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Abstract

From the principle of least action the equation of motion for viscous compressible and charged fluid is derived. The
viscosity effect is described by the 4-potential of the energy dissipation field, dissipation tensor and dissipation
stress-energy tensor. In the weak field limit it is shown that the obtained equation is equivalent to the Navier-Stokes
equation. The equation for the power of the kinetic energy loss is provided, the equation of motion is integrated, and
the dependence of the velocity magnitude is determined. A complete set of equations is presented, which suffices to
solve the problem of motion of viscous compressible and charged fluid in the gravitational and electromagnetic

fields.
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1. Introduction

Since Navier-Stokes equations appeared in 1827
(Navier, 1827), (Poisson, 1831), constant attempts have
been made to derive these equations by various methods.
Stokes (Stokes, 1849) and Saint-Venant (Saint-Venant,
1843) in derivation of these equations relied on the fact that
the deviatoric stress tensor of normal and tangential stress is
linearly related to the three-dimensional deformation rate
tensor and the fluid is isotropic.

In book: (Khmelnik, 2010) it is considered that Navier-
Stokes equations are the extremum conditions of some
functional, and a method of finding a solution of these
equations is described, which consists in the gradient
motion to the extremum of this functional.

One of the variants of the four-dimensional stress-
energy tensor of viscous stresses in the special theory of
relativity can be found in book: (Landau & Lifshitz, 1987).
The divergence of this tensor gives the required viscous
terms in the Navier-Stokes equation. The phenomenological
derivation of this tensor is based on the assumed condition
of entropy increment during energy dissipation. As a
consequence, in the co-moving reference frame the time
components of the tensor, i.e. the dissipation energy density
and its flux vanish. Therefore, such a tensor is not a
universal tensor and cannot serve, for example, as a basis
for determining the metric in the presence of viscosity.

In this article, our goal is to provide in general form the
four-dimensional stress-energy tensor of energy dissipation,
which describes in the curved spacetime the energy density
and the stress and energy flux, arising due to viscous
stresses. This tensor will be derived with the help of the
principle of least action on the basis of a covariant 4-
potential of the dissipation field. Then we will apply these
quantities in the equation of motion of the viscous
compressible and charged fluid, and by selecting the scalar
potential of the dissipation field we will obtain the Navier-
Stokes equation. The essential element of our calculations
will be the use of the wave equation for the field potentials
of the acceleration field. In conclusion, we will present a
complete set of equations sufficient to describe the motion
of viscous fluid.

For simplicity, we will assume that the various fields
existing simultaneously would not produce any induced
effects (currents) due to coupling and interactions between
the fields are absent.

2. The action function
The starting point of our calculations is the action

function in the following form:
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where L is the Lagrange function or Lagrangian,
R is the scalar curvature,
A is the cosmological constant,

J# = p, Uu” is the 4-vector of the mass (gravitational)
current,

P, is the mass density in the reference frame associated
with the fluid unit,
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X : . . .
ut = d is the 4-velocity of a point particle, ¢ is
S

the speed of light,
D, :(Z,—Dj is the 4-potential of the gravitational
c
field, described by the scalar potential y and the vector

potential D of this field,

G is the gravitational constant,

@, is the gravitational tensor,

“ e

field, which is specified by the scalar potential ¢ and the
vector potential A of this field,

1= ppgu" is the 4-vector of the electromagnetic
(charge) current,

Poq Is the charge density in the reference frame
associated with the fluid unit,

&, is the vacuum permittivity,

A = (f,—Aj is the 4-potential of the electromagnetic

F,., is the electromagnetic tensor,

u,=g,U" is the 4-velocity with the covariant index,
expressed with the help of the metric tensor and the 4-
velocity with the contravariant index; the covariant 4-
velocity is the 4-potential of the acceleration field
u, :(g,—UJ, where ¢ and U denote the scalar and

c

vector potentials, respectively,

u,, is the acceleration tensor,

n, o and r are some functions of coordinates and
time,

V3 =&2u,=(£,—ﬂj is the 4-potential of the

opct c
pressure field, consisting of the scalar potential ¢ and the
vector potential IT, p, is the pressure in the reference

&2 defines

PoC

frame associated with the particle, the ratio

the equation of state of the fluid,

f,, is the pressure field tensor.

