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Abstract. In this paper, the higher-order asymptotic expansion of the moment of
extreme from generalized Maxwell distribution is gained, by which one establishes the
rate of convergence of the moment of the normalized partial maximum to the moment
of the associate Gumbel extreme value distribution.
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1 Introduction

Let {X,,, n > 1} be a sequence of independent and identically distributed (iid) random variables
with common distribution function (df) Fj obeying the generalized Maxwell distribution with scale
parameter k > 0, denoted by Fy, ~ GMD(k), and let M,, = max{Xy, 1 < k < n} represent the
partial maximum of {X,,, n > 1}. The probability density of GMD(k) is given by

fu(z) = i 2k _ >0
H@) = S g k) P\ 202 ) T

where o is positive, the scale parameter k is positive and I'(-) represents the Gamma function. As
k=1, GMD(k) are reduced to the ordinary Maxwell distribution.

Vada(2009) introduced the generalized Maxwell distribution when he studied a modified Weibull
hazard rate. It has plenty of important applications in a large number of areas which include:
statistics, physics, statistical mechanics and so on. Some recent examples of applications contain:
constructing fractional rheological constitutive equations (Schiessel et al., 1995); be friction model
suitable for quick simulation and control (Farid et al., 2005); forecasting the temporal change
of opening angle in multiple time scales and electroscalar wave (Zhang et al., 2008; Arbab and
Satti, 2009); project of the time related to behavior of viscoelastic materials (Monsia, 2011). The
asymptotic properties of this distribution have been investigated in recent literature. For more
details, see Liu and Liu (2013) and Huang et al.(2014).

One very important problem in extreme values analysis, the asymptotic expansions of moments
of extremes from given distributions have been considered in plenty of literature in past decades.
Mocord(1964) and Pickands (1968) investigated the problems on moments convergence of normal-
ized extremes. Withers and Nadarajh(2011) considered expansions for quantiles and multivariate
moments of extremes for distributions of Pareto type. Our objective is to establish asymptotic
expansion of the moment of normalized maximum from independent and identical GMD(k) ran-
dom variables, from which we can obtain the convergence rate of the moment of maximum tending



to the moment of the corresponding extreme value distribution. For more study, see Hill and
Sptuill(1994), Hisler et al. (2003), Peng et al. (2010) and Liao et al.(2013).

The rest of this paper are organized as follows. Section 2 gives the main result on asymptotic
expansions for the moment of partial maxima of the GMD(k) with k£ > 0. Some auxiliary lemmas
needed to prove the main result and related proofs are given in Section 3. The proof of the main
result is given in section 4. In the sequel we shall assume that the parameter k£ > 0.

2 Main result

In this section, we give the main result. In the sequel, for » > 0 let

M, —bp\" [T
my(n) :E() :/ " dF} (anx + by,)

a —00

and

+oo
m, = EX" = / z" dA(z)

—00

respectively represent the rth moments of (M,, —b,)/a, and X ~ A(x) = exp(—exp(—=x)), and the
norming constans a,, and b, are defined by (2.1). The following result shows asymptotic expansion
for the moment of GMD(k) extreme.

Theorem 2.1. Let {X,,, n > 1} be a sequence of iid random variables with common df Fy, following
the GMD(k). Then,

b%k [bik (mr(n) - mr> + 2_1k_10'27“<(2/~c — Dmyqq — 2m7,>]
——rk™%0 - §(2k: —1)*(r+3)+ §(k —1)(2k — 1) |myq2 + 3 2k —1)(r+2) — 1{myq1
+ [2]{7 — %(7‘ + 1)]mr}7
as n — 0o, where the normalizing constants a,, and b,, are defined by
1 — Fp(by) =n7t, a, =k 1o%bL 2, (2.1)

Remark 2.1. For the case of k = 1, i.e., the ordinary Mazwell distribution case, the corresponding
result is stated as following:

bi [bi(myq(n) —my) + 2_1r02(mr+1 — 2m,«)}
— rot [2_1(7“ —3)m, — 27+ Dmyg g + 871 (r + 3)mr+2}
as n — 0o, where the normalizing constants a, and b, are determined by

1—Fi(by) =n"t, ay, = %!
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Corollary 2.1. Set A,(n) = E(My, — by)/an)" — fj;o " dA(x). For the moment of normalized
partial mazimum of GMD/(k), we have

r ((2k — Dymyy1 — 2mr>
4klogn

Ap(n) ~ —

for large n.

3 Auxiliary results and proofs

In order to prove the main result, we need some auxiliary results. Lemma 3.1 follows from
Huang et al. (2014).

