
of a given fluid perfect, s its volume density of entropy, « the
Boltzmann constant; AT the time-like, AX its space-like, Ls the
string scale, Lp = \/m Planck length; 6%, 8y, ot are the
position fluctuation and time fluctuation separately; L,, the
transverse length, L the radial length; Q the position of a mass, ¢(Q)
the root-mean-square error, P its momentum, #5(P) the
root-mean-square disturbance, ¢(P) the standard deviation; 5t and
dr the sever space-time fluctuations of the constituents of the
system at small scales, and r the radius of globular computer.

So there are two problems: (i) Why is there no G on the right

hand of some URs? (ii) Do they have a unitive form? In this
paper, we answer that G disagppears because of being reduced
fitly and the unitive form is the generalized relational expression
(GRE). Moreover, for the origin and development of Planck
length, Planck time, Planck mass Mp=,/hc/G, Planck energy
Ep=,/hc/G and Planck temperature Tp = /hc/k’G, please
refer to the literature [14-18].

This paper is organized as follows. In Sec. 2, we derive the
general expression of two and n URs and basic relationship. In Sec.
3, we obtain the Planck scale and classify them. In Sec. 4, we
prove the corresponding Planck scale of any PQ being rewritten as
the power product of basic Planck scale; find and prove the GRE,
and prove the URs in Sec. 1. In Sec. 5, we find the Big Bang UR
and SBH UR. We conclude in Sec. 6.

2. General Expression of URs and Basic
Relationship
In this section, we discover the normal form of URs, derive

the general expression of two and n URs and basic relationship.

2.1 General expression of URs of two PQs

Observing these URs, we can discover the physical constants
such as h, G, c and k on the right hand and the physical quantities
(PQs) on left hand. We rewrite them as
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ApAr >h'; AEAt > hY; 5t/ pt1/? = 2= w1313, y
/ 4ms > h” L ATAX ~ 12 ~ 14 /c= hGc™%; sxdyst ~ L3 /¢
= p3/2G3/2c—11/2, Ly, /\/IN\/g:hl/‘*Gl/‘*c*/‘*; 2[£(Q)n(P)
+¢(Q)a(P)+a(Q)n(P) 1 =hl; (31)(6r) / mr?> 12 /¢ = hGc ™4,
etc.
Therefore the power product of physical constants appears on the
right hand. These are their normal form. Considering two non-
commutative dimensional PQs, we obtain the general expression
of URs

AB ~ h*GY ¢’ k" e* (1)

where A and B are non-commutative PQs, X, y, z, w and u the
unknown number, and e is the elementary charge. Applying the
dimensional analysis [19] (here we use the LM T®Q units [20]",
the dimensions of A and B are expressed as

[A] = [L1“1 [M]P1[T] " [0]% [Q]*

[B] = [L]*2[M]F2[T]"2[0]%2[Q] *2 @
where L, M, T, ® and Q are the dimensions of length, mass, time,
temperature and electric charge separately, aq, az, Bi, B2, V1.
Yo, 61, 05, & and & the known real number. The dimensions
of h*GYc’k"e" are
[h*GY e e = ([P MIIT ™ (LI IM T[T 2P (LT~ ')

x ([P]M][T ][0~ 3™ {[Q]} ®)
By the dimensional analysis, we obtain
[L]*2[M]P1[T]" [0]°1[QI° 1 [L1“2[M]#2[T]"2[0]%2[Q]¢2
= {[LIM][T M T AL T Y
x ([LPIM][T~2][0~ '3 {[Q]}" 4)
Solving the equation (4), we gain
x=[(a;ta)+ (B +B) (i t1) +(6:182)1/ 2,
y=[(ay+ay) = (B +B2)+ (1 +v2)—(6,1+68,)] / 2
2= —[3(a;tay)— (B +B,) +5(r +v2) —5(6:182)] / 2,
W= —(6;18,), u = (& te) ®)
Thus we find the general expression of URs of two PQs
AB ~[h((@r+ @)+ B+ B +(ri1)+Gr+ 52))];
x [G((@rt a2 =it B+ +y) =61+ 62))]%
x [C—(3(rx1+az)— (B1+ B)+5G1+7,)—5(81+ 52))];
x k~O1+d)g(erte) (6)
It shows tha the product of two non-commutative dimensional
PQs is equivalent to the power product of the reduced Planck
constant, gravitational constant, speed of light in vacuum,

Boltzmann constant and elementary charge.