The above-mentioned quantities are described in detail
in (Fedosin, 2014a). In addition to them, we introduce the
4-potential of energy dissipation in the fluid:

4,-2-(2-0) @

c

where « is the dissipation function, ¢ and @ are the
scalar and vector dissipation potentials, respectively.

Using the 4-potential 1, we construct the energy
dissipation tensor:

h,=V,4,-V,1,=0,4,-0,4,. (3)

The coefficients 7, o and z in order to simplify
calculations we assume to be a constants.

The term —E/I# J* in Eq. (1) reflects the fact that the
c

energy of the fluid motion can be dissipated in the
surrounding medium and turn into the internal fluid energy,
while the system’s energy does not change. The last term in
Eq. (1) is associated with the energy, accumulated by the
system due to the action of the energy dissipation.

The method of constructing the dissipation 4-potential
A, in Eqg. (2) and the dissipation tensor h,, in Eq. (3) is
fully identical to that, which was used earlier in (Fedosin,
2014a). Therefore, we will not provide here the
intermediate results and will right away write the equations
of motion of the fluid and field, obtained as a result of the
variation of the action function in Eq. (1).

3. Field equations
The electromagnetic field equations have the standard
form:

V,F,+V,F,  +V,F_ =0,

u vo

VR = i @
1 . -
where x, = —— is the vacuum permeability.
c°¢g,
The gravitational field equations are:

V&, +V, 0, +V &, =0,

HTvo
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v, =’CT—2J“. (5)

The acceleration field equations are:

v,u,+V,u,, +V U, =0,

a Azn L.
Vﬁu s =——2J . (6)
c
The pressure field equations are:
vV f,+Vv, f,+V, f.=0,

dro

VvV, f% =—
s Cz

Je. (7

The dissipation field equations are:

VUhﬂV+VV hM+Vﬂhm =0,
o drt _,
Vﬂh P—_ = J . (8)



In order to obtain the Eqgs. (4)-(8), variation by the
corresponding 4-potential is carried out in the action
function in Eq. (1).

All the above-mentioned fields have vector character.
Each field can be described by two three-dimensional
vectors, included into the corresponding field tensor. One of
these vectors is the strength of the corresponding field, and
the other solenoidal vector describes the field vorticity. For
example, the components of the electric field strength E
and the magnetic field induction B are the components of
the electromagnetic tensor F,, . The gravitational tensor

@, consists of the components of the gravitational field

3%
strength I' and the torsion field Q .
As can be seen from Egs. (4)-(8), the constants 7, o

and z have the same meaning as the constants x, and G

— all these constants reflect the relationship between the 4-
current of dissipated fluid and the divergence of the
corresponding field tensor. The properties of the dissipation
field are provided in Appendix A.

4. Field gauge
In order to simplify the form of equations we use the
following field gauge:

b _ — A _ —
V,AN'=V*A =0, V,D’=V"D,=0,

V,u’ =viu, =0, Vyn’ =V'z, =0,

VA" =v*2,=0. ©))

In Eq. (9) the gauge of each field is carried out by
equating the covariant derivative of the corresponding 4-
potential to zero. Since the 4-potentials consist of the scalar
and vector potentials, the gauge in Eq. (9) links the scalar
and vector potential of each field. As a result, the
divergence of the vector potential of any field in a certain
volume is accompanied by change in time of the scalar field
potential in this volume, and also depends on the tensor
product of the Christoffel symbols and the 4-potential, that
is, on the degree of spacetime curvature.

5. Continuity equations

In Egs. (4)-(8) the divergences of field tensors are
associated with their sources, i.e. with 4-currents. The field
tensors are defined by their 4-potentials similarly to Eq. (3):

Duﬂ
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In Eqg. (14) a, denotes the 4-acceleration, and we used

. N D
the operator of proper-time-derivative u°Vv_ = s where
T

D is the symbol of 4-differential in the curved spacetime,
7 is the proper time (Fedosin, 2009). If we substitute Eq.
(14) into Eqg. (13), we obtain the equation of motion, in
which the 4-acceleration is expressed in terms of field
tensors and 4-currents:

F,=V,A -V,A =0,A -0,A,
®,=v,D,-V,D, =0,D,-0,D,, (10)
u,=v,u, -vu, =d,u, —-o.u,,
f,uv =V# 7, —Vvﬂ'ﬂ =6# 7, —avﬂﬂ.

