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Summary

Definitions are presented for "quaternion functions" of a quaternion. Polynomial and exponential
quaternion functions are presented. Derivatives and integrals of these quaternion functions are
developed. It is shown that quaternion multiplication can be represented by matrix multiplication
provided the matrix has a specific type of structure. It is also shown that differentiation and integration

are similar to their non-quaternion applications.

Preface

Knowledge of quaternions and Linear Algebra is required.
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Discussion

In Part Il of "Elements of Quaternions", Hamilton develops the Calculus of quaternions. His thinking in
that text seems to have been restricted to situations where the coefficients of a quaternion are
functions of an independent parameter such as time. It does not appear that he considered the
possibility of a quaternion being a function of another quaternion. It also does not appear that he
considered the derivative of a quaternion function taken with respect to a quaternion. The objective of
this text is to extend Hamilton’s work to include these possibilities.

Development

Background:

A quaternion is frequently defined as the sum of a scalar and a vector. This appears superficially to be
true, but it is not entirely correct. This will be clarified in the next few paragraphs.

Quaternions were developed by Hamilton as a method of expressing the ratio between two vectors.
Therefore, let us consider that application. Let the quaternion Q represent the ratio between vector y
and vector x. The quaternion Q is therefore:

= 5 Xg = =0
xii + xj + xk 0= Yo

: : y oyl +yj+ yk
Q=qo+a=4q +aqi+qj+ak=7= ;
Here, a quaternion is designated by a bold-faced CAPITAL letter. A vector is designated by a bold-faced
lower-case letter. A scalar is designated by a lower-case letter in regular font. The units of measure for
vector x and vector y are length. Therefore, quaternion Q has no units of measure since it is length
divided by length. Therefore, "vector" q is not truly a vector. It is more like the ghost of a vector. This is

because it has direction, but it does not have any physical dimensions such as length or force.

Quaternions are used to describe physical, three-dimensional space. The unit vectors i, j, and k form a
three-dimensional coordinate system. The values q; q; and q¢ each represent "distances" in the
direction of the respective unit vectors. But what is the value qy? This is a subtle idea. A quaternion can
have qq values that are any scalar value. For a quaternion, the scalar value can be zero or it can be non-
zero. For a vector, the scalar value must be zero. Therefore, vectors represent a subset of quaternions.
Also, the coefficients of a vector can have physical dimensions such as length or force. The coefficients
of a quaternion represent direction and rotation. They have geometric meaning but they do not always
have physical meaning. A quaternion will only have physical units such as length or force if the
guaternion is the ratio between two different types of vectors. An example would be dividing a length
vector by a force vector to produce a strain quaternion.
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Let us return now to Hamilton's original purpose for quaternions:

y yi+yj+yk
X Xo= Yo =0

=qo+9qgQ=qo+ qi+q;j+ qk = ;
Q=qo+4q9=qo+ qi+ qjj + qx P p——

If both sides are multiplied (on the right-hand side of Q) by the denominator, the result is:
Equation O:
Qx=y
(a0 + @i + qji + @k)(i + xj + xk) = yii + y;j + yk

When this multiplication is performed, the result is the following system of equations:

—(qx; + a5 + qex)l = 0

(qox: + qjxx — qix;)i = yii

(q0x; — @ixi + qkx))i = yji

(qoxr + qixj — iji)k = yrk

The objective is to solve for the four terms of Q. Therefore, this system is expressed as the following
matrix multiplication:

Equation 0.1:

0 —x; ~% ~Xrgep [0
+x 0 X —Xillq| _ |y
X —xe 0 +x (|9 |V
+x, +x —x; 0 ]k

If the coefficient matrix is pre-multiplied by its transpose, the result is a diagonal matrix as follows:

0 +4+x; *x +x 0 —-x; X Xk 1.0 0 0
-x; 0 —x Axif|l+x; 0 FX%e X0 o 1 0 0,2 2 2
—X;j +Xxp 0 —X; +Xj —Xk 0 +x; “{0o 01 0 (xi + %j + xk)
—Xr =X +x; 0 Jl+xx +x —-x; 0 0 0 0 1

Therefore, the inverse of the coefficient matrix is simply the transpose matrix divided by the sum of the
squares of x;, x;, and x,. This allows the coefficients of quaternion Q to be determined as follows:

Equation 0.2:
qo 0 +x; +Xj +x5 0
Q| _ 1 —xp 0 =Xk FX [y,
Gl xf +xf +xp|7g T 0 —x ||V
qx X X +x; 0 1Lk
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Equation 0.2.1:

xiy; + Xy + XYk

Qo = xf + xf + x;

Equation 0.2.2:
L TxYj T XYk
% xf + xp + xj

Equation 0.2.3
q; = XkYVi — XiVk
Tooxf 4+ x4 X

Equation 0.2.4:
—Xjyi + X;Yj
dx = 2 [ 2 1 2

2 2 2
xXp + X + X

What is the meaning of Equation 0.2.1 since it describes the scalar value g, produced by the ratio y/x?
The units of measure (or lack thereof) associated with Equations 0.2.1 — 0.2.4 are a clue. The dimensions
of the individual x terms and y terms are all length. Therefore, qo, q;, q;, and g, are each dimensionless
since they have units of length?/length”. This should not be a surprise since Q is the ratio between two
space vectors and the vectors’ units of measure (length) should cancel when the ratio is taken. The
meaning of Q is simply to convert between x and y. Pre-multiplication of vector x by quaternion Q maps
vector x into vector y. Here, the quaternion Q is an operator.

There is something very noteworthy regarding the terms of Q. The sum of the three xy terms in
Equation 0.2.1 is the dot product of the vector x and the vector y. The other xy terms in Equations 0.2.2 -
0.2.4 form the cross product of the vector x and the vector y. The sum of the squares of the three terms
of x is the square of the length of vector x. Therefore, quaternion Q can be expressed as follows:

Equation 0.2.5:

X XXy

1 y
=== —=(X'y + XXYy); = ——=andq = —>
Q e &Y T XXV o = and = s

%<

The subscript R is being used to designate right-hand side multiplication. The author will note that both
Newton’s Law of Gravity and Coulomb’s Law of Electrostatics are inversely proportional to the square of
the distance. Equation 0.2.5 incorporates this feature with the added bonus of both scalar and vector
forms. Therefore, Equation 0.2.5 could be used to describe - but not explain - both forces provided the
vectors x and y are properly selected and provided consideration is given to the system units of measure
and the direction of action. The author will also note that in electro-magnetism, the Lorentz Force is
described as F = q(E + v x B) where F is the resulting force, q is the particle charge, E is the electric field, v
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is the particle velocity, and B is the magnetic field. It seems clear to the author that the quaternion
mathematics of Hamilton is a tool that can describe many of the observed physical laws of nature.

Next let us consider the case where Q is the ratio between two quaternions.

Y Yoty + yi + yik
X xo+ xi+ x5 + xk

Q=9qo+ qi+ q;j+aqk=

QX=Y
Repeating the exercise above produces the following system of equations:

Equation 0.3:

+xj =X +xy, +x; Yj

txo —xi 7% TXk]rqo Yo
txp +xy TXe X l%] _ l}’i
+x. X% —x; +Xx Yk

If the coefficient matrix is pre-multiplied by the transpose, the result is a diagonal matrix as follows:

+xo +x;  FX txeptxe —x 7% Xk 10 00
—x; +xo —xx txp||[+x; +xo X X |o 1 0 o, 2 2 2
—xx =X 4x; +xollta tx —xp +x 0001

Therefore, the inverse of the coefficient matrix is simply the transpose matrix divided by the sum of the
four squares. This allows the coefficients of quaternion Q to be determined as follows:

Equation 0.4:
o +xo  +x; X Xy
qi — 1 —X; +x0 — Xk +x] Vi
aj xg + x% + sz + xZ =% txx +xo —x; ||V
4k X =X 4x; +xel Wk

Equation 0.4.1:

_ XoYo T (xiyi + xXjyj + XkVk)
x§ + xf + xf + xi

0

Equation 0.4.2:

—XiYo + XoYi + (_xkyj + xjyk)
x§ + xf + xf + xi

q; =
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Equation 0.4.3

—xj¥o + Xy + Oayi — xiyi)
x5+ xf + xf + xi

qj =

Equation 0.4.4:

—XgYo + XoYk + (_xjyi + xiyj)
x5+ xf + xf + xf

qr =

Therefore, the quaternion Q can be expressed as follows:

Equation 0.4.5:

1

Y
=g = x + Xgy — YoX + X'y + XX
QR X xg + xiz + sz + x’%( 0Yo oy Yo y Y)

A consequence of this analysis is that the units of measure associated with the scalar x, must be the
same as the units of measure associated with the vector x since the four squares are summed in the
denominator. A similar requirement is placed upon the scalar y, and the vectory.

