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Abstract: Let G be a graph with vertex set V(G) and edge set E(G). Consider the set
A = {0,1}. A labeling f : V(G) — A, induces a partial edge labeling f* : E(G) — A,
defined by f*(zy) = f(x) if and only if f(x) = f(y) for each edge xy € E(G). For i € A, let
vp(t) = {v € V(G) : f(v) = t}| and we denote egs=(i) = |[{e € E(G) : f*(e) = i}|. In this
paper we define friendly index number(FIN) and full friendly index number(FFIN) of graph
G as the cardinality of the distinct elements of friendly index set and full friendly index set

respectively and obtaining these numbers along with their sets of some families graphs.
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81. Introduction

We begin with simple, finite, connected and undirected graph G = (V, E). Here elements of set
V and E are known as vertices and edges respectively. For all other terminologies and notations
we follow Harary [2].

In 1986 Cahit [1] introduced cordial graph labeling. A function f from V(G) to {0,1},
where for each edge zy, f*(zy) = |f(x) — f(y)], vy (9) is the number of vertices v with f(v) =1
and eg«(7) is the number of edges e with f*(e) = i, is called friendly if |vs(1) — vs(0)] < 1. A
friendly labeling f is called cordial if |ef« (1) — es-(0)] < 1.

In [6] Lee and Ng defined the friendly index set of a graph G as FI(G) = {|ey+(1) — es«(0)] :
f* runs over all friendly labeling f of G}. The concept was extended by Harris and Kwong [7] to
full friendly index set for the graph G, denoted FFI(G), defined as FFI(G) = {ey-(1) —es-(0)
: f* runs over all friendly labeling f of G}.

Lee, Liu and Tan [5] considered a new labeling problem of graph theory. A vertex labeling
of G is a mapping f from V(G) into the set {0,1}. For each vertex labeling f of G, a partial
edge labeling f* of G is defined in the following way.
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For each edge wv in G,

= { O 190 =10 =0

L it f(u) = f(v) =

Note that if f(u) # f(v), then the edge uv is not labeled by f*. Thus f* is a partial
function from E(QG) into the set {0,1}. Let v;(0) and v;(1) denote the number of vertices of G
that are labeled by 0 and 1 under the mapping f respectively. Likewise, let e« (0) and ey«(1)
denote the number of edges of G that are labeled by 0 and 1 under the induced partial function
[ respectively.

In [4] Kim, Lee, and Ng defined the balance index set of a graph G as BI(G) = {|es«(1) —
er+(0)] : f* runs over all friendly labelings f of G }.

Definition 1.1 The corona Gy ® Gy of two graphs G1 and G2 is defined as a graph obtained
by taking one copy of Gy (which has py vertices) and py copies of G and joining the it" vertex
of G1 with an edge to every verter in the it" copy of Go.

Definition 1.2 The crown C,, ® K7 is obtained by joining a pendant edge to each vertex of C,,.
Definition 1.3 A chord of cycle C,, is an edge joining two non-adjacent vertices of cycle Cy,.

Definition 1.4 The shell S, is the graph obtained by taking n — 3 concurrent chords in cycle
C,. The vertex at which all the chords are concurrent is called the apex vertex. The shell is
also called fan fn,—1. Thus Sy = fn_1 = Ph_1 + K1.

Definition 1.5 The wheel W,, is defined to be the join K1 4+ C,. The vertex corresponding to
K1 is known as apex vertex, the vertices corresponding to cycle are known as rim vertices while
the edges corresponding to cycle are known as rim edges and edges joining apex and vertices of

cycle are spoke edges.

Definition 1.6 The helm H,, is the graph obtained from a wheel W, by attaching a pendant

edge to each rim vertex.

Definition 1.7 The flower Fl,, is the graph obtained from a helm H, by joining each pendant
vertex to the apex of the helm.

More details of known results of graph labelings given in Gallian [3].

In number theory and combinatorics, a partition of a positive integer n, also called an
integer partition, is a way of writing n as a sum of positive integers. Two sums that differ only
in the order of their summands are considered to be the same partition; if order matters then

the sum becomes a composition. For example, 4 can be partitioned in five distinct ways
440,34+1,24+2,24+1+1,14+1+1+1.