If we substitute Egs. (3) and (10) into Egs. (4)-(8), and

apply the covariant derivative Vv to all terms, we obtain
the following relations containing the Ricci tensor:

R,ua F/la =,U0Va ja’ Rﬂadaﬂa :_4Z2Gva Ja’
« 4rmn » « 4mo ,,
R#auﬂ :?Va\] , R#af# = CZ VaJ ,

Adrt

R”ah”a=c—2v \]a' (11)

a

In the limit of special theory of relativity, the Ricci
tensor vanishes, the covariant derivative turns into the 4-
gradient, and then instead of Eq. (11) we can write:

0, =0, 0,J%=0. (12)

Egs. (12) are the ordinary continuity equation of the
charge and mass 4-currents in the flat spacetime.

6. Equations of motion

The variation of the action function leads directly to the
equations describing the motion of the fluid unit under the
action of the fields:

U, 37 =, I+ Fy jO+ [, I+ hy, O (13)

The left side of the equality can be transformed, taking
into account the expression J° = p, U’ for the 4-vector of

the mass current density and the definition in Eq. (10) for
the acceleration tensor u,, =V, u, =V u,:

du, (14)

dr
Pody =Dy, J+Fy, jO+ [, 7 + Ry, T (15)

Variation of the action function allows us to find the
form of stress-energy tensors of all the fields associated
with the fluid:

a av K 1 a LV
w ﬂ:gocz(—g F,F ﬁ+zg ’F, F* )
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1 The left side of Eq. (17) contains the density of the
av KB af v . . . .
(—9 Q. P +Zg 2, ) corresponding 4-force, excluding (f,),, which up to sign
denotes the density of the 4-force, acting from the
1 accelerated fluid on the rest four fields.
( g“'u,_ u’ +Zgaﬂuwuwj, From Egs. (13)-(17) it follows that the equation of

U =

Baﬂ —

motion can be written only in terms of the divergences of
the stress-energy tensors of fields:

paﬂ _

0!]/ K 1 a s
fo f ﬂ+zg 't j V,W* U B 1P +Q")=0. (18)

We have integrated equation Eq. (18) in (Fedosin,

[ “h W= gaﬁ‘h hﬂvj (16) 2014b) in the weak field limit (excluding the stress-energy
tensor of dissipation Q“”), and this allowed us to explain

the well-known 4/3 problem of the fields mass-energy

One of the properties of these tensors is that their inequality in the fixed and moving systems. The Eq. (18)

densities of 4-forces, arising from the influence of the

A n
T

T

corresponding field on the fluid: 7. The system’s energy
The action function in Eq. (1) contains the Lagrangian
(f,). =Fy, 7 =—V'W,,, L. Applying to it the Legendre transformations for a

system of fluid units, we can find the system’s Hamiltonian.

(f,), =, J° — VKU This Hamiltonian is the relativistic energy of the system,

Ak written in an arbitrary reference frame. Since the energy is
dependent on the cosmological constant A, gauging of the
(f))a=poa, =-U,, 37 =V“B,,, cosmological constant should be done using the relation:
(fﬁ)p:fﬁJJ“:—VkPﬁk, ckA=-D,J*-A j"-u, 3" -7, 3" =2,3". (19)
£ =h J°—_vk . As a result, we can write for the energy of the system
(s ) R (n the following:
1
E :—J(,ng§0+,00l//+,0019+,0080+,003) u’ N9 dx* dx? dx® —
C2 CZ 2 (20)
- Fe + & D" ——u, u" - e w1 J-g dx'ax’dx’.
J-{ 4y, Fur F 167G * 167y " 167rc7f’”f ]
The energy of the system in the form of a set of closely According to the logic of the covariant theory of

interacting particles and the related fields in the weak field gravitation (Fedosin, 2012) and the metric theory of
limit was calculated in (Fedosin, 2014c). The difference relativity (Fedosin, 2014d), contribution to the definition of
between the system’s mass and the gravitational mass was  the system’s metric is made by the stress-energy tensors of
shown, as well as the fact that the mass-energy of the all the fields, including the gravitational field. The metric is
proper electromagnetic field reduces the gravitational mass  a secondary function, the derivative of the fields acting in
of the system. the system that define all the basic properties of the system.
The equation for the metric is obtained as follows:
8. Equation for the metric