Lemma 3.1. Let Fi(z) and fi(x) respectively represent the cumulative distribution function (cdf)
and probability density function (pdf) of GMD(k). For all x > 0, we have

2 F 2 2 -1
0" 1-2k 1 - k(d’”) 0" 1-2k 0~ ok
3 x < k( ) < 3 x + 2 x ,

where scale parameter k > %, o 18 positive.

Lemma 3.2 follows from Huang and Liu (2014).

Lemma 3.2. Let Fy(x) represent the cdf of GMD(k). For norming constants a, and b, given by
(2.1), we have

g o2 (a0 = A0)) - @) = (weto) + B ) agw

as n — 0o, where li(x) and wi(x) are respectively given by
L1 o 2 —z
lg(x) = ik o | (2k — 1)z° — 2z e

and
1
wy(r) = —ﬁlﬂa‘* [3(% —1)%2% — 42k + 1)(2k — 1)z + 242 — 48ka|e°.

Lemma 3.3. For any constant 0 < d < 1 and arbitrary nonnegative real numbers i and j, we have

lim [, bix? dA(x) =0 and lim 5, bp@!(1—A(x))dz =0
n—oo dbg n—0oo db§

Proof. By the fact that 1 —x < e ™™ < 1 as « > 0, we have



— 0

as n — oo. Similarly,
S . . S . .
/ 2, 0! (1= A(x))dz < / 2, bpale”dz — 0
b dbit
as n — oo. The proof is complete. O

Lemma 3.4. For any constant 0 < ¢ < 1 and arbitrary nonnegative real numbers i and j, we have

—clogb, ) —clogb, )
lim bi|x)’A(z)dz =0, lim / b, |z|? dA(x) =0
n—oo J_ n—oo J_
and
—clogbn, ] ]
lim b, |z Fi!(anz + by) dz = 0.
n—oo J_

Proof. Observe that b, — oo as n — oo because of 1 — Fj(b,) = n~1. For 0 < ¢ < 1, since

f:olo [zl e exp (—%) dz is finite, we have

—clogbn, ) ) 2 -1 ) et
/ bl Ale) dz < b, exp (—3b;> | labiex (—3) da

— 0

as n — oo and

—clogbn, ) ) 9 -1 ) e~ T
/ by, |z|? dA(x) < by exp (—3bfL) / |x|7 e exp <— 3 > dz

—0

as n — OQ.

Observe that a, = k_102b,11_2k, so we have b, — ca,logb, = b, — ck_102b}f2k logb, — oo as
n — 00.

For k > %, we obtain
bEFP (b, — canlogby,)

<b* exp ( —n(1 — Fi(by, — cay, log bn))>

1—ck™'o?b;?*logh b2k R
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<by exp ( e b (h-lg? )1 exp (— 552 (1 —ck™o%b,“"log b, )" + 202))

1 — ck~'o2b, % log b,
1+ b, M (k=102 — by ")
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—0

as m — oo by using the inequality (1 —2)® <1—az+a(a—1)z? for 0 <z < , @ > 1 and Lemma
3.1. Thus, we have

) —clogbn, ]
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—00



) ) bp—can log by, )
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as m — 0o since fooo Yy Fr(—y) dy < oo for all r > 0. The proof is finished. O

Lemma 3.5. For any constant 0 < d < 1 and arbitrary nonnegative real numbers i and j, we have
nlirgob;/ 2, (1= F(anx +by))dz =0
- db3

and

lim 2(1 — F*(anz + b)) = 0. (3.1)

r—00

Proof. By Corollary 3.1 in Huang et al. (2014), we have

1 — Fi(z) = c(z) exp ( /1 ’ %g dt)

for > 0, where ¢(x) — ¢ > 0, g(x) — 1 as x — o0, and the auxiliary function f(z) = k~'o
on (1,00) is absolutely continuous with lim, . f'(x) = 0. Recall that 1 — Fg(b,) = n~! and
an = f(by). By arguments similar to Lemma 2.2(a) in Resnick (1987), we have the following

inequality

2$1—2k

1— Fanz +bp) < (14 2)2(1 +ex)~ 1, (3.2)

for x > 0, arbitrary € > 0 and large n. Thus, for 0 < ¢ < 2k/(3i + 2kj + 4k), by (3.2) we have

k

Ogb;/Q (1 — F(anx + by)) dz
db3

2 3@

< (14 )2y 5* + de) k/k (1 +e2) 7 da
db3
— 0

since [~ #7(1+ex)7~!da < oo for all nonnegative real number j.