In Equation O, it would have been equally valid to place the vector x to the left of Q instead of to the
right of Q. Therefore, this exercise will be repeated for that form. Equation 0.1 becomes:

Equation 0.5:
0 —x; % TXk]rq 0
+x; 0 =X X {lq | _ |y
+xj +xk 0 —X; q] - y]
+xk _xj +x; 0 qr Yk

Multiplication by the inverse matrix then produces:

Equation 0.6:
90 0 +x; TX +xX[70
q| _ 1 —x 0 X =Xy
Gl xf +xf +xg|7% % 0 +x; ||V
drk — Xy +Xj —X; 0 Yk

This then allows the values for the coefficients of Q to be determined as follows:
Equation 0.6.1:

Xiyi + Xy + XYk
xP + x} + xi

qo =
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Equation 0.6.2:

XkYj — XjYVk

Equation 0.6.3:
g = —XkYi T XYk
Joox? 4 X7+ xj
Equation 0.6.4:
e = XjYi — XiYj

2 2 2
xi +xi + xi

A quick comparison between the right-hand Q and the left-hand Q indicates that they share the same
scalar term but that they have opposite vector terms. Therefore,

Equation 0.6.5:

y 1

X'y
Q=== —7X'y —XXYV); qo = —= and
LT T Y Yo = gz 44

XXy
lIxI|2

The subscript L is being used to designate left-hand side multiplication. The quaternions Qg and Q, are
complex conjugates.

Continuing the left-hand side evaluation for the ratio between two quaternions produces the following:

Equation 0.7:
do +xo +x; X FXk] v
qi — 1 —Xj +x0 +xk —Xj Vi
qj X+ xf + X+ x| TN T +xe x| (V)
4k X tx  —x; +xol Wk

This then allows the values for the coefficients of Q to be determined as follows:

Equation 0.7.1:

_ XoYo t (xiy; + xXjyj + xkyk)
1o x5+ xf + xf + xi

Equation 0.7.2:

—xiYo + xo¥i + (%k¥j — %¥i)
x5+ xf + xf + xi

qi =
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Equation 0.7.3:

—xj¥o + Xo¥; + (—xiyi + xiYi)
x5+ xf + xf + xi

q;j =

Equation 0.7.4:

—XgYo + XoYx + (xj)’i - xiyj)
x5+ xf + xf + xf

qr =

Therefore, the quaternion Q can be expressed as follows:

Equation 0.7.5:

1

Y
=g = x + Xy — YoX + Xy — XX
QL X xg + xiz + sz + x}z( 0Yo oy Yo y Y)

It is very tempting to assume that Equation 0.7.5 is the complex conjugate of Equation 0.4.5. However,
this is not the case. The scalar terms are the same. The dot product terms (scalar) are the same. The
cross product terms (vector) are opposites. These would each be required of conjugates. But, the xyy
and yox terms (vector) are the same rather than opposites in the R form and the L form. This prevents
the two expressions from being complex conjugates. For the quaternions to be conjugates, these xpy
and yox terms would need to sum to zero.

Next, let us define a generic quaternion function F(X) such that Y = F(X). In principle, F(X) could be
anything although the author is primarily considering functions such as polynomials and exponentials.
The author will not attempt to develop the sine and cosine functions. Matrices will be used extensively.
The utility of the matrix formulation will become apparent during the discussion of differentiation and
integration.

Polynomials:

In algebra, one of the simplest functions is the line. This is usually presented as y = mx + b. The
guaternion equivalent of this is:

Y=MX+B
The multiplication MX is as follows:
MX = (mo + m;i + myj + mkk)(xo + i+ xj+ xkk)

The detailed steps are as follows:
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(moxo — mX; — mMyXxj — mkxk)l +

(mixo + mox; — myx; + mjxk)i +

(mjxo + myx; + mox; — ml-xk)j +
(mkxo — mix; + myx; + moxk)k

The next concept is absolutely crucial to understanding all of the material presented here. The
guaternion multiplication MX can be represented as a matrix multiplication as follows:

+my —m; My T x,
+m; tmg Ty Ay
MX = +m; Ame mg —m | %] = (moxg — m-x) + (xom + mex + m Xx) = [m][x]

+my,  —m;  +m; +mg Xk

The color coding is included to make it easier to recognize how the multiplication produces the result.
The scalar and vector terms are the same color with the scalar terms being a lighter shade and the
vector terms being either a darker shade or bold. The quaternion characteristics (i.e., the values 1, i, j,
and k) are contained in the column matrix [x]. The square matrix [m] contains only scalar values.
Formulating the problem is this manner allows the matrix methods of linear algebra to be combined
with quaternions. Now, the quaternion “line” can be expressed as follows:

Equation 1:
Yo tmy —m;  TMy o Ty x, [bo]
B | e Ame g tm; || x; b; _ _
Y=MX+B= y,-] = |+mj +me tme —mi |||t b | =PI = il + (]
Vi +m, —-m;  +m; +mg Xk by

The author requests that the reader carefully examine the 4x4 matrix [m] above. It should be noted that
the matrix [m] consists of four 2x2 matrices as follows:

Equation 1.1:

Where
Equation 1.1.1:

+my —-m;
+m; +my

la] =

];and [b] = [+mj +mk]

+tm, —m;
This is a special type of symmetry that appears in Linear Algebra when dealing with matrix inversion.

Equation 1 can be solved for X as follows:
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[m]=(ly] = [bD) = [x]

where [y], [m], [x], and [b] are as presented in Equation 1. This requires the determination of the inverse
of matrix [m]. At first glance, this would appear to be difficult, since it requires solving for the 16 terms
of the inverse matrix. Fortunately, the symmetry of the problem (as presented in Equation 1.1) simplifies
this greatly. Multiplication of the coefficient matrix by its transpose produces a diagonal matrix. For ease
of reading, the author will substitute the letters A, B, C, and D for the terms of the coefficient matrix.

+A +B +C +D1[+A —-B —C —-D7 (1 0 0 0
B +4 +D —cl||+B +4 -0 +c|_lo 1 0 o], 2, n2 . 2. ro
—C -D +A+B“+C+D +4 -B|=lo o 1 o|@ +BHCT+DY)
D +C -B +allsp —c +B +4l lo 0 o 1

Therefore, the inverse matrix is simply the transpose matrix divided by the sum of the four squares.

Equation 1.2:
+my, +m; +m; +my
1 1 -m; +my +m, —m;
[m]™ = — 2 p 7m]" = — 2 2 7| —m, —mo ) ’
mg + mf + m? + mg mg + mf + m? + mg j kK tme +my
-m, +m; —m; +my,

Now let us very briefly consider the complex conjugate of M. The conjugate is usually denoted using the
asterisk symbol (*). The complex conjugate of M is therefore denoted as M*. Conjugates are defined as
follows:

Equation 1.2.1:
M= m0+ m; M = mo— m

The term m represents the vector portion of M. The conjugate is noteworthy because the transpose
matrix [m]" = [m*]. For the special case where the transpose matrix is also the inverse matrix, the sum of
the four squares must be equal to one. This follows directly from Equation 1.2.

For quaternions, the order of multiplication is important. Therefore, the reader might reasonably ask
what would be the result if the order of multiplication in Equation 1 were to be changed from MX to XM
instead? The multiplication XM is as follows:

XM = (xo + i+ x5+ xkk)(mo + mii + myj + mkk)

The detailed steps are as follows:
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(xomo — xm; — x;m; — kak)l +
(xl-mo + xom; — xem; + xjmk)i +
(xjmo + xem; + xom; — ximk)j +
(kao — xym; + x;m; + xomk)k

If the terms are rearranged so as to preserve the MX matrix form of Equation 1, these detailed steps
become:

(xomo - xym; — x;m; — kak)l +
(xomi + xymy + x;my; — kaj)i +
(xomj — xymy + xjmg + kai)j +

(xomk + xm; — xm; + kao)k

This multiplication is then expressed as a matrix as follows:

+my —-m; Ty Ty x,
+m; —my 4+my  +my
+mk +mj -m; +m0

This coefficient matrix does not match either the coefficient matrix from Equation 1 or the transpose of
that matrix. Instead, this matrix is a curious blend of the two. Column 1 and row 1 are from the original

coefficient matrix. The remainder is from the transpose. Please note that the symmetry presented in
Equation 1.1 has been destroyed.

