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Abstract

In this paper we conjecture that there is no Mersenne number M,=2"-1 to be prime
for p = 2"41,43 when k > 7, where p is positive integer and k is natural number. It is
called the simple Mersenne conjecture and holds till p <30402457 from status of this
conjecture. If the conjecture is true then there are no more double Mersenne primes

besides known double Mersenne primes MM,, MM3, MMs, MMj.
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How did Mersenne form his list p = 2,3,5,7,13,17,19,31,67,127,257 to make 2°-1
become primes ( original Mersenne conjecture ) and why did the list have
five errors ( 67 and 257 were wrong but 61,89,107 did not appear here )? Some
of mathematicians have studied this problem carefully[1]. From verification results of
new Mersenne conjecture we see three conditions in the conjecture all hold only for
p=35,7,13,17,19,31,61,127 though new Mersenne conjecture has been verified to be
true for all primes p <20000000([2,3]. If we only consider Mersenne primes and p is
positive integer then we will discovery there is at least one prime 2°-1 for p = 2*-+1 43
when k<7 (k is natural number 0,1,2,3,...), however, such connections will disappear
completely from known Mersenne primes when k > 7. Therefore, a hew conjecture

about Mersenne primes, the simple Mersenne conjecture, will be presented.

1. Mersenne Primes for k<8

Definition 1.1 If p is a prime number then M, = 2°-1 is called a Mersenne number.

Definition 1.2 If Mersenne number M, =2°-1 is prime then the number M, =2"-1 is
called Mersenne prime.
When k <7, there exists at least one Mersenne prime M, =2"-1 to be able to be

found for p = 2*+1,43.

Case 1.1 k=0: p=2%1=2. M, =2%-1 is Mersenne prime.



Case 1.2k=1:p=2"1=3, p=2"+3=5. M3=2%1, M5 =2°1 are Mersenne primes.

Case 1.3 k=2:p=2°41=5p=221=3, p=2°43=7. Ms=2°-1, M3=2%1, M;=

2"-1 are Mersenne primes.

Case 1.4k=3:p=2°1=7,p=2"3=5. M;=2-1, Ms = 2°~1 are Mersenne primes.

Case 1.5 k=4: p=2*+1=17, p=2*+3=19, p=2*3=13. My =2"-1, Myg=2"-1,

Miz= 2131 are Mersenne primes.

Case 1.6 k=5: p=2°-1=31. M3, = 2*1-1 is Mersenne prime.

Case 1.7 k=6: p=2°-3=61. Mg, = 2°-1 is Mersenne prime.

Case 1.8 k=7: p=2"-1=127. Myp; = 2'~1 is Mersenne prime.

These results indicate that most of Mersenne primes existing for p<127 (M,, Mg,
Ms, M7, Mis, M17, Mig, M31, Mg1, M127) can be found by way of this pattern because
only two Mersenne primes Mgy, M1o7 do not appear in these cases. Considering at least
one Mersenne prime to appear in the first eight such cases, it seems to be a reasonable
pattern in searching for a part of Mersenne primes. However, such connections will

disappear completely when k =8 as follows



Case 1.9 k=8: there are no any known Mersenne primes M, for p = 254 43,

It is no doubt another example of Guy’s strong law of small numbers[4].

2. Mersenne Primes for k > 7 and Simple Mersenne Conjecture
We have known there are no known Mersenne primes M, for p = 2841 43 (Case 1.9),
and generally, we discovery that there always are no known Mersenne primes M, for

p =2+ 43 when k > 7, so that we have the following conjecture.
Conjecture 2.1 ( Simple Mersenne Conjecture ). There is no Mersenne number
M, =21 to be prime for p = 2+ 43 when k > 7, where p is positive integer and k is

natural number.

Observation 2.1 The 13rd and the 14th Mersenne primes: Msp; and Mgoy appear

between p = 2°+3 =515 and p = 2'°-3=1021.

Observation 2.2 The 15th Mersenne prime: Mi279 appears between p = 2'%+3 = 1027

and p=2"-3=2045.

Observation 2.3 The 16th to the 18th Mersenne primes: Mz2o3, M22g1 and Ms;17 appear

between p = 2"+3 = 2051 and p = 2'2-3 = 4093.

Observation 2.4 The 19th and the 20th Mersenne primes: Mazs3 and Masps appear



between p = 2'2+3 = 4099 and p = 2"*-3 = 8189.

Observation 2.5 The 21st to the 23rd Mersenne primes: Moggg, Mogar and Miioi3

appear between p = 2*+3 = 8195 and p = 2'*-3=16381.

Observation 2.6 The 24th to the 26th Mersenne primes: Miggz7, M21701 and Maszog

appear between p = 2'%+3 = 16387 and p = 2*°-3 = 32765.