In this paper we are using the idea of integer partition of numbers. Let G be any graph
with p vertices. Partition of p in to (po,p1), where py and p; are the number of vertices labeled

by 0 and 1 respectively.
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82. Main Results

Here we are introducing two new parameters egy+ (i) and epys- (i), which are the number of
edges labeled ¢ under balanced labeling and cordial labeling respectively. While proving our
results, FI(G) and FFI(G) are used as below:

FI(G) = {lers-(1) — ers-(0)] : Ff* runs over all friendly labeling f of G};

FFI(G) ={ery-(1) —ery+(0) : Ff* runs over all friendly labeling f of G}.

Theorem 2.1 Let G(V,E) be a graph with |[E(G)| = q and epy«(i) is the number of edges
labeled i under the balanced labeling, where i = 0,1. Then

(1) FI(G) = {lg—2(es+(0) + epy~(1))| : the partial edge labeling Bf* runs over all
friendly labeling f of G};

(2) FFI(G) = {q — 2(egs+(0) + epy«(1)) : the partial edge labeling Bf* runs over all
friendly labeling f of G}.

Definition 2.2 For a graph G with a subgraph H < G, the Smarandache friendly index number
SFIN is the number of distinct elements runs over all labeling f : V(G) — A with friendly
index set FIN(H), particularly, if H = G, such number is called friendly index number on G
and denoted by FIN.

Definition 2.2 The full friendly index number is the number of distinct elements in the full
friendly index set and it is denoted as FFIN.

We are using Theorem 2.1 to prove the following results.
Theorem 2.4 In a shell graph S, with n > 4 vertices,

{1,3,5,--- ,n—2}, ifn is odd

FI(S,) =
{1,3,5,--- ,n—1}, ifn is even

Proof In a shell graph S, |V (S,)| = n and |E(S,)| = 2n — 3.
Case 1 n is odd.

To satisfy friendly labeling, the possible compositions of n are

n—1n+1 q n+1l n-—1
2 o ) 2 "2 )
n—1 n+1

Consider the composition (T, T) of n. If the apex vertex labeled 0, then e ¢+ (0) =

~3 —5 —1
: Jri,vvherei=0,1,2,---,n2 ;er*(l)=j,wherej=z’+1,i+2,i+3,---,n2 :

Therefore,

n—3

erso(1) = eny- O] = (203 =2 (272 +i5)| = o - 20045,
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—5 _
where i = 0,1,2,- -, 2 and j = i4+1,i+2,i +3, -, =

n+1l n—1
2 72
n—3

—5
01,2+, “5: epy-(1) = j, where ifi:0,1,2,~-~,nT, then j = 0,1,2,---,

~3 _5
"0 then j=0,1,2,---, 2

. If we consider the composition

n—1

+ i, where i =

n—3; o
2

) of n and the apex vertex labeled 0, then eps«(0) =

i:

. Therefore,

n—1

e (1) = eny (O] = |20 = 3) =2 (152 i 5)| = o200+ 1)1

whereifi:O,1,2,~-~,nT_5,thenj:O,1,2,---,i;ifi:n—_?’,thenjzo,l,z---,

Considering all possible values of i and j, we get BI(S,,) = {1,3,5, -+ ,n — 2}. Also if the
apex vertex labeled 1, then FI(S,,) will be same.

n—>5

Case 2 n is even.

To satisty friendly labeling, the possible partition of n is (g, g) . If the apex vertex labeled
0, then, ep-(0) = g 144, where i = 0,1,2,-- g —2; e+(1) = j, where if i = 0, then

J=dit1,i42, - ,3—1; ifi=1,2, - ,g—z, then j = i4+1,i+2,i+3, - ,3—1. Therefore,

n
lers-(1) = erp-(O)] = |2n=3) =2 (5 =14+ )| =In - (2i+2j +1)],

where if i = 0, then j = 4,i +1,i +2,--- ,5—1;&@':1,2,--.,;—2, then j =i+ 1,i+2,i+

3., g —1.
Considering all possible values of ¢ and j, we get FI(S,,) = {1,3,5,--- ,n — 1}. Also if the
apex vertex labeled 1, then FI(S,,) will be same. m

Corollary 2.5 The graph S,, is cordial.

Corollary 2.6 The friendly index set of the graph S, forms an arithmetic progression with

common difference 2.

Corollary 2.7

n—1
2 )

if nis odd
FIN(S,) =

n . .
5 if n is even

Corollary 2.8 In a shell graph S,, with n > 4 vertices,

FFI(S,) = {-n+6,—n+8-n+10,..,n =2}, ifnis odd
’ {=n+5-n+7,-n+9,...,n—1}, ifn is even
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Corollary 2.9

n—3, if nis odd
n—2

FFIN(S,) =

, ifn is even

Corollary 2.10 The full friendly index set of the graph Sy, forms an arithmetic progression

with common difference 2.