2.2 Basic relationship
Ordering a;= = a, f1=Bo= B, V1= 2=V, 6= 6,=6,
and &= &= ¢ inthe general expression of URs (6), that is A and

B having the same dimensions

1 Chien Wei-Zang used L, M, T, 6 and Q indicated the dimension of length,

mass, time, temperature and electric charge separately in [20].

[Al = [B] = [LI“[M}P [T]"[€]°[Q* )
We obtain
flatB+y+8) G la—f+y—8) . —(Ba—p+5y—56), ~2642¢
= ApBp = Aj= B} ®)
where Ap and Bp are the corresponding Planck scale of A and B
separately. Extracting the square root, we find the basic
relationship
A ~Ap = [h(a+ﬂ+y+6)G(ac—ﬁ+y—§)c—(3a—ﬂ+5y—5§)K—26e2£]% ©)
The above relationship shows that any Dimensional PQ has a
corresponding Planck scale which is equivalent to the power

product of h, G, ¢, k and e.

2.3 General expression of URs of n PQs
Similarly considering n non-commutative dimensional PQs, we
have
L4~ h*GYc*k"e¥, i =1, 2, 3... n (10)

where 4; is the PQ, A4; and A;,; are non-commutative. The
dimensions of [[{_;4; are

T A] = [LIE @ MIE A T] 20 [0] 2 QI & (11)
where «;, £, v;, 6; and g are known real number. By the
dimensional analysis also, we find the general expression of URs
of n PQs

n n n n 1
{1:1141 —~ [h((zl ai)Jr(Zi Bi)+(zi Vi)+(2i 51))]7

x [G( (D= @+ En- (o)

y [C—(3(2;‘ai)—(2{‘ﬁi)+5(2{‘ yi)—S(Zi“Si))]%

x Q) eE eD (12)
Certainly when n = 2, it become the general expression of URs (6).
Ordering a; = @i 1= @, B = Bit1=B, Vi = Vita=V, 6= 6i41= 8
and & = g,.4= € in (12), A; and A;,; having the same
dimensions, we obtain

[hn(a+ﬁ+y+6)]%[Gn(a—ﬁ+y—6)]%[C—n(3a—ﬁ+5y—56)]%K—n6en£
=Ap (13)

Extracting the nth-root, we gain (9) again.

3. Planck scale

In this section, we obtain the Planck scale, and classify them.

3.1 Basic Planck scale
Orderinga=1, f=y=0 =¢=01n (7) and (9), we obtain
Planck length immediately

Lp = /RG/c3

Instructingy =1, a = f = d =¢ = 0, obtain Planck time

tp = ﬂhG/C

Orderingf =1, a =y =6 = ¢ = 0, obtain Planck mass

Mp:,th/G

Instructingd = 1, a = =y =¢ = 0, obtain Planck temperature
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Tp = J/hc®/K°G = [(hG/c®]* [/hc/G) [/hG/cT [Jhe® /G |’e
Orderinge =1, a = f =y = =0, obtain elementary charge = L%Mgtg,'TSQg

Q.=¢
If using [Q]% = [L]3[M][T]~?, obtain Planck electric charge
Qp = \/E’\’ e

These are the basic Planck scale [14].

3.2 Derived Planck scale
From (7) and (9), we gain the derived Planck scale [14]
except for the basic one. For example
Planck energy Ep
[Ep] = [PIM][T™2], Ep = {/hc®/G
Planck momentum P,
[Pp] = [LIIMIT™], Pp = /hc¥/G
Planck curvature tensor R, p
[Ruwp] = [L77], Ryyp= ¢*/ hG
Because many PQs have the same dimensions, they have the
same Planck scale, for example
Planck energy density pp
[op] = [LT'IIMIT 2], pp = ¢’/ hG?
Planck pressure pp
[pp] = [LTIMIT™], pp= ¢’/ hG?
Planck force per unit area fp
[fp] = [L7IMIT 2], fp= ¢’/ hG?
Planck energy- momentum tensor T, p
[T el = [LIMIT 2], Ty p= ¢’/ 0G?
Etc.