This makes the author curious regarding the possible forms that the MX multiplication of Equation 1 can
take. These are MX, M*X, XM, and XM*. It is not necessary to consider the conjugate of X since it is the
independent variable. These can be represented by the following matrix multiplications:

+tmy —m; My Tk,
+ml‘ +m0 _mk +m] xi
MX +mj +m,, +myg —my

tm, -—-m;y  +m; +mg

+my +m; My M) ex,

M*X = -m; +my +m, -—-mj||x;
-my Mg +my +my | (X
—my +m] —-m; +m0 Xk
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XM =

+m0 Xk
+mk Xo
+m; [ | x;
+mg | WXk

The author anticipates that these forms will be useful in the future. If the four coefficient matrices are
added together, the result is a diagonal matrix with the value 4mg along the diagonal.

Next, let us consider a simple quadratic such as Y = X2. This can be thought of as being Y = XX. Therefore,

Equation 1 can be used with M =X and B=0.

+x0
+xl-
+Xj
+xk

Y=X2=

Now suppose that Y = X. This can be written as Y = XX

X? to produce:

+x9
+XL'
+Xj
+xk

By logical extension, it follows that:

Equation 1.3:

+x0
+XL'
+Xj
+xk

XV =

o
Il

+x9
+xk

+xq
+xk

+xq
+xk

+xo
+Xi

+x0
+XL'

+x0
+Xi

Xk 1o
x5 | [ x;
—Xxi | [ %
+x0 Xk

This can then be combined with the relation for

X0
X5 |«
—xi| | %
+x0 Xk

L
+X; X
—X; Xj

+x0

For N = 1, the coefficient matrix becomes the Identity Matrix. For N = 0, the coefficient matrix becomes
the Inverse Matrix. The value of N is restricted to integer values since the (N - 1) term that is used as an
exponent on the coefficient matrix must be an integer.

The above relations make it possible to produce a generic quaternion-based polynomial as follows:

Equation 1.4:

Y=AXN+ Ay XN 1+ + AX+ A
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where the various terms can be inferred from Equation 1 and Equation 1.3. As an example, consider the

following:
Y = AX? +BX+C
Yo +a, —a; ~4 “Ayr+x, —x; X Xk X0 +b, —b; —b]‘ —b;, Xo Co
yi| [ta +ao —a *aj||+x +x —X X || x +b; +by —by +b;||x; N ¢

Vi| T+ ta ey —a||tn Fxe 4xe x| |m |t +tb;j +be +by —b; || G
Vi ta, —a; +a; +alltxe —x%  +x; +xol WXk

Multiplication is associative for matrices and quaternions.

Exponentials:
Now let us consider exponentials of a quaternion. We will begin with Euler's Equation.
e = cos(x) + isin(x)

Since cos(-x) = cos(x) and sin(-x) = -sin(x), Euler's Equation can also be written as:

e ™ = cos(x) — isin(x)

The i (italicized i) term used in this equation is normally thought to be the complex i with it being
defined by i* = -1. Part of Hamilton's definitions for the unit vectors i, j, and k is that i’ = j* = k* = -1 = ijk.
Given the similarity of these definitions, would it be correct to substitute one of Hamilton's unit vectors
for the complex i in Euler's Equation? The author will present several pieces of evidence that support the
affirmative. The essence of the author’s argument is that the behavior of Euler’s Equation remains true,
but the complex i remains distinct from the unit vectors i, j, and k. The following few paragraphs will
support this thinking.

Since i* = i%, the most that could be stated would be that i = #i. If i is substituted into Euler’s Equation for
i, the £ behavior of the sine and cosine terms considers this, and Euler’s Equation remains valid. The
same reasoning applies for the unit vectors j and k.

For the unit vectors, i’ = j° = k* = -1 (= /*). Despite this definition, i # j # k since the unit vectors are in
different directions. The unit vectors are distinct from each other despite being defined by the same
equality. There is no reason to think that the complex i is not distinct also, despite being defined by the
same equality.

Quaternions are composed of four terms with one term being scalar and the other three terms being
vectors. It seems reasonable to think that the complex i is associated with the scalar term. This would
provide some “symmetry” between the scalar and vector portions.

Consider the following:
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jel* = jlcos(x) + isin(x)] = jcos(x) — ksin(x)

Multiplication of Euler’s Equation by one of the unit vectors can produce a vector as shown immediately
above.