Example 2.11 Friendly index set of shell graph S5 is {1, 3}.

Figure 1: The shell graph S5

Table 1: Compositions of integer 5 for friendly labeling with elements of friendly index set.

Compositions of integer 5 | Corresponding elements friendly index set
(2, 3) 1,3
(3,2) 1,3

Theorem 2.12 In a crown graph C,, ® K1 with n > 3,

{0,4,8,---,2n}, if n is even
FI(C, & K1) =
{0,4,8,---,2n — 2}, ifn is odd
Proof Consider the crown graph C,, ® K1, |V(C,, ® K1)| = 2n and
|E(C, ® K1)| = 2n.

Case 1 n is even.

To satisfy friendly labeling, the possible partitions of number of vertices of cycle and
pendent vertices of C,, ® K1 are (n —4,4) and (i,n — i), where i =0,1,2,-- - | n

If 4=0, then eps+(0) = n and eps+(1) = n. Therefore friendly index is ‘0’. If i =
1,2,3,- - g then eps+(0) =n—i—1—j+Fk where j = 0,1,2,--- i—land k=0,1,2, - i
eps+(1) = l+ k, where l = 0,1,2,---,4—1 and k = 0,1,2,--- ,i such that j +1 =i — 1.

Therefore,

leps-(1) —epp=(0)| = 2n = 2[(n —i =1 —j + k) + (I +k)][ = [4(i =1 = k)],
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where if i =1,2,- -, =, then [ = 0,1,2,--- ,i — 1 and k = 0,1,2,-- - , .
Considering all possible values of ¢, [ and k, we get F1={0,4,8,--- ,2n}.

Case 2 n is odd.

To satisfy friendly labeling, the possible partitions of number of vertices of cycle and
—1

pendent vertices of C,, ® K are (n —i,1) and (i,n — i), where t =0,1,2,--- | A

If 4=0, then epy+(0) = n and eps+(1) = n. Therefore friendly index is '0’. If i =

—1
1,2,3,---, nT, then egs«(0) = n—i—1—j+k, where j =0,1,2,--- ;i—land k =0,1,2,--- , 1,
eps+(1) =l+k, where! =0,1,2,--- ,i—land k =0,1,2,--- ,isuch that j+! = i—1. Therefore,
leps-(1) —epp(0) = [2n = 2[(n —i—1—j+ k) + (I + k)] =[4( -1 - k)|,

meizLZ~wﬁ%1J:0JJ,~J—lmﬂszLZ~-m

Considering all possible values of i, [ and k, we get FI(C,, ® K1) = {0,4,8,...,2n — 2}. O

Corollary 2.13 The graph C,, ® K; is cordial.

Corollary 2.14 The friendly index set of the graph C, ® Ky forms an arithmetic progression

with common difference 4.

Corollary 2.15

n+1
2 )

if m is odd
FIN(C,, © K,) =

g +1, ifn is even

Corollary 2.16 In a crown graph C, ® K1 with n > 3,

{-2n+4,-2n+8,-2n+12,...,2n}, ifn is even

FFI(C, ® K,) =
{-2n+6,-2n+10,—2n+ 14,...,2n — 2}, ifn is odd

Corollary 2.17 The full friendly index set of the graph C, ® K1 forms an arithmetic progression

with common difference 4.
Corollary 2.18

n, if n is even

FFIN(C,, ©® K1) =
, if nis odd

n—1

Example 2.19 Friendly index set of crown graph Cs ® K is {0,4, 8}.

Theorem 2.20 In a helm graph H,,

{1,3,5,---,2n— 1}, ifn is odd

FI(H,) =
{0,2,4,---,2n}, if n is even
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Figure 2: The crown graph C5 - K

Table 2: Compositions of integer 5 for friendly labeling with elements of friendly index set.

Partition of integers 5 and 5 | Corresponding elements of friendly index set
(5,0) and (0, 5) 0
(4,1) and (1,4) 0,4
(3,2) and (2, 3) 0,4,8

Proof Consider the helm graph H,. |V(H,)| =2n+1 and |E(H,)| = 3n.
Case 1 n is odd.
First we label the apex vertex as 0.

Subcase 1.1 If the compositions of rim vertices of wheel and pendent vertices of helm are

(n,0) and (0, n) respectively, then eps-(0) = 2n and eps«(1) = n. Therefore
lers-(1) = erg-(0)] = n.