3.3 Classifications

All the Planck scales can be divided into two categories. One
is the basic Planck scale and derived Planck scale [14]. The other
is the Femi-Planck scale its exponent is half integer such as Lp,
tp, Mp, Tp, Ep, Pp, and so on, the Bose-Planck scale whose
exponents are integer such as Q., pp, Pp, fp, Ryyp, Tyvps ELC,
and Other-Planck scale such as the Planck wave function Yp.

el = L7372, Wp= (0G/ %)~/

4. GRE

In this section, we prove that basic relationship (9) is rewritten
as the power product of basic Planck scale; find and prove the
GRE, and prove the URs in Sec. 1,.

4.1 Proof of basic relationship
The basic relationship (9) can be rewritten as
Ap = IEME Q¢ (14)
From (9), we obtain

Ap = [h9G 3[R G APz GY e~ ]2[h® G0c S0 O e

Therefore the corresponding Planck scale of any PQ is equivalent
to the power product of Planck length, Planck mass, Planck time,

Planck temperature and elementary charge.

4.2 GRE
Considering all the non-commutative PQs, we find the GRE
[, A7 ~ TTm, A%, i=1,2,3...n(15)
where 4; is the PQ, 4; and A;,; are non-commutative, a; is
the real number, and A;p is the corresponding Planck scale of
A;. It shows that the power product of non-commutative PQs is
equivalent to the ones of corresponding Planck scale.

4.3 Proving GRE
We prove the GRE by the same way in 2.3. Considering n
non-commutative PQs with a; power, we have
AT~ Gk et (16)
The dimensions of [I{_;A/" are
[T AST] = [LIX 4o M @A T]2E @ [@] 2 @8 [Q]2r e (17)
Using the dimensional analysis too, we gain the general expression

of URs of n PQs with a; power

I, A% ~ (@ + Eap)+HZ an+E as)));
1

i=

% [G((zi"aiai)—(z{'aiﬁi)+(zi"aiyi)—(zi“aizsi))]é

% [C—(3(2;1aiai)—(zpaiﬁins(zyam)—s(z,naiai))]%

x — (Tai8) o (Shase)

- [\/m]zpaiai[\/F/G]Z{‘aiﬂi[\/m?]Z{’am

x [T /G it o e

= LIZJ?aiaiM}ginaiﬁitg:inaiViszinaiang:?aisi

= H?zng‘aiMSiBitSiV‘T}?iaiQ‘e‘isi: o flg (18)

- i it/ 6i i
where Ap = LEMATIIQE

4.4 Proving URs

Applying the GRE (15), we can prove the URs in Sec.1.

ApAr ~ BpLp = /hc®/G/hG/c® = h; AEAt ~ Eptp =
JRC/GYRG/S = 1; 8t/ Y2~y / 6= 5 /s ~mp/
sp =/C’/hG? / JTk* /363 =h / k; ATAX~ tpLp ~hG /c* =
Ly /c~1%; oxdydt ~ L3ty = L3 / ¢ L, / VL ~1Lp /
Ve = JLp o e@QnP) + &Qo(P) + o(QuP) ~
JRG/c3 /hc¥/G = h; (3t)(6r)° / r? ~tp L3 / 1E=1% / ¢, etc.
where 1p=,/c?/hG? is the Planck ratio of shear viscosity of a
given fluid perfect, and sp =,/c’x?”/hG? its Planck volume
density of entropy (from basic relationship (9)). Thus we find that

there is no G on some URs right hand because it is reduced fitly.
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5. No Singularity at Big Bang and SBH
In this section, we find the BigBang UR and SBH UR by the
GRE.

5.1 BigBangUR

S.\W. Hawking and R. Penrose proved that the universe
originated the Big Bang singularity [21]. Many literatures
discussed no singularity at the Big Bang and black holes
considering the quantum effect, please refer to [18] [22-25]. The
one of the characteristic of Big Bang singularity is zero volume
and limitless high temperature.