The dot product of two vectors is equal to the product of their lengths multiplied by the cosine of the
angle between them. The cross product of two vectors is equal to the product of their lengths multiplied
by the sine of the angle between them multiplied by a unit vector perpendicular to the vectors.
Therefore, it is possible to construct Euler’s Equation using the dot product and cross product of two
arbitrary vectors as follows:

e = cos(x) + isin(x) = [a-b + axb]; a;=0b; =0

1
llalllbll

In each example presented here, Euler’s Equation works equally well whether the complex i is used or a
unit vector is used. Therefore, the author is convinced that Euler’s Equation can be considered to be a
guaternion with a single vector term.

The next step is to extend Euler’s Equation to include the unit vectors j and k. Ideally, the author hopes
for a relationship similar to the following:

Equation 2:
ed = cos(yy) +isin(y;) +j sin(yj) + Kk sin(yy)
Where:
Equation 2.1:
q=qi+ q;j + qik

Since Euler’s Equation does not include a scalar term as part of the exponential, the author will exclude
it for now. A scalar term can easily be incorporated in a later step. If Equation 2 and Equation 2.1 are
combined, the result is:

Equation 2.2:

el = e(ai+ai+akk) = ¢idigitjekdk = cos(y,) + isin(y;) + j sin(y;) + ksin(yy)
Euler’s Equation can be applied individually to the unit vectors as follows:
Equation 2.3:

eldieliekdk = [cos(q;) + isin(g;)] [cos(qj) + jsin(qj)] [cos(q) + ksin(qy)]

The terms on the right-hand side of Equation 2 can now be determined by performing the multiplication
presented in Equation 2.3. The results of this multiplication are as follows:
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Equation 2.4.1:

cos(yo) = cos(q;) cos(q;) cos(qr) — sin(qy) sin(q;) sin(qy)
Equation 2.4.2:

sin(y;) = sin(q;) cos(qj) cos(qy) + cos(q;) sin(qj) sin(qy)
Equation 2.4.3:

sin(yj) = cos(q;) sin(qj) cos(qy) — sin(q;) cos(qj) sin(qy)
Equation 2.4.4:

sin(yy) = sin(q;) sin(qj) cos(qy) + cos(q;) cos(qj) sin(qy)

This system of equations can also be represented by the following matrix multiplication (see
Polynomials above and apply to Equation 2.3):

Equation 2.5:
COs Yo cosq; —sing; 0 0 cosg; 0 —sing; 0 7rcosqy
q _ |SInVi sin ql cos ql 0 0 0  cosg; 0 sing;|| 0
¢" = |sin Vi cosq; —sing;||sing; 0 cos q; 0 _ 0
sinyy sing; cosq; | 0 —sin q; 0 cosgq; | Lsin gy

A generic quaternion exponential is then produced as follows:
Equation 2.6:
eQ = %14 = pdopd
where:
Equation 2.6.1:
Q=qo+q

Therefore, the exponential of gy becomes a pre-multiplier for Equation 2.5 as follows:

Equation 2.7:
COS Yo cosq; —sing; 0 0 [ €osq; —sing; 0 ] COS gy
0Q = o Sy _ o0 sing; cosg; 0 cos qj 0 sinq; 0
siny; 0 0 cos ql —sing; ||sing; cos q; 0 _ 0
sinyy 0 0 sing; cosq; Il 0 —sin qj 0 cos q; |Lsin g

In the discussion of the complex i, the author speculated that the complex i was associated with the
scalar term. Equation 2.7 supports this. The complex i could operate upon the qo term. The next
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guestion then is how to make this happen? Since Euler's Equation is so central to this entire discussion,
perhaps it holds a clue.

Let us return to Equation 2.6 above and multiply it by the version of Euler's Equation containing the
complex i.

Equation 2.8:
el®eQ — piwtqotq — ,iw,q0,4

Written in this form, the q, term can group itself with the complex term or with the vector term. It can
also break itself into two parts and combine with both the complex and the vector parts. Also, when the
left-most portion of this expression is written using Euler's Equation, it is the sum of two terms
multiplied by the sum of four terms. The result is the sum of 8 terms. There is an 8 term algebra named
"octonions". It is possible that Equation 2.8 is a subset of that group. The author restricts this to a subset
because Equation 2.8 only requires five terms. Therefore, the "octonion" coefficients must in some way
be restricted to conform to Equation 2.8. It is not presently clear how the complex i term will interact
with the unit vectors. This will be further developed in Part 2 - Identities.