Subcase 1.2 If the compositions of rim vertices of wheel and pendent vertices of helm are
(n—i,i) and (i,n—1), wherei = 1,2,3,--- ,n—1, respectively. Then egs«(0) = (n—j)+(n—i)+I,
-1
where if i = 1,2,3,--- "T then j = i+ 1,i +2,i +3,---,2 and [ = 0,1,2,---,i; if
1 3 )
i= "; ";r ";r cooon—1,thenj=i+1,i+2i+3,-,nandl=0,1,2,--- ,n — i
-1
epp-(1) = k+1, where if i =1,2,3,-- ,nT,thenk:O,l,Q,--- vi—landl=0,1,2,--,i;

1 n+3 n+5
1fz’=”;L S S 1 then k= 2 —n, 2 — (n—1),2 — (n—2),--- i — 1 and

2
1=0,1,2,--- ,n —i. Therefore,

lepse(1) —erp(0)] = [2(i +j — k = 20) — ],

-1
where if i = 1,2,3,---,"7, then j =i+ 1,i+2,i+3,---,2ik =0,1,2,---,i — 1 and

1 n+3 nt5
L= 01,2, is if i = s IS S then j = i4 1,420 +3 -,

2 ) 3 2 3
k:2i—n,2i—(n—l),2i—(n—22§,-~- ,i—1land 1 =0,1,2,--- ,n — ¢ such that j + k = 2i.

Therefore,

leps-(1) — epp-(0)] = |n + 2i — 45 + 41,
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1

where if i = 1,2,3,--.,"7, then j = i+ 1,i +2,i +3,---,2 and [ = 0,1,2,---,i; if
1 n4+3 n+5

i:”;r ”;“ ”;“ coon—1,thenj=i+1,i4+2,i+3,--,nandl=0,1,2,---,n—i.

Subcase 1.3 If the compositions of rim vertices of wheel and pendent vertices of helm are
(0,n) and (n, 0) respectively, then eps-(0) =n and eps+(1) = 2n. Therefore

lepp<(1) — erp-(0)] = n.

Subcase 1.4 If the compositions of rim vertices of wheel and pendent vertices of helm
are (n— (¢ +1),i+1) and (¢,n — i), where ¢ = 0,1,2,--- ,n — 1 respectively. Then egs-(0) =
(n—7))+Mm—(>G+1)+1I, whereif i =0,1,2,-- "T_?’ then j =i+2,i+3,i+4,---,2(i+1)
n—1n+1n+3

2 2 2
and I = 0,1,2,---,n — (i +1); epp-(1) = k + 1+ 1, where if i = 0,1,2,-- ”% then

1+l
k= 0,1,2, iand 1 =0,1,2, i ifi= ot LS 1 then k= 2(i4+1) —

2 2
n,2(i+1)—(n—1),2(¢+1)—(n—2),---,sand 1 =0,1,2,--- ,n — (i + 1). Therefore

and [ = 0,1,2,--- j4; if i =

--,mn—1,then j =i+2,i+3,i+4,---,n

lepp(1) = epp-(0)| = [3n — 2[(n — j) + (n — (i + 1)) + k + 21 + 1],

-3
where ifi:O,1,2,---,nT,thenj:i+2,i+3,i+4,---,2(i+1), k=0,1,2,--,i and

“1 n+1 n+3
L= 01,2, isifi = B I S then j = i+ 20430+ 4- o,

2 2
k:2(i+1)—n,2(i+1)—(n—l),2(i+1%—(n—2),~-~ yiand 1 =0,1,2,---,n—(i+1) such
that j + k = 2(i + 1). Therefore

|€Ff*(1) —Epfx (0)| = |n + 2 — 4] + 41 + 4| y

where if i = 0,1,2, - - "T_?’ then j =i+ 2,i+3,i+4,---,2G+1) and [ = 0,1,2,--- ,i; if
.. n—1n+1 n+3
‘T Ty e T

Subcase 1.5 If the compositions of rim vertices of wheel and pendent vertices of helm are

(0,n) and (n — 1,1) respectively, then eps+(0) =n + 1 and eps«(1) = 2n — 1. Therefore

-,m—2,then j =i+2,i+3,i+4,--- ,nand [ =0,1,2,--- ,n—(i+1).

lepp-(1) —epg-(0)] =n —2.

Considering all the above sub cases and all possible values of 4, j and [, we get BI(H,,) =
{1,3,5,---,2n — 1}. If we label the apex vertex as 1 and considering all possible compositions

of number of vertices for friendly labeling, then also the friendly index set will be same.
Case 2 n is even.
First we label the apex vertex as 0.