Again by using (3.2), for 0 < e < 1/(i + 2), we have

0 < limsup z*(1 — F{'(anz + b,)) < lim z°(1 4+ €)?(1 +ez) "1 = 0.
T— 00

r—00

The desired result follows. O



Lemma 3.6. Let h(n,z) = nlog Fi(anx + b,) + e~ ", where norming constants a,, and b, are given
by (2.1). For sufficiently large n, we have

|h(n,z)| <3
2
uniformly for —clogb, < x < dbﬁk.

Proof. By using partial integrations, we have

1 — Fp(z) = kYo fu(z)z' =% + r(z)
=k 0% fo(2)2 72 (1 + kL% ) — s(x), (3.3)

for large > 0 and k > %, where
0 <7(z) < k20" fy(x)x*~** and s(z) > 0. (3.4)
Let ¢n(x) =1 — Fy(apz + by) and

nlog Fk(anx + bn) = _n¢n(x) - Rn(x)7

where 52(2)
no: (x
0<Ry(z) < =7—"———
< 2 pu(a)
by the inequality —z — 2(?7:0) <log(l —z) < —z for 0 < z < 1. Therefore,
|h(n,z)| = | = nop(x) + e — Ry(z)| < | — nop(x) + e | + Ry (x). (3.5)

2
For large n and —clogb, < z < dbf{k, it is easy to check that
On(x) < Ppp(—clogn) =1 — Fi(b, — caploghy,) < ¢y < 1

and by combining Lemma 3.1 with the inequality 1 + az < (1+z)%as —1 <z <1 for a > 1, we
have

1 (1 — Fylanz +by))?
2(1 — Co) 1-— Fk(bn)
bn(l 4 k’_10'2b;2k33)2 b%k
S5 (1 - c)ot (1 + &) <2x)
0)o k(1 + 2)
bl+2e(1 +dk*102b;%k)2 < b2k>

0 < Rp(x) <

ex
21+%(1 - Co)U%F(l + 5 20?
< 1. (3.6)
For x > 0, we have
| — non(x) +e % <ngp(x) + e * <n(l— Fr(b,)) +1=2. (3.7)

2
Hence, |h(n,z)| <3 as0 <z < dbf{k by combining (3.6) and (3.7).



Next, we consider the case of —clogb,, < z < 0. By (3.3) and (3.4), we have

_ 1-— Fk(anx + bn)
1 — Fy(by)

—T

—nop(x) +e ¥ =

_1—d(anz +by)
1- 5(bn)

= e (1 + k1o?b, % 1) ((1 + k%, k)7t

bt o i 1232k i
X exp < — TZQZC%’C(]{_ o°b, :L')Z)>
=2
= e (1 + k1o, %*x)d, (),

k 2k

where 6(x) = 2 O'%F(l + B)a7lr(x) exp(L) satisfying 0 < 6(z) < k~'o%z ™2 for large > 0 and

1 9,0k 1 1—=0d(anx+by, VRSN 1 9ok
dn(z) = (1 + k1o, 2Fx) ™! — . (_ 50on) ) exp ( — EZC%(/C Lo2b, 2ky) )
" i=2

For —clogb, < x < 0, set
un(@) =Y Cop(k~ %0, 2 )",
i=2

noting that 1+ax < (1+2)* < las —1 < z < 0 and @ > 1, we have u, () > 0. Since 1 —x < e * < 1
for z > 0, we have

dp(z) < (1 + k10?0, %%2) ™ — (1 = §(anz + by)) <1 - %un(az))

b2k
<~k 1o (1 + k0%, )T + #Un(fﬁ) + ko (apx + by) "
o

and

B 1 —d(apx + by)

dp(z) > (1 + k1o, 2F )7t

1—46(by)
1
—1_2; -2k \—1 _
> (14 k™ 0°b,"x) T

> ko2 (1 4 klo2b7 %)L ok~ lo2b 2k,

Thus, as —clogb, < x < 0 we have

2k

b
dn(2)] < 2k~ b 2k |2|(1 + ko2 2k )~ + | 2wy, ()| + 3k~ o2 (apx + by) "2
n n 20_2

for large n. It is easy to check that for large n
(an® + by) 28 < b-2%(1 — ck1o2b, %k log b,) =2

and

b2k

o < (1 —27%YHo?b, # (log by )?
g




hold uniformly for all —clogb, <z < 0, so
|dn ()| < 16, 2" (log by,)?

with ¢; being a positive constant.