Observation 2.7 The 27th Mersenne prime: Maasg; appears between p = 2°+3 =

32771 and p = 2'°-3 = 65533.

Observation 2.8 The 28th and the 29th Mersenne primes: Mgg43 and Miigsos appear

between p = 21°+3 = 65539 and p = 2*"-3 = 131069.

Observation 2.9 The 30th and the 31st Mersenne primes: Mizzo49 and Maie001 appear

between p = 2''+3 = 131075 and p = 2'®-3 =262141.

Observation 2.10 The 32nd and the 33rd Mersenne primes: Mysegzg and Mgsgass

appear between p = 2'%+3 = 524291 and p = 2°°-3 = 1048573.

Observation 2.11 The 34th and the 35th Mersenne primes: Mizs7787 and Mizesoeg

appear between p = 22°+3 =1048579 and p = 2°1-3 = 2097149.



Observation 2.12 The 36th and the 37th Mersenne primes: Mag7e221 and Map21377

appear between p = 22!+3 = 2097155 and p = 22-3 = 4194301.

Observation 2.13 The 38th Mersenne prime: Megr2s03 appears between p = 22243 =

4194307 and p = 2**-3= 8388605.

Observation 2.14 The 39th Mersenne prime: Missgs017 appears between p = 22°+3 =

8388611 and p = 2% 3=16777213.

Observation 2.15 The 40th to the 44th Mersenne primes: Maoggs011, M24036583,
M25964951, M30402457 and M32582557 appear between p= 224+3 = 16777219 and p= 225—3

= 335544209.

Observation 2.16 The 45th to the 48th Mersenne primes: Ms7ise667, Ma2eassor,
Masi12600 and Mes7sgsier appear between p = 2%+3 = 33554435 and p = 2%°-3 =
67108861.

It has been confirmed that there exist no any undiscovered Mersenne primes
between the 1st and the 43rd Mersenne primes[5]. Hence the simple Mersenne
conjecture holds till p<30402457. Although we have not known whether there exist
undiscovered Mersenne primes between the 43rd and the 48th Mersenne primes,

the 44th to the 48th known Mersenne primes do not contradict the conjecture.



3. Connections between Double Mersenne Primes and Simple
Mersenne Conjecture
Definition 3.1 If M, =2"-1 is a Mersenne prime then MM,=2""* —1 is called a double

Mersenne number.

Definition 3.2 If a double Mersenne number MM, is prime then the number MM is

called double Mersenne prime.

Corollary 3.1 If the simple Mersenne conjecture is true, then there are no more
double Mersenne primes besides known double Mersenne primes MM,, MM3, MMs,

MMj.

Proof. We see known double Mersenne primes are MM,, MM3;, MMs, MMj5. By the
simple Mersenne conjecture, there is no M, =21 to be prime for p = 2+ 43 when
k> 7, which includes the case that M,=2P-1 is composite for p = 21 when k>7. If
k is a composite number then p =21 is a composite number but is not a Mersenne
number and if k is a prime number then p =21 is a Mersenne number by Definition
2.1. If p =21 is a composite Mersenne number then M, = 2°-1 is a composite
number but is not a double Mersenne number and if p = 2*-1 is a Mersenne prime then
M, = MM = 2°-1 is a double Mersenne number by Definition 3.1. Since My = MM =

2°-1 is composite for p = 2-1 when k > 7. Hence there are no double Mersenne



primes My = MM for p = 2“1 when k> 7 by Definition 3.2, which implies there are
no more double Mersenne primes besides known double Mersenne primes MM,, MMs,
MMs, MMj5.

In fact, we have known that MMy3 is composite double Mersenne number ( for k =
13 >7), MMy7 is composite double Mersenne number ( for k = 17 >7 ), MMyg is
composite double Mersenne number ( for k = 19 >7 ) and MMz, is composite double
Mersenne number ( for k = 31 > 7 )[6]. It seems to be also another example of strong
law of small numbers that double Mersenne primes M, = MM appear for p = 21
when k being exponent of Mersenne prime, because double Mersenne numbers
Mp = MMy are all prime for the first four exponents of Mersenne primes k = 2,3,5,7
but there are no known double Mersenne primes for k > 7.

It is generally believed that Mersenne primes are infinite but it is very difficult to
give a proof for the problem. Euler gived a part of proof for existence of infinitely
many composite Mersenne numbers[7] but there has not been any part of proof for
existence of infinitely many Mersenne primes to this day. However, if the simple
Mersenne conjecture is true then the following two subsets of Mersenne primes are
finite, that is, Mersenne primes M, = 2°-1 for p = 2+ 43 are finite and Mersenne

primes to be able to be written double Mersenne primes M, = MMy are finite.
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