Subcase 2.1 If the compositions of rim vertices of wheel and pendent vertices of helm are
(n,0) and (0, n) respectively, then e+ (0) = 2n and ey (1) = n. Therefore, |ep s+ (1) — eps-(0)]

=n.
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Subcase 2.2 If the compositions of rim vertices of wheel and pendent vertices of
helm are (n —4,4) and (i,n — 4), where ¢ = 1,2,3,--- ,n — 1, respectively. Then ep¢-(0) =
(n— j) + (n — i) + 1, where if i = 1,2,3,--- g then j = i+ 1,i+2,i+3,---,2 and | =

0,1,2,-~~,;1fz:§—|—1,7; ,g+3,-~,n—1,thenj:i—|—1,i—|—2,i—|—3,~-~,nand
1=0,1,2,---,n—1; er*(l)—k—i—l where ifi:1,2,3,---,%,thenk:O,l,Q,---,i—l
and [ = 0,1,2, - i ifi= o +1, 0422 43 ... n—1, then k =2 —n,2i — (n—1),2i
(n—2),---,i—land1=0,1,2,---,n —isuchthatj—i—k:% Therefore, |ep s« (1) — ep s (0)]
= [2(i+j — k — 20) —n|, where if i = 1,2,3,-- gthenj—z+1z+2z+3 %k =
0,1,2,---,i —Land | = 0,1,2,3,---,4; if i = = +1,2 +2, 2 43,...,n—1, then j =

N |

i+1,i42,i4+3,--- ,n,k:2i—n,2i—(n—1),2z—(n—2),~-~,z—landl:O,1,2,-~ ,n—1 such
that j + k = 2i. Therefore, lepp«(1) — epp«(0)| = |n + 2i — 45 + 41|, where if ¢ = 1,2,3,--- ,g,
then j =i+ 1,i+2,i+3,--,2i and [ =0,1,2,3,--- ,i; ifi:g+1,g+2,g+3,~-~ n—1,
then j=i+1,9+2,74+3,---,nand [ =0,1,2,--- ,n — 1.

Subcase 2.3 If the compositions of rim vertices of wheel and pendent vertices of helm are
(0,n) and (n,0), respectively, then eps-(0) = nand epy- (1) = 2n. Therefore, |eps+(0) — epp«(1)]

=nNn.

Subcase 2.4 If the compositions of rim vertices of wheel and pendent vertices of helm
are (n— (i +1),i+ 1) and (¢,n — i), where  =0,1,2,--- ,n — 1, respectively. Then eg+(0) =
(n—7)+(n—(i+1))+I, whereif i =0,1,2,- -, Z 1,then j =i4+2,i+3,i+4,---,2(i+1) and
1=0,1,2,---,i;ifi = g,gﬂ,gm,--- n—1,thenj = i+2,i+3,--- ,nandl = 0,1,2,--- ,n—
(i—i—l)' er*( ) =k+1+4+1, where if ¢ = 0,1,2,--- ,g — 1, then £k = 0,1,2,---,4; if 1 =

—|—1 —|—2 -,n—1,then k = 2(i+1)—n,2i—(n—1),2i—(n—2),--- ,sand 1 =0,1,2,--- ;n—
(2—|—1 Therefore, |eps+(1) —epp+(0)] = [3n — 2[(n — j) + (n — (¢ + 1)) + k + 20 + 1]|, where if
220,1,2 g—l then j = i+2,i+3,i+4,---,2(i+1),k=0,1,2,--- ;iand [ = 0,1,2,--- ,4;

ifi = — +1 +2 n—1,then j =i4+2i+3,i+4,---,n, k=20G+1)—n,20+
1)—(n—1),2(z—|—1)—(n—2),~-~ yiand 1 =0,1,2,--- ,n— (i+ 1) such that j+ k = 2(i + 1).
Therefore, |eps«(1) — epyp«(0)] = |n+2i —4j + 4l + 4|, where if ¢ = 0,1,2,--- ,g — 1, then
g—i—l,ﬁ—i—l--- ,n — 2, then

j=i42i+3i+d,- 20+ andl=0,1,2,- 0 if i = :

j=i+2,i+3,i+4,--- ,nand1=0,1,2,--- ,n— (i + 1). 2

Subcase 2.5 If the compositions of rim vertices of wheel and pendent vertices of helm
are (0,n) and (n — 1,1), respectively, then eps«(0) = n+ 1 and ep«(1) = 2n — 1. Therefore
leps«(1) —eps(0)| =n — 2. Considering all the above sub cases and all possible values of 7, j
and [, we get BI(H,) ={0,2,4,---,2n}.