R“”—%Rg“":—fll((\N“ﬂ+U“”+B“ﬁ+P“ﬁ+Q“ﬂ). (21)

If we multiply Eq. (21) by the metric tensor g,, and constant gauge, and for the Einstein tensor the following

contract over all the indices, the right and left sides of the  gquality holds: v (Raﬂ _1p gaﬂj -0
- - - - . ﬁ
equation vanish. It follows from the properties of tensors in 2

Eq. (21). Outside the fluid limits, with regard to the gauge,

the scalar curvature R becomes equal to zero. If we take 9. The analysis of the equation of motion

into account the equation of motion in Eq. (18), the Egs. (14)-(15) imply the connection between the

covariant derivative of the right side of Eq. (21) is zero. The  covariant 4-acceleration of a fluid unit and the densities of
covariant derivative of the left side of Eq. (21) is also zero,  acting forces in the curved spacetime:

since V,R=0 as a consequence of the cosmological
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We will write this four-dimensional equation separately
for the time and space components, given that

3 —¢ dx” _¢p dt dx” ﬂ(cv)
P " P o Pgs oV

o

o dx dt
aswellas J” =cp,, & €, E(C’ V).

du
CPo—— [,U,u7 = p, %(F’V"'

ds

Po

du
Cpoi—pol"iiulug =-Cp, jt (F+[V><Q]+

ds

Po

Here I', E, C and X are the vectors of strengths of
gravitational and electromagnetic fields, pressure field and
dissipation field, respectively. Notations @, B, | and Y
refer to the torsion field, the magnetic field and the

du, _ds

=<15ﬂJJ” +Fﬂaj" +fﬂJJ" +h,3

&E~V+C-V+X~v].

O'JO-'

For the dissipation field we will use Eq. (A6) from

Appendix A, where in the general case Cd—dt should be
S

substituted instead of y . Expressions for other fields can be
found in (Fedosin, 2014a). This gives:

Poq (E+[V><B])+C+[V><I]+X+[V><Y]j.

solenoidal vectors of the pressure and dissipation fields,
respectively.

After reduction by a factor p, % we obtain:
S

——T*u,u’ =T- v+ R viCveXov. (22)
dt dt Lo
du, _dr - ﬂUJ=—r—[VXQ]—&E—&[VXB]—C—[VXI]—X—[VXY]. (23)
dt o de Po Po

In Eq. (23) the sum Z2E+22[vxB] is the

o Po
contribution of the electromagnetic Lorentz force, acting on
the fluid unit, into the total acceleration. The minus sign
before this sum appears because u; is the space component

of the covariant 4-velocity, which differs from the ordinary
contravariant space component u' in the form factor of the
metric tensor. Similarly, the sum T +[vxQ] is the

acceleration of the gravitational Lorentz force.
Gravitational and electromagnetic forces are the so-called

mass forces distributed over the entire volume, where there
is mass and charge of the fluid.