Then we can find the relationship of Big Bang temperature
and its volume by the GRE (15)

TyVp ~ TpVp = TpLi = h2G / kc? (19)
where Tj is the Big Bang temperature, Vp its volume, and Vp =
L% the Planck volume. This is the Big Bang UR. It shows that it is
impossible to measure the Big Bang temperature and its volume
simultaneously. When h — 0, we obtain

TyVp ~ 0 (20)
Because Tg > 0 [26], we gain Vz ~ O, the Big Bang volume is
zero, thus the Big Bang singularity appears without the quantum
effect. We suggest no singularity at the Big Bang with quantum
effect. Substitutinga = cxT / 2rh [27] into (19), we obtain

agVp ~ a,V, =hG / 2nc (21)
where ag is the Big Bang acceleration, and a, = m the
Planck acceleration. It is the UR for Big Bang acceleration and its

volume.

5.2 SBH UR
Similarly considering the SBH mass and its volume, we find
My Vy ~ MpVp = MpL3 = h2%G /c* (22)
where My, is the SBH mass, and Vj; its volume. It is the SBH UR.
Also it is impossible to measure the SBH mass and volume
simultaneously. When h — 0, we obtain
MyVy, ~ 0 (23)
Because My > 0, we have V;~ 0, the volume is zero, the SBH
singularity appears without quantum effect also. We also suggest
no singularity in SBH with quantum effect. Taking M = pV to
(22), we gain
ME / py~ 02G /c* pyVif ~ WG /c* (24)
where py is the mass density of SBH. These are the URs for the
mass density of SBH and its mass or volume.
6. Conclusion
In this paper, we investigate the dimensional URs by the
dimensional analysis. We find the following results.
1) The normal form of URs is discovered. The PQs are on the

left hand of URs, and the physical constants such as the reduced

Planck constant h, gravitational constant G, speed of light in
vacuum ¢ and Boltzmann constant k are on right hand. These
power products of physical constants which are rewritten appear.

2) The general expression of URs is found. It shows that the
product of two and n non-commutative dimensional PQs is
equivalent to the power product of h, G, ¢, x and elementary
charge e.

3) The basic relationship is found. Any dimensional PQ has a
corresponding Planck scale, which is equivalent to the power
product of h, G, ¢, k and e.

4) The Planck length Lp, Planck time tp, Planck mass Mp,
Planck temperature Tp, elementary charge Q. (or Planck charge),
Planck energy Ep, Planck momentum B, , Planck curvature
tensor R, p, Planck energy density pp, Planck pressure pp, Planck
force per unit area fp, Planck energy-momentum tensor T, p etc
are obtained again. Many PQs have the same Planck scale because
of the same dimensions such as pp, pp, fp and T, p.

5) All the Planck scales are divided into two categories. One is
the basic Planck scale including Lp, tp, Mp, Tp and Q., and
derived Planck scale such as Ep, PBp, pp, Pp, fp, Ryyps Tvp,
Planck wave function y, and so on. The other is the Femi-Planck
scale its exponent is half integer such as Lp, tp, Mp, Tp, Ep, Pp,
etc, the Bose-Planck scale whose exponents are integers such as
Qc. Pp Pps fpo Ryyps Tyypo €tC, and Other-Planck scale such as
Planck wave function Yp.

6) The corresponding Planck scale of any PQ isproved to be
equivalent to the power product of Lp, tp, Mp, Tp and Q..

7) The GRE is found and proved. It shows that the power
product of the non-commutative PQs is equivalent to ones of
corresponding Planck scale. The URs in Sec. 1 are proved by the
GRE. G disgpears on some URs right hand because of being
reduced fitly.

8) The Big Bang UR concerning the temperature Tz of Big
Bang and its volume V5 is found by the GRE. It suggests no
singularity at the Big Bang considering the quantum effect. The
UR concerning Big Bang acceleration ap and Vg is obtained.
Similarly the SBH UR concerning the SBH mass My and its
volume V4 is found; also no singularity is in SBH with quantum
effect. The URs concerning the mass density p, of SBH and
My or Vy is gained.

9) The GRE unifies all dimensional URs. It is generalized,
interesting and significant; any UR is its special case. Because
depends on the dimension, GRE can’t obtain the factor and

relation without dimensions.
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