If we label the apex vertex as 1 and considering all possible compositions of number of

vertices for friendly labeling , then also the friendly index set will be same. |

Corollary 2.21 The graph H, is cordial.

Corollary 2.22 The friendly index set of helm graph H, forms an arithmetic progression with
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common difference 2.

Corollary 2.23 In a helm graph H,,

FIN(H,,) =

Corollary 2.24 In a helm graph H,,

{-2n+5,-2n+7,-2n+9,--- ,2n — 1},
{-2n+6,-2n+8,—2n+10,--- ,2n},

FFI(H,) =

n, ifn is odd
n+1,

ifn is even

ifn is odd

ifn is even

Corollary 2.25 The full friendly index set of helm graph H, forms an arithmetic progression

with common difference 2.

Corollary 2.26 In a Helm graph H,, FFIN(H,) =2n — 2.

Table 3: Compositions of number of rim vertices of wheel and pendent vertices of Hs for friendly

labeling with elements of friendly index set.

Compositions of integers 5 and 5 | Corresponding elements of friendly index set
(5,0) and (0, 5) 5
(4,1) and (1, 4) 1,3
(3,2) and (2, 3) 1,3,5,7
(2,3) and (3,2) 1,3,5,9
(1,4) and (4,1) 3,7
(0,5) and (5,0) 5
(4,1) and (0, 5) 1
(3,2) and (1, 4) 1,3,5
(2,3) and (2, 3) 1,3,5 7
(1,4) and (3,2) 1,5
(0,5) and (4,1) 3

Example 2.27 Friendly index set of helm graph Hj is {1,3,5,7,9}.

Theorem 2.28 In a flower graph Fl,,

FI(Fl,) =

0,4,8,--,2n— 2},
{074785"' ,2”},

ifn is odd

ifn is even
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Figure 3: The helm graph Hj

Proof Consider the flower graph Fl,,. |V(Fl,)| =2n+ 1 and |E(Fl,)| = 4n.
Case 1 n is odd.
First we label the apex vertex as 0.

Subcase 1.1 If the compositions of rim vertices of wheel and pendent vertices of helm are
(n,0) and (0, n) respectively, then ep s+ (0) = 2n and epy- (1) = 2n. Therefore, |ep s+ (1) — eps-(0)]
=0.

Subcase 1.2 If the compositions of rim vertices of wheel and pendent vertices of helm
are (n—1i,1) and (¢,n—1), wherei =1,2,3,--- ,n—1, respectively. Then eg-(0) = (n—j)+(n—
i) +i+1, whereifi=1,2,3,-- "T_l then j=i+1,i+2,i+3,---,2 and [ =0,1,2, -+ ,i;
n+1 n+3 n+5

2 2 2
epp«(1) =k +1, where if i =1,2,3,-- -,

1
o ML mES M S then k=2 —m,2i— (n—1),2 — (n—2),--- i — 1 and

T2 T o
1=0,1,2,--- ,n — 4. Therefore, |eps«(1) —ers+(0)] = [dn —2((n — ) + (n— @) + i + k + 21)|,
1
whereifi:1,2,3,---,nT, then j = i+ 1,i +2,i+3,---,2i, k = 0,1,2,---,i — 1 and

1 n+3 nts
L= 01,2, is if i = s IS S then j = i4 1,420 +3 - n,

2 2 2
k=2i—n,2i—(n—1),2i—(n—2),---,i—land ! = 0,1,2,--- ,n—i such that j+k = 2i. Therefore
—1
|eFf*(1)_€Ff*(0)|:4|'L_j+l|,Wh€I'€lfl:1,2,3,,nT,thenj:Z+1,Z+2,’L+3,,2Z
n+1l n+3 n+5
2 7 2 7 27

if i = - on—1,then j=i4+1,i4+2,94+3,--- ,nand 1 =0,1,2,--- ,n—1;

n—1

,then k=0,1,2,---,7—1and [ =0,1,2,---,3;

and [ =0,1,2,--- ,4;if ¢ =
1=0,1,2,--- ,n—1.

-,n—1,then j=¢+1,94+2,94+3,--- ,n and

Subcase 1.3 If the compositions of rim vertices of wheel and pendent vertices of helm are
(0,n) and (n, 0) respectively, then ep s+ (0) = 2n and epy- (1) = 2n. Therefore, |ep s+ (1) — eps-(0)]
=0.