Now let us consider the behavior of Equations 2.4.1 through 2.4.4. It will be seen that the resulting
quaternion can never be equal to zero. If both g; and g are set equal to zero, sin(y;) and sin(y,) will both
be zero. This will also cause cos(yy) to be equal to cos(q;) and sin(y;) to be equal to sin(q;). It is not
possible for both cos(q;) and sin(qg;) to both be zero simultaneously since the cosine and sine both
operate on the same value q;. Therefore, the quaternion defined by Equations 2.4.1 through 2.4.4 can
never be zero.

Lastly, it must be remembered that the exponential terms cannot have units other than radians. This
reiterates comments made above concerning the coefficients of quaternions having no units.

Differentiation:

In this section the author will discuss and develop a method of differentiation as it applies to the
guaternion functions presented above. The author begins with a classical definition followed by
development of the differential operator. The author then presents the derivatives of the functions
presented above.

The first objective is to determine a meaning for the 1st derivative dY/dX. The definition of the 1st
derivative is:

Equation 3:

ay _ YK+ AX) - Y(X)
X a0 AX
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Here, the A is understood to be a constant increment operator. The difficulty of this equation is that
both X and Y contain four terms. The author will present two methods of determining the derivative.

Method 1: Since both the numerator and the denominator of the right-hand side of Equation 3 are
quaternions, and since the ratio between two quaternions is also a quaternion, the derivative on the
left-hand side must be a quaternion. Therefore, let us make the following definitions:

Equation 3.1:
Yo [f'o]
d_Y:F’(X): f’ +f,l+f,+f,k:iyl =|f’i|
e g
and
Equation 3.2:

dX = dxo + dx;i+ dx;j + dxgk
Multiplying Equation 3.1 by this definition for dX produces:
Equation 3.3:
dY =F'X)dX = (f'o+ fii+ f'ji+ fK)(dxo + dx;i+ dxjj+ dxik)

There is some ambiguity here since the order of multiplication is important for the unit vectors and the
author has chosen to place the dX to the right of F'(X).

Now let us define dY as follows:
Equation 3.4:
dY = dy, + dy;i + dy;j + dygk
Substituting this into Equation 3.3 produces:
Equation 3.5:
dyo + dyii+ dyjj+ dyk = (flo+ fli+ fji+ k) (dxo + dxi+ dxjj+ dxgK)

When the multiplication on the right-hand side is performed, the result is a system of four simultaneous
equations that can be represented in matrix form as follows:
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Equation 3.6:

'+ —fk +f =
[+ij +' +f' —f'iJ dz | = 1dy;

+f'v —f'j +fi +f'
or as
Equation 3.7:
dy
NdX = dy; [f'] = —=
(] U = —

Equation 3.7 is a compact way of expressing Equation 3.6. The elements of [f’] are all scalar values. The
quaternion attributes are contained in dX and dY. The derivative of Y with respect to X may be thought
of as a quaternion or as a matrix. The matrix structure ensures that this is true. Please note the
following: The coefficient matrix in Equation 3.6 has the same matrix structure as the coefficient matrix
in Equation 1 in the discussion of Polynomials.

In multi-variable Calculus, there is a distinction between the total derivative and the various partial
derivatives. The total derivative is defined as follows:

Equation 3.8:

dy dy
dy = 6_x1dx1 + E

dy

dxy + -+ +
z dx,

dx,
Therefore, the coefficient matrix presented in Equation 3.6 can be represented by a system of partial
derivatives as follows:

Equation 3.8.1:

[0yo 0yo 9Yo 9Yo]
dax, O0x; 0% 0Ox
[+f0 —fi —f5 —f«] |9y 0yi 0y 0y
L Hf' +f'o —f% +f| |9x 0x; dx; Ox
' e +f' _f,i|_ dy; dy; % 9
L+fe —f; +fc +fo] |ox, 0x; 0% ox
O0yk Oyx O0yx Oyk
[0xy  Ox; 0x; 0xyl

Now let us consider again the definition for the derivative presented by Equation 1.