Thus, for large enough n,

| = ngn(x) + e~ = e (14K~ 10”b, > a) | dn ()]
< c1(1+ ck™o?b, % log b, )bE 2% (log by,
<2 (3.8)

uniformly for —clogb, < x < 0. By (3.6) and (3.8), we have |h(n,z)| < 3 uniformly for —clogb,, <
x < 0. The proof is complete. O

2
Lemma 3.7. For large n and all —clogb, <z < dbﬁk,

2 b0 (F (ane + by) = M) = lp(2)A(2)]
18 bounded by integrable functions independent of n, withr >0, 0 <c <1l and 0 <d < 1.

Proof. Utilizing Lemma 3.6, for large n we have
bgk[bzk(Fl?(anx +by) — Ax)) — I (
<bZ[b*h(n, ) — l(z)]A
<2 b h(n, @) — L, (z)]A

A()]
2" 1Jrexp(\h( z))JA(z)
’JA(z),

where h(n,z) = nlog Fi(anx + by,) + e~ 7.

The work below we will give that |[b2*(b2*h(n,z) — Ii(z))| and |b?*h(n,z)| are bounded by
p(xz)e~", where p(z) is a polynomial on x. In this we only prove the former because the arguments
of the two cases are similar. Rewrite

b%k(bikh(n, x) —lp(z)) = bflk(—ngbn(:n) +e *— b;%lk(x)) — bikRn(a:). (3.9)

2
By (3.6), for large n and —clogb, < z < dbfik we have

bl+4k 1 k= 1 2b 2k b2
bR, (z) < Gl ) e exp ( 5 +clogb, >
215 (1 — ¢)ok (1 + ) 20

pLERe(1 1 dk~102h, 3")? 2

e Texp ( — "2>
2145 (1 — )i T(1 + &) 20

<e*. (3.10)

For large n, easily check that a,z + b, > 0 for —clogb, < z < db3 By Lemma 3 1 and applying
the inequality 1 + ax < (1 +2)* as —1 <z <1 and a > 1, for —clogb, < x < db we have

2

1 — Fi(anx + by) _ F(anz+b )R (1 + (% (anx +b,)% — D)7 fr(anz + by)
1 — F(bn) %Qb}l 2k f(bn)




:(1 + ]{7710'2[?,;2]61')(1 + (kflo,szLk(l + k7102b;2kx)2k . 1)71)

202

<27 (3.11)

b2
X exp ( — (14 kto?b 2 — 1)>

for large n. By Lemma 3.2 in Huang and Liu (2014), we have

1 — Fy(bn) . /“7 kayn(ant 4 by)2k1 an
=B — —1|dt
1-— Fk(anﬂj + bn) ¢ k(n7 x) P 0 0'2 ant + bn ’

where
1+ k0?0, %% + k72(1 — 2k)a*b;** + O(b;, )

T 1t k102 (ant + bn) -2 + k2(1 — 2k)0d (ans + bn) % + O(by o)

By(n,x)

2
with lim, oo Bk(n,z) = 1 uniformly for all —clogb, < x < db,%k. Rewrite
by [—nén(x) + e — by, M, ()]
1 — Fi(anx + by) , 4y, 1 — F(bn) - 1.1 o 2 —2k
= b —1 11— =k 2k —1 —2x)b
1— Fy(by) " T T F(ane +00)© ool Jo” = 2z)b,
_1 — Fk(anx + bn)
1= F(by)

[Ak(n,x) + Dg(n, x) — Ex(n, z) + G(n, x)], (3.12)
where
Ap(n,z) = b*¥(By(n, z) — 1),

T kan(ant + by)2k1 a 1 _
D — 4kB n\tn n . n -1 L 1.2 ok — 1 2 9 2%
(n, ) = b k(n,x)(/o ( * 1)t k(2 - D - 2000, ),

Lok —1_2 2 ‘ kan(ant+bn)2k_1 An
Bi(n) = GHBeln.a)k~"o%(2k = 1)a* — 22) [ — e R

Gr(n,z) = b¥* By (n, z) <1 — 27 o2 ((2k — 1)2? — 2x)b;2k>

1
T kan(ant-l—bn)%’l "
o0 (fo < o2 B an?—&-bn B 1) dt)

i!