Subcase 1.4 If the compositions of rim vertices of wheel and pendent vertices
of helm are (n — (i + 1),i + 1) and (i,n — i), where i = 0,1,2,--- ,n — 1, respectively.
Then epp(0) = (n — j) + (n — (i + 1)) + i + I, where if i = 0,1,2,--- "% then j =

1 1 n+3
P2+ 3+ d 2+ 1) and [ = 0,1,2,-- 4 if i = L2 MEL Ay

2 2’
then j =i+2,i+3,---,nand 1 =0,1,2,--- ,n— (i +1); epy+(1) = k+ 1+ 1, where if i =
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01,2, =3 thenk = 0,1,2, iandl=0,1,2, - iifi— "t 1l nt3

2 72
1,thenk:2%i—|—1)—n,2(i+1)—(n—l),2(i—|—1)—(n—2),~-~,iandl:(),l,2,-~,n—(i+
1). Therefore |eps«(1) —eps+(0)] = [dn—2((n—j)+ (n— (i + 1)) +i+ 2] + k + 1)|, where

-3
if § = 0,1,2,---,"7, then j = i+ 2,i+3,i+4,---,2(i + 1), k = 0,1,2,---,i and

“1 n+1 n+3
L= 0,120 i = B 1 then j = i+2i+43i+4,-.m,

) 3 2
ko= 26+ 1) = m, 26+ 1) —(n— 1,20 £1) = (n—2), i and [ = 0,1,2,-- n— (i +1)
such that j + k = 2(i + 1). Therefore, |eps(1) —epp«(0)] = |4(i —j+ 1+ 1)|, where if

s, N—

~3
i = 0,1,2,---,”7, then j = i 4+ 2,0 +3,i+4,---,2( +1) and | = 0,1,2,-- i ; if
1 n41 n+3
i:n2 ”;“ ”;“ -+, n—2 thenj=i+2,i+3,i+4,---,nandl =0,1,2,--- ,n—(i+1).

Subcase 1.5 If the compositions of rim vertices of wheel and pendent vertices of helm
are (0,n) and (n — 1,1) respectively, then eps-(0) = 2n and eps«(1) = 2n. Therefore,
lers-(1) —epy-(0)] = 0.

Considering all the above sub cases and all possible values of 4, j and I, we get FI(Fl,) =
{0,4,8,---,2n — 2}. If we label the apex vertex ‘1’ and consider all possible compositions of

number of vertices for friendly labeling , then the balance index set will be same.
Case 2. n is even.
First we label the apex vertex as ‘0.

Subcase 2.1 If the compositions of rim vertices of wheel and pendent vertices of helm are
(n,0) and (0, n) respectively, then e+ (0) = 2n and ey (1) = 2n. Therefore, |ep +(1) — ep s+ (0)]
=0.

Subcase 2.2 If the compositions of rim vertices of wheel and pendent vertices of helm are
(n—14,i) and (i,n—i), where i = 1,2,3,--- ,n — 1, respectively. Then eg«(0) = (n—j)+ (n—
i)+i+1, whereifi=1,2,3, - ,g, then j=i+1,i+2,4+3,---,2¢and [ =0,1,2,--- ,4; if

i:g+1,g+2,g+3,---,n—l,thenj:i+1,i+2,i+3,---,nandl:O,l,Z,--~,n—i;

epp«(1) = k41, where if i = 1,2,3,--- ,g, then k = 0,1,2,---,i—1and [ = 0,1,2,...,4; if

i = g+1,f+2,g+3,--.,n—1, then k = 2 — n,2i — (n — 1),2i — (n — 2),---,i — 1 and
1=0,1,2,--- ,n — 1. Therefore, |eps-(0) —erp+(1)] = [dn —2((n — 7) + (n — @) + i + k + 21)|,

where if § = 1,2,3,-..,3, then j = i 4+ 1,5+ 2,i +3,---,2, k = 0,1,2,---,i — 1 and | =

0,1,2,--- i if i = @ + 1,2 42,2 13 ... n—1,then j = i +1,i+2,i+3,...n, k =
2i—n,2i—(n—1),2i—(n—2),---,i—land 1 =0,1,2,--- ,n—isuch that j+ k = 2i. Therefore,
le s+ (1) — eppe(0)] = 4 i — j + 1], where if i=1, 2, 3, . . g then j =i+ 1,5 +2,i+3, -2

andl:O,1,2,---,i;ifi:g+1,g+2,g+3,---,n—l,thenj:i+1,i+2,z’+3,---,nand
1=0,1,2,-- ,n—i.

