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Abstract — In this paper , we have defined First Zadeh’s implication , First Keywords — Fuzzy sets,
Zadeh’s intuitionistic fuzzy conjunction and intuitionistic fuzzy Intuitionistic fuzzy sets, Fuzzy
disjunction of two intuitionistic fuzzy soft sets and some their basic soft sets, Intuitionistic fuzzy
properties are studied with proofs and examples. soft sets.

1. Introduction

The concept of the intuitionistic fuzzy (IFS , for short ) was introduced in 1983 by Atanassov
[1] as an extension of Zadeh’s fuzzy set. All operations, defined over fuzzy sets were
transformed for the case the IFS case .This concept is capable of capturing the information
that includes some degree of hesitation and applicable in various fields of research .For
example , in decision making problems, particularly in the case of medial of medical diagnosis
,sales analysis ,new product marketing , financial services, etc. Atanassov et.al [2,3] have
widely applied theory of intuitionistic sets in logic programming, Szmidt and Kacprzyk [4]
in group decision making, De et al [5] in medical diagnosis etc. Therefore in various
engineering application, intuitionstic fuzzy sets techniques have been more popular than
fuzzy sets techniques in recent years. After defining a lot of operations over Intuitionstic
fuzzy sets during last ten years [6] ,in 2011, Atanassov [7, 8] constructed two new operations
based on the First Zadeh’s IF-implication which are the first Zadeh’s conjunction and
disjounction, after that, in 2013, Atanassov[ 9] introduced the second type of Zadeh ‘s
conjunction and disjunction based on the Second Zadeh’s IF-implication.
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Another important concept that addresses uncertain information is the soft set theory
originated by Molodtsov [10]. This concept is free from the parameterization inadequacy
syndrome of fuzzy set theory, rough set theory, probability theory. Molodtsov has
successfully applied the soft set theory in many different fields such as smoothness of
functions, game theory, operations research, Riemann integration, Perron integration, and
probability. In recent years, soft set theory has been received much attention since its
appearance. There are many papers devoted to fuzzify the concept of soft set theory which
leads to a series of mathematical models such as fuzzy soft set [11,12,13,14,15], generalized
fuzzy soft set [16,17], possibility fuzzy soft set [18] and so on. Thereafter, Maji and his
coworker [19] introduced the notion of intuitionstic fuzzy soft set which is based on a
combination of the intuitionistic fuzzy sets and soft set models and studied the properties of
intuitionistic fuzzy soft set. Later, a lot of extentions of intuitionistic fuzzy soft are appeared
such as generalized intuitionistic fuzzy soft set [20], possibility Intuitionistic fuzzy soft set
[21] etc.

In this paper, our aim is to extend the three new operations introduced by Atanassov to the
case of intuitionistic fuzzy soft and study its properties. This paper is arranged in the following
manner. In Section 2, some definitions and notion about soft set, fuzzy soft set and
intuitionistic fuzzy soft set and some properties of its. These definitions will help us in later
section . In Section 3, we discusses the three operations of intuitionistic fuzzy soft such as
first Zadeh’s implication, First Zadeh’s intuitionistic fuzzy conjunction and first Zadeh
intuitionistic fuzzy disjunction. Section 4 concludes the paper.

2. Preliminaries

In this section, some definitions and notions about soft sets and intutionistic fuzzy soft set are
given. These will be useful in later sections

Let U be an initial universe, and E be the set of all possible parameters under consideration
with respect to U. The set of all subsets of U, i.e. the power set of U is denoted by P(U) and
the set of all intuitionistic fuzzy subsets of U is denoted by IFU . Let A be a subset of E.

Definition 2.1 .A pair (F, A) is called a soft set over U , where F is a mapping given by F : A
P(U).

In other words, a soft set over U is a parameterized family of subsets of the universe U . For e
€ A, F (e) may be considered as the set of e-approximate elements of the soft set (F , A).

Definition 2.2. Let U be an initial universe set and E be the set of parameters. Let IFY denote

the collection of all intuitionistic fuzzy subsets of U. Let . A € E pair (F, A) is called an
intuitionistic fuzzy soft set over U where F is a mapping given by F: A— IFY.