X

i=2
First of all, we consider the bound of Ag(n,x). Noting that 1 —az < (1+z)"® <1 as x> 0 and
2
a > 0, for the case of 0 < z < dbﬁzk we have
<(1 — K22k — )0t (anz + by)~4*) " Lpik
x|k 1o?b 2R (1 — (1 + k1o, 2P ) 72%) + k72(1 — 2k)0?b, R (1 — (1 4 kL%, %k 2) %) + O (b, %))
<(1—k*(2k — D)o, *) 2k tote — 4k72(1 — 2k)o5b, 2k 1
<4k~ 20tk 4 2(2k — 1)0?)z. (3.13)
Next consider the case of —clogb,, < x < 0. For large n, we have

| Ax(n, )]



<(1 = k*(2k — 1)o*(bp — cap logby,)~4F)~1pik
x |k~ o 2R (1 — ek~ o ?b, P log by ) T2 (1 + k~1o2b, 2k z)2k — 1)
+k72(1 = 2k)o*b R (1 — ck ™o b, P log by ) T (1 4 k2020, %k 2)* — 1) + O(b;, %)
<4k 20k 4 2(2k — 1)0?)|z| (3.14)

Since 1+az < (1+x)* < las —1 < z < 0 and o > 1. Similarly, for the bounds of Dy (n,z), Ex(n,z)
and G(n,z), we have

1 1
|Di(n, )| < 2(3|1 — k@2 =k Yot z)® + ikflaﬂka*? - cyla;2>, (3.15)

1
|Ep(n, z)| < k™ lo? ((2k — 1)a? + 2|z|) (]k:_laQ — |7 z| + 5(2 — k Ho?a?
1
+ §|1 — kY2 - k—l)a4|:c|3>, (3.16)
and
[ 2 12 -1 1 —1y,.2. 2
|Gr(n,z)| < [ 1+ ik o ((2k —1)z” + 2|x!) k™ o —¢| x| + 5(2 —k oz

1 2 1
+ §|1 — k72— k‘_l)a4|x|3> exp <c|k_102 — 1+ 562(2 - k_1)02> (3.17)

2
for —clogb, < = < dbfik and large n. Thus, we complete the proof of the lemma by combining
(3.9)-(3.17) together. O

4 Proof of main result

Note the fact that f?oo |z|" fr(x) dz is finite for all integers r > 0 and by Proposition 2.1(7i)
in Resnick (1987), we have

. : Mn — bn " oo (r)
lim m,(n) = lim E —a ) T = 2" dA(z) = (—1)"TV/(1),

where I'")(1) denotes the rth derivative of the Gamma function at z = 1. Thus, m,(n) < oo for
large n and

+oo
my(n) —m, = / " (F{"(anz + by) — A(x)) dz

—0o0

+o00o
:/ 2" A(FP (anz + bp) — A(2)).

—00

Observing that ffoo |z|" fr.(z) dz < 0o, we have lim,—, o |2|" Fi(2) = 0, and utilizing the C, —inequality,
implies

2 ol ) )

0 < limsup |z|"F!(apx + by,) < lim

T——00 y——00 al

10



which induces

lim z"F}'(apz + by) = 0. (4.1)

Tr——00

Therefore, by (3.1) and (4.1), we have

111_11_1 " (Fp (apz + by) — A(z)) = liIJ'I_l " (1—A(x)) — lirf z"(1 — F'(anz +b,)) =0
and
lim z"(F(anz +bp) — A(z)) = lim 2" (anz +by) — lim 2"A(z) = 0.

T——00 r——00

Hence, by using partial integrations, we have

+o0
my(n) —my = —r/ 2" Y FManx + by) — A(z)) da (4.2)
and
+oo
/ g e A (z) de = —(r + 1)my + mypy1. (4.3)

By combining (4.2) and (4.3), with Lemma 3.2 — 3.7 and the dominated convergence theorem, we
have

b2k [bik(mr(n) —m;) + 2_1k_102r((2k — Dmypy1 — 2m7«>}

—00

+oo
=— r/ b2k {bikarrl(F,?(ana? +b,) — A(z)) — xrllk(:c)A(a;)} dz

—+00
= r/ 2 b,%k {bikle(F,?(ana: +bp) —A(z)) — xrllk(:n)A(x)} dx
db3

2k

db3

— 7“/ b2k [b%er_l(F,?(anx +b,) — A(z)) — x’"_llk(x)A(:L')] dz
—clog by,

—clog by,
— r/ b2k [bikx’”_l(Fg(anx +b,) — A(z)) — xr_llk(a:)A(x)] dz

—00

—— T/Jroo (wk(m) + ;l,%(@)xrl/\(fﬂ) dz

—00

oo

1 1 1
=— rkz2a4{ [ — —(2k—1)*(r +3) + (k= 1)(2k - 1)] M2+ 5 {(% —1)(r+2) —1|mep
1
as n — oQ.
We obtain the desired result.
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