Subcase 2.3 If the compositions of rim vertices of wheel and pendent vertices of helm are
(0,n) and (n,0), respectively, then e+ (0) = 2n and ep s+ (1) = 2n. Therefore, |eps+(1) — epp«(0)]
=0.
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Subcase 2.4 If the compositions of rim vertices of wheel and pendent vertices of helm
are (n— (i +1),i+ 1) and (¢,n — i), where = 0,1,2,--- ,n — 1, respectively. Then eg+(0) =
(n—j)—l—(n—(i+1))+i—|—l,where if i = 0,1,2,--. ,5—1, then j = i+2,i+3,i+4, -, 2(i+1)

and [ = 0,1,2,---,4; if ¢ = n

5 —|—1 —|—2 n—1,then j =i+ 2,¢+3,---,n and
12071727"' 7’]’L—(l+1),er*( )

n

"2

2
+l+1,whereifi:O,1,2,--- ,g—l,thenk:0,1,2,--- i

|3

and [ =0,1,2,--- ,4; if ¢ =
1),2(6+1)— (n—2),--- .4

+1,- +2,-~,n—1,thenk:2(i—|—1)—n,2(i+1)—(n
nd ! =0,1,2,--- ,n — (i + 1). Therefore, |eps«(1) — eps«(0)] =

93l\3

[dn —2((n—43)+ (n—(i4+1))+i+2l+k+1)|, where if i = 0,1,2,---, 5—1,thenj:i+
2,i+3,i+4,-,26+1), k=0,1,2,--- ,iand [ = 0,1,2, ..., 4; 1fz_g L n—1,
then j =i+2,i+3,i+4,---,n, k=2(G+1)—n,2(i+1)— (n—1), % n—2)

and [ = 0,1,2,--- ,;n — (i + 1) such that j + k = 2(i + 1). Therefore |eFf*(1) —eps<(0 )| =
|4(i — j 4+ 1+ 1)|, where if i = 0,1,2,---, Z 1, then j =i+ 2,4+ 3,i+4,---,2(i+ 1) and

I =0,1,2,-- i ifi = 2,2 41,0

55 2—|—2,-~,n—2,thenj:i—|—2,i—|—3,i—|—4,-~,nand
1=0,1,2,--- ,;n—(i+1).

Subcase 2.5 If the compositions of rim vertices of wheel and pendent vertices of helm
are (0,n) and (n — 1,1) respectively, then eps«(0) = 2n and eps«(1) = 2n. Therefore
ler (1) —eps+(0)] = 0.

Considering all the above subcases and all the possible values of ¢, j and I, we get FI(Fl,) =
{0,4,8,---,2n}. If we label the apex vertex ‘1’ and consider all possible compositions of number

of vertices for friendly labeling, then the balance index set will be same. |

Corollary 2.29 The flower graph Fl, is cordial.

Corollary 2.30 The friendly index set of the graph Fl, forms an arithmetic progression with

common difference 4.

Corollary 2.31 In a flower graph Fl,,

nt 3, ifn is odd
FIN(Fl,) =S 39
5 if n is even

Corollary 2.32 In a flower graph Fl,,

{-2n+6,-2n+10,—2n+ 14, --- ,2n — 2}, ifn is odd

FFI(Fl,) =
{-2n+4,-2n+8,-2n+12,--- ,2n}, ifn is even

Corollary 2.33 The full friendly index set of the flower graph Fl, forms an arithmetic pro-

gression with common difference 4.

Corollary 2.34 In a flower graph Fl,,

n—1

ifn is odd

)

FFIN(Fl,,) =

n, ifn is even
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Example 2.35 Friendly index set of flower graph Fis is {0, 4, 8}.

Figure 4: The flower graph Fli5

Table 4: Compositions of number of rim vertices of wheel and number of vertices with degree

two of Fls for friendly labeling and corresponding elements of friendly index set.

Compositions of integers 5 and 5 | Corresponding elements of friendly index set
(5,0) and (0, 5) 0
(4,1) and (1,4) 0,4
(3,2) and (2, 3) 0,4,8
(2,3) and (3, 2) 0,4,8
(1,4) and (4,1) 0,4
(0,5) and (5,0) 0
(4,1) and (0, 5) 4
(3,2) and (1, 4) 0,4,8
(2,3) and (2, 3) 0,4,8
(1,4) and (3,2) 0,4
(0,5) and (4, 1) 0
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