Definition 2.3. Let F: A— IFY then F is a function defined as

F (8) ={ X, UE(e) (X), VE(e) (X) X E U}

where u , v denote the degree of membership and degree of non-membership respectively.
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Definition 2.4 . For two intuitionistic fuzzy soft sets (F , A) and (G, B) over a common
universe U , we say that (F , A) is an intuitionistic fuzzy soft subset of (G, B) if

(1)AcBand
(2) F (e) €G(e) for all £ € A.i.e ppe)(X) < pge)(X) , Ve () = Vg (x) forall e € E and

We write (F,A) € (G, B).
In this case (G, B) is said to be a soft super set of (F, A).

Definition 2.5. Two soft sets (F , A) and (G, B) over a common universe U are said to be soft
equal if (F, A) is a soft subset of (G, B) and (G, B) is a soft subset of (F , A).

Definition 2.6. Let U be an initial universe, E be the set of parameters,and A C E..

(@) (F, A) is called a relative null soft set (with respect to the parameter set A), denoted by
Dy, ifF (@) =0 forallaeA.

(b) (G, A) is called a relative whole soft set (with respect to the parameter set A), denoted by
U, ifG(e)=Uforalle € A.

Definition 2.7. Let (F, A) and (G, B) be two IFSSs over the same universe U. Then the union
of (F,A) and (G,B) is denoted by ‘(F,A)U(G,B)’ and is defined by (F,A) U (G,B)=(H,C),
where C=AUB and the truth-membership, falsity-membership of ( H,C) are as follows:

{(upe)(x),vpey(x) : x U} ,ife € A — B,
H(e) = {(,uc(g)(x),vc(g)(x) P X U} ,ife € B- A
{max(,up(g)(x),,uG(g)(x)),min (VF(S)(X),VG(E)(X)):X U}ife €EANB

Where gy ey (%) = max(pree) (%), hee) (%)) and vy e (x) = min (Veee) (%), Ve (%))

Definition 2.8. Let (F, A) and (G, B) be two IFSS over the same universe U such that
A N B #0. Then the intersection of (F, A) and ( G, B) is denoted by ‘( F, A) N (G, B)’ and is
defined by (F, A) N( G, B) = ( K, C),where C =A NB and the truth-membership, falsity-
membership of ( K, C) are related to those of (F, A) and (G, B) by:

{(.uF(s)(x);Vp(g)(x) :x U} ,ife € A — B,
K(e) = {(Nc(e)(x),vg(g)(x) P X U} ,ife € B-A
{min(up(g)(x),/,tc(g)(x)), max (vF(g)(x),vg(E)(x)):x U}ife € ANB

Where ey (x) = min(ppee) (%), fe(e) (%)) and vig(e) (x) =max (Ve (), vg(e) (%))
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3. New Operations on Intuitionstic Fuzzy Soft Sets Based on First Zadeh's
Logical Operators

3.1 First Zadeh’s Implication of Intuitionistic Fuzzy Soft Sets

Definition 3.1.1. Let (F, A) and (G, B) are two intuitionistic fuzzy soft set s over (U,E) .We
define the First Zadeh’s intuitionistic fuzzy soft set implication (F, A) —>(G B) is defined by

(F, A) > (G,B) = [max {vp(e)(x) , min (kpe) (%), Hae) ()} mln(ﬂF(e)(x) Va(e) (X))

Proposition 3.1.2. Let (F, A) ,(G, B)and (H, C) are three intuitionistic fuzzy soft set s over
(U,E). Then the following results hold

i)  FANGB) > HC) 20F.A~MHC)IN[G,B) > (HC)]
(i)  (FA)U(G, B) (H C) 2, A)—>(H C)]v [(G, B) (H C)]
(i) (F,A)N(GB) ~ (H C) 2, A)—>(H €)1V [(G.B) > (H C)]
V) FA)=E A)C—(F NG

V) FAS@A)=FA)°

Proof.
M (FANGB)~> (HC)