ay _ YK+ AX) - Y(X)
dX x50 AX
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It seems clear that this derivative can be determined by individually incrementing each of the terms of Y
by each of the individual terms of X. The resulting matrix is a Jacobian Matrix. It also seems clear that
the differential operator d/dX must operate as follows:

Equation 3.8.2:

dx, 0dx; O0x; O0Ox

dayY d |y | _[9x O0x; 0x; Ox| |f';
dx — dx|Yi| ~ dy; dy; 9yj 9y S
Vi dx, Ox; 0% 0xp "k

Oy O Iy O
[0xy  O0x; 0x; Oxpl

or alternately
Equation 3.8.2.1:

[0yo  0Yo % aﬂ_
a_xo dx; 0x; Oxy
Yo dy; % % dy;
vi| _ Oxg 0x; 0x; 0x IX = F'dX
| {9y oy 9y 9y
a_xo a_xl ox;  0xy
[ 0x, Ox; axj 0xp

dY = d
Yk

Higher order derivatives are determined by successive substitutions. For example, the 2nd derivative is
determined as follows:

, flo f"o
ay _ d f,i o _ f”i
W - dX fl] =F (X) - fllj

f'k [k

and

+f”0 _ Ili — ”j _f”k |'de‘| dflo

'+ —f"e 7| dx | _ | df’
[+f”j ' +f" —f"iJld"j| df’,
+f”k _ u]_ +flli +f”0 |_dka df’k

Method 2: This method is based upon the definition presented by Equation 3.
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ay _ YK+ AX) - Y(X)
aX a0 AX

Rather than use the A as a difference operator and then take the limit as it reduces to zero, the author
proposes to multiply the quaternion X by a scalar value A and then take the limit as A goes to zero. This
will assure that all of the coefficients of X go to zero together. Equation 3 is therefore re-written as
follows:

Equation 3.9:

av _ YK 4 AX) - Y)
ax ~ % X ’

Now let us begin the discussion regarding the differentials of quaternion polynomials and quaternion
exponentials as described in the sections Polynomials and Exponentials. It will quickly be seen that the
Equation 3.9 form of the definition is very simple to use.

We will begin with the constant function Y = A.

av _ TA-Al_ . 01
dx"zlﬁ%[ X ]_Algcl)[/lx]_

This is the zero quaternion.

The next function to consider is Y = AX.

ay _ i AX + AX) — AX _ i AAX _
aX A% X _ﬁ%[ax -
The next polynomial function is Y = AX?.
ady _ i AX + 1X)? — AX? _ i (1+ 2)2AX? — AX? _ i (21 + A2)AX? _ 9AX
aX "~ A% X = X At X -
The next function to consider is Y = AX>.
dy _ i AX + 1X)® — AX®] i (1+ 1)°AX® — AX®] i (3A+ 322 + *)AX®| 2Ax?
ax 5% AX = AX =% X B

At this point, it is clear that quaternion differentials of quaternion polynomials behave exactly the same
as their non-quaternion counterparts.

The next functions to consider are the exponentials. Let Y = *.

Y = X
ay . eX+AX_eX - eX(ellx_ 1) X1 (eax_ 1) X1 XeX
— = lim—— = lim———— = e*lim———— = e®*lim
1), 4 150 X -0 X 150 X -0 X
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dY

Y _ X
dX

e

The author used L' Hopital's Rule in the above.

It seems that differentiation of a quaternion exponential is also identical to the non-quaternion counter-
part.

Integration:

Given the similar behavior of differentiation for quaternion and non-quaternion functions, integration of
a quaternion function is expected to behave like its non-quaternion counterpart. The only variations
that the author expects concern the constant of integration and the limits of integration.

When indefinite integration is used, a constant of integration must be added to the result. For
quaternion integration, this constant of integration must be a quaternion. It is of course possible that
this constant quaternion has zero for its scalar and/or vector portions.

When definite integration is used, the limits of integration must satisfy the quaternion function. For
example, consider the following:

T, X1
f VdT = aX
T, Xo

This can easily be solved to give V(T; - To) = (X1 - Xo). The puzzling aspect of this is that there are so very
many values for T and X that cannot satisfy this equation. This will be more fully developed in future
work.

The next observation concerns the order of multiplication of the integrand. The usual convention in
Calculus would be to write the integrand as V dT rather than dT V. As was seen in the section on
Polynomials, reversing the order of multiplication will change the result. The author anticipates that this
can be applied to such concepts as quantum spin and uncertainty.
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