= {min (um)(x) ua(gxx)) max (Vo) (), Ve () | = (e (@) 1 Vi ()
) MAX { max (VF(E) (1), V(o) (x)) , min ( min (,uF(E) (x), Koo (x)) My (x))},

MIN {min ( Hre) (x), oo (x)) VHCE) (x)}

(1)
[(F.A) = HCOIN[G,B)~(HO)]

= [ max {VF(e) , MiNn (Up(e) .uH(s))} min (Urce) » Vi) 10
[ max {vgey » Min (Uge) » Huee))}  Min (Ugey » Vage) ]

MIN {max (VF(E) (x), min (,up(s) (O e (x))) , max (vg(g) (x), min (Hc(g) (O My (x)))} )
MAX {min (,up(g) (), Vi) (x)) ,min (,uG(E) (), vy (x))}

()

From (1) and (2) itisclearthat (F, A) n (G, B) (H C) 2[(F, A)—>(H C]n
[(G.B) 5 (HC)]

(i) And (iii) the proof is similar to (i)

(iv) (F, A = (F,A)¢=(F,A)°€

_ Max {VF(E) (x), min ( Ur(e) (X), Ve (x))},
MIN{pr(e) (), ey ()}
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= (Vr(e) (%), tre) (X))

It is shown that the first Zadeh’s intuitionistic fuzzy soft implication generate the
complement of intuitionistic fuzzy soft set.

(v) The proof is straightforward .

Example 3.1.3.

(F.A)={F(e;)=(a,03,0.2)}
(G ,B)={G(e;) =(a,0.4,0.5)}
(H.C)={H(e;) =(a,0.3,0.6)}

(F,A)N(GB) = (H,C) =

[max { (max (0.2, min (0.3,0.4)), 0.3 }, min { min (0.3,0.5), 0.6))} = (0.5,0.3)
(F,A) n(G,B) ={(a,0.3,0.5)}

3.2. First Zadeh’s Intuitionistic Fuzzy Conjunction of Intuitionistic Fuzzy Soft Set

Definition 3.2.1. Let (F, A) and (G, B) are two intuitionistic fuzzy soft sets over (U,E) .We
define the first Zadeh’s intuitionistic fuzzy conjunction of (F, A) and (G,B) as the intuitionistic
fuzzy soft set (H,C) over (U,E), written as (F, A) A,; (G,B) =(H ,C). WhereC=ANB =@
andvVeeC,xeU,

Hicey () = MIN (g ey (%), g ey (%))
Vie) ()= Max {vee (%), min(ppe (%) , vee (%))}

Example 3.2. 2.
LetU={a,b,c}andE={e, ,e,,e3,e,} ,A={e;,e,,e,} SE,B={e;,e,,e3}SE

(F, A) ={ F(e;) ={( (a, 0.5, 0.1), (b, 0.1, 0.8), (c, 0.2, 0.5)},
F(e,) ={( (a, 0.7, 0.1), (b, 0, 0.8), (c, 0.3, 0.5)},
F(e,) ={( (a, 0.6, 0.3), (b, 0.1, 0.7), (c, 0.9, 0.1)}}

(G, B) ={ G(e,) ={( (a, 0.2, 0.6), (b, 0.7, 0.1), (c, 0.8, 0.1)},
G(e,) ={( (a 0.4, 0.1), (b, 0.5, 0.3), (c, 0.4, 0.5)},
G(es) ={( (a0, 0.6), (b, 0, 0.8), (¢, 0.1, 0.5)}}

Let (F,A)A, (G,B) =(H,C) whereC=ANnB={e; ,e,}

(H, C)={H (e,) ={(a, min(0.5, 0.2), max(0.1, min(0.5, 0.6)))
(b, min(0.1, 0.7), max(0.8, min(0.1, 0.1)))
(c, min(0.2, 0.8), max(0.5, min(0.2, 0.1)))},
H (e;) ={(a, min(0.7, 0.4), max(0.1, min(0.7, 0.1)))
(b, min(0, 0.5), max(0.8, min(0, 0.3)))
(c, min(0.3, 0.4), max(0.5, min(0.3, 0.5)))}}

(H, ©)={H (e;)={(a, min(0.5, 0.2), max(0.1, 0.5)),
(b, min(0.1, 0.7), max(0.8, 0.1)),
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(c, min(0.2, 0.8), max(0.5, 0.1))},
H (e;)={(a, min(0.7, 0.4), max(0.1, 0.1)),

(b, min(0, 0.5), max(0, 0.8)),

(c, min(0.3, 0.4), max(0.5, 0.3))}}

(H, C)= { H (e,)={(a, 0.2, 0.5),(b, 0.1, 0.8), (c,0.2, 0.5)},
H (e,)= {(a, 0.4, 0.1), (b, 0, 0), (c, 0.3, 0.5)}}

Proposition 3.2. 3. Let (F, A) ,(G, B) and (H, C) are three intuitionistic fuzzy soft set s over
(U,E). Then the following result hold

(F, A) Az (GB) = (H,C) 2[(F,A) > (H,C) A, [(G,B) ~ (H C)]
Proof. Let (F, A),(G, B) and (H,C) are three intuitionistic fuzzy soft set ,then
(F,A)A;1 (GB) = (H.C) =

Max {max (VF(E) (x), min (,uF(g) CIMPE (x))) , min (min (,uF(S) %) B (x)) By (x))},

MIN {min (uF(S) (x), Ko (x)) V() (x)}
(1)

Let [(F, A) > (H C)1A.: [(G,B) > (H O)]

(F, A) (H C)=

MAX {vp(g) (x), min (uF(E) () s by (x))} ,]

MIN {ym) IR (x)}

(G,B) = (H, Ol =

MAX {ve) (), min (i (0 iy ()} ]

MIN {150 (0, Vi (0

Then [(F, A) = (H, O 17,1 [G,B) - (H, O)1=
MIN (max (e G min (e 09, Vi ()} max (v 0, mim (11600 GO o )}

MAX. (min{itr o (), Vi GO} min {max (e (0, min (1o GO ey ) ) min (it (), Vi ) ) )
2)

From (1) and (2) it is clear that

(F.A) A1 (CB) » (H.C) 2[F, A) > (H C) 1A, [(G.B) 5 (H )]

3. 3. The First Zadeh’s Intuitionistic Fuzzy Disjunction of Intuitionstic Fuzzy Soft Set

Definition 3.3.1. Let (F, A) and (G, B) are two intuitionistic fuzzy soft set s over (U,E) .We
define the first Zadeh’s intuitionistic fuzzy disjunction of (F, A) and (G,B) as the intuitionistic
fuzzy soft set (H,C) over (U,E), written as (F, A) V,, (G,B) =(H ,C). Where C=ANB =@
andveeA,xeU

Hice) (%) = Max {ppee) (x), min(vee (%) |t ()}
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Viey ()= Min(vee (), v (X)) )

Example 3.3.2. LetU={a, b,c}andE={e; ,e,,e5,e.},A={e;,e,,e,} SE,

B={e;,e,,e3}CE

(F, A) ={ F(e;) ={( (a, 0.5, 0.1), (b, 0.1, 0.8), (c, 0.2, 0.5)},
F(e,) ={( (a, 0.7, 0.1), (b, 0, 0.8), (c, 0.3, 0.5)},
Fle,) ={( (a, 0.6, 0.3), (b, 0.1, 0.7), (c, 0.9, 0.1)}}

(G, A) ={ G(e;) ={( (a 0.2, 0.6), (b, 0.7, 0.1), (c, 0.8, 0.1)},
G(e,) ={( (a, 0.4, 0.1), (b, 0.5, 0.3), (c, 0.4, 0.5)},
G(es) ={( (a0, 0.6), (b, 0, 0.8), (c, 0.1, 0.5)}}

Let (F,A)V,; (GB) =(H,C)whereC=ANnB={e; ,e,}

(H, C©)={H (e;) ={(a, max(0.5, min(0.1, 0.2)), min(0.1, 0.6))
(b, max(0.1, min(0.8, 0.7)), min(0.8, 0.1))
(c, max(0.2, min(0.5, 0.8)), min(0.5, 0.1)) },
H (e;) ={(a, max(0.7, min(0.1, 0.4)), min(0.1, 0.1))
(b, max(0, min(0.8, 0.5)), min(0.8, 0.3))
(c, max(0.3, min(0.5, 0.4)), min(0.5, 0.5))}}

(H, ©)={H (e;)={(a, max(0.5, 0.1), min(0.1, 0.6)),
(b, max(0.1, 0.7), min(0.8, 0.1)),
(c, max(0.2, 0.5), min(0.5, 0.1))},
H (e;)= {(a, max(0.7, 0.1), min(0.1, 0.1)),
(b, max(0, 0.5), min(0.8, 0.3)),
(c, max(0.3, 0.4), min(0.5, 0.5))}}

(H, C)={ H (e;)={(a, 0.5, 0.1),(b, 0.7, 0.1), (c,0.5, 0.1)},
H (e2)={(a, 0.7, 0.1),(b, 0.5, 0.3), (c,0.4, 0.5)}}

Proposition 3.3.3.

0 (@A) Ay (UA)=(p A
(i) (9.A) V1 (U A)=(UA)
(i)  (FA)V,1(p A) =(FA)

Proof.
0] Let (¢ ,A) A,1 (U, A) =(H, A) ,where Forall e € A, x € U, we have

Hu(e(x) =min (0,1) =0
Vi) (x)=max (1,min (0,0))=max (1,0)=1

Therefore (H, A)=(0,1),Forallee A, xe U
It follows that ((¢ ,A) A,1 (U, A) = (¢ ,A)

(i) Let (¢ ,A) V,; (U, A) =(H, A) ,where Forall ¢ € A, x € U, we have

77
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Hae(x) =max (0,min (1,1))=max (0,1)=1

Vh(e)(x)=min (1,0) =0

Therefore (H, A) =(1,0) ,Foralle e A,xe U

It follows that ((¢ ,A) A,1 (U, A) = (U, A)

(iii) Let(F,A)V,, (¢ ,A) =(H, A) ,where Foralle € A, x € U, we have

Hae)(X) = maX (Up(e)(x) ,mMin (Vg (x), 0) ) = max (tpe () 5 0) = phpeey ()
Vi(e) ()= Min (Vg ey (X) ,1) = v (x)

Therefore (H, A) = (up(e)(X) , V(e (x)) , Foralle € A, x € U
It follows that (F, A) V, 1 (¢ ,A) =(F, A)

Proposition 3.3.4.
(F.A)V,1(GB) > (H,C) 2[(F, A) = (H.C)1¥,, [(G.B) > (H.O)]

Proof. The proof is similar as in proposition 3.2.3

Proposition 3.3.5.

() [(F,A) Rz (G B)IP=(F,A) € ¥,y (G,B)
(i)  [(F,A) V21 (G, B)I°=(F,A) © Azy (G,B)°
(i) [(F,A) © Az1 (G,B) I°=(F, A) V,4(G, B)

Proof.
Q) Let [(F,A) A,1 (G, B)]1°=(H, C) ,where Forall ¢ € C, x € U, we have

c

MIN R L UG (e ’
[(F ,A) Kz,l (G, B)I°= {.uF( y(x) He( )(X)} ]

MAX {VF(S) (x), min ( Hr(e) (%), Ve (e) (x))}

MAX {VF(E) (x), min ( Ur(e) (), Ve (o) (X))} r]

MIN{tr o) (), ) ()}
=(F,A) °V,:(G,B) ©

(ii) Let [(F,A) V,1(G, B)]*=(H, C) ,where Foralle € C,x € U, we have

[(F A) V,,(G,B) [ = MAX {ﬂp<s) (x), min ( V(o) (X), Ha(e) ("))}']
MIN{VF(E) (%), V(e (x)}
MIN{VF(g) (%), V(o) (x)}, ]

MAX {uF(g) (x), min ( Ve (X), Ug(e) (x))}

=(F,A) © A1 (G,B) €

Cc

78
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(iii) The proof is straightforward.
The following equalities are not valid.

(F ,A) vz,l(Gl B) = ( G !B) vZ,l(F! A)

(F ’A) Kz,l(G’ B) = ( G ’B) Kz,l(F’ A)

[(F.A) A,1(G, B)I A1(K, C) =(F A) A,1 [(G, B)A,:(K, C)]

[(F .A) V21(G,B)]V,:(K,C) =(F A) V., [(G B)V,1(K, C)]

[(F.A) A;1(G B V(K C) =[(F.A) Y, (G, B)] A, [(G,B) V4 (K, C)]
[(F.A) V1(G, B A,1(K, C) =[(F .A) A1 (G, B)]V,1[(G,B) Az: (K, C)]

Example 3.3.6. Let U={a, b,c}andE={e; ,e, ,e3,e.},A={e;, e, e4} S E,
B:{elan 1e3}gE

(F, A) ={ F(e,) ={( (a, 0.5, 0.1), (b, 0.1, 0.8), (c, 0.2, 0.5)},
F(e,) ={((a, 0.7, 0.1), (b, 0, 0.8), (c, 0.3, 0.5)},
F(e,) ={( (3, 0.6, 0.3), (b, 0.1, 0.7), (c, 0.9, 0.1)}}

(G, A) ={ G(e;) ={( (3, 0.2, 0.6), (b, 0.7, 0.1), (c, 0.8, 0.1)},
G(e,) ={((a, 0.4, 0.1), (b, 0.5, 0.3), (c, 0.4, 0.5)},
G(es) ={((a, 0, 0.6), (b, 0, 0.8), (c, 0.1, 0.5)}}

Let (F, A)A,; (GB) =(H,C) whereC=AnB={e; ,e;}

Then (F, A) A,; (GB) = (H, C)={H (e;) ={(a 0.2, 0.5), (b, 0.1, 0.8), (c,0.2, 0.5)},
H (e,)={(a, 0.4, 0.1), (b, 0, 0), (c,0.3, 0.5)}}

For (G, B)A,1 (F,A) =(K,C) where K=AnB={e; ,e; }

(K, ©O)={K (e;) ={(a, min (0.2, 0.5), max (0.6, min (0.2, 0.1)))
(b, min (0.7, 0.1), max (0.1, min( 0.7, 0.8)))
(c, min (0.8, 0.2), max (0.1, min (0.8, 0.5)))},
K (e;) ={(a, min (0.7 0.4), max(0.1, min (0.4, 0.1)))
(b, min (0.5, 0.), max(0.3, min (0.5, 0.8)))
(c, min (0.4, 0.3), max(0.5, min (0.4, 0.5)))}}

(K, C)={ K (e1)={(a, min (0.2, 0.5), max (0.6, 0.1)),
(b, min (0.7, 0.1), max (0.1, 0.7)),
(c, min (0.8, 0.2), max (0.1, 0.5))},
K (e;)={(a, min (0.4, 0.7), max (0.1, 0.1)),
(b, min (0.5, 0), max (0.3, 0.5)),
(c, min (0.4, 0.3), max (0.5, 0.4))}}

(K, C)= { K (e;)={(a, 0.2, 0.6),(b, 0.1, 0.7), (c,0.2, 0.5)},
K (e,)= {(a, 0.4, 0.1),(b, 0, 0.5), (c,0.3, 0.5)}}

Then (G, B) A4 (F, A) = (K, C) ={K (e,)={(a 0.2, 0.6),(b, 0.1, 0.7), (¢,0.2, 0.5)},
K (e,)= {(a, 0.4, 0.1),(b, 0, 0.5), (c,0.3, 0.5)}}
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It is obviously that (F, A) A, ; (G,B) # (G, B) A, (F, A)

Conclusion

In this paper, three new operations have been introduced on intuitionistic fuzzy soft sets. They
are based on First Zadeh’s implication, conjunction and disjunction operations on
intuitionistic fuzzy sets. Some examples of these operations were given and a few important
properties were also studied. In our following papers, we will extended the following three
operations such as second zadeh’s IF-implication, second zadeh’s conjunction and second
zadeh’s disjunction to the intuitionistic fuzzy soft set. We hope that the findings, in this paper
will help researcher enhance the study on the intuitionistic soft set theory.
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