9.1 The equation of motion in Minkowski space

In order to simplify our analysis, we will consider Egs.
(22) and (23) in the framework of the special theory of
relativity. The sum of the last two terms in Eq. (23), taking
into account the Eq. (A7) from Appendix A, for X and Y
gives the following:

X+[vxY]==V(ay)- 126(0;/\/) —VX[VX((ZVV)]
c c
(24)
1 , 1 0(ayv) 2 1 1 d(ayv)
=— V(ayc —————vv v+ V(ayv)? =—=Vg—-——22
207 ¢ (ayc) P (V-V)(ayv) = (ayv) P CIT
1 cdt .
InEq. (24) » :—1—v2/c2 =5 'S the Lorentz factor. we find the expression for the vectors:
For the pressure field, with regard to the definition of o ¥p o(7p,v
C=-Vp-—=-V| = |-—| |,
the 4-potential in the form of 7, = Po_ —u, _(p,—ﬂj, Y ( 2 j &(poczj
PoC c
the pressure field tensor f, from Eg. (10) and the
definition of the vectors C and | by the rule: I=VxIl= Vx[;p" ] (25)
0

t, =07 0,7 ==Cy, f,,=0,7,-0,7 =—I,,
c

Using Eq. (25) we calculate the sum of two terms in
Eqg. (23):



C+[VXI]=—V(7/—FJOJ—Q(&°;/J+VX Vx[&oyj =
Po at p,C PoC

(26)
2 2
_ P V(V_poj _g(mg]_(vlv)(woy} Po V(ywj :_gv[&}g(wey}
2y Py Po ot pyC PoC 2y Py PoC y \po) dt{ pc
Substituting Eqgs. (24) and (26) into Eqg. (23), and taking £ G @
into account that in Minkowski space the Christoffel Va=V 5 :pCzV—p—V(V'V), (28)
0 0

symbols are zero and the space component of the 4-velocity
equals u, =—yv, we find:

di 7V(1+&2+%J :am—EV[&]—EVa
t PC” € v \p) ¥

In Eg. (27) we have introduced notation for the
acceleration, resulting from the action of mass forces:

(27)

a, =F+[va]+ﬂE+&
Lo Po

[vxB].

Until now we have not defined the dissipation function
a . In this approximation, it is associated with a scalar

potential ¢ of the dissipation field by relation: &£=cay .
Let us assume that

d }/V(LL&ZJF%J :am—lv(&j—%v+ @
dt PoC” C 7 \Po) 7PoC 7Po

Due to the presence in Eq. (29) of the gradient V[%j
0

of the pressure to the mass density ratio, there is
acceleration directed against this gradient. The term in Eq.
(29) which is proportional to the velocity v, defines the
rate of deceleration due to viscosity. Since the deceleration
in Eg. (29) depends not on the absolute velocity but on the
velocity of motion of some fluid layers relative to the other
layers, the velocity v should be a relative velocity. We will
use the freedom of choosing the reference frame in order to
move from absolute velocities to relative velocities.
Suppose the reference frame is co-moving and it moves in
the fluid with the control volume of a small size. Then in
such a reference frame the velocity v in Eq. (29) will be a
relative velocity: some layers will be ahead, while others
will lag behind, and viscous forces will appear.

We will now write the equations for the acceleration
field from (Fedosin, 2014a):

1 0S Annyp,V

V-S=4znyp,, VxN=105 4717V
nypy VxN= 2 =
V-N=0, ws;%. (30)

The vector S in Eg. (30) is the acceleration field
strength, and the vector N is the solenoidal vector of the
acceleration field. The 4-potential of the acceleration field

V(V-v).

that is g:ijivdr—ywjiwv-v)dr.
C - o Po

It means that the scalar potential of the dissipation field
is proportional both to the velocity v of the considered
fluid unit and the path traveled by it in the surrounding
space. Contribution to ¢ is also made by the gradient of the
velocity divergence with a certain coefficient .

The coefficient ¢ depends on the parameters of
interacting fluid layers, in a first approximation it is
inversely proportional to the square of the layers’ thickness.
At the same time the coefficient ¢ reflects the fluid
properties and can be different in different fluids. Taking
into account Eq. (28), Eq. ( 27) is transformed as follows:

(29)

u#:[g,—u} equals the 4-velocity, taken with the
c

covariant index. The acceleration tensor u,, is defined in
Eq. (10) as a 4-curl and it contains the vectors S and N:

Uy =0, U; —0, U, :%Si, U :aiuj —ajui =-N,.

In Minkowski space we can move from the scalar ¢
and vector U potentials of the acceleration field to the 4-
velocity components and express vectors S and N in terms
of them:

ou

S =—V9——=—CZVy—M,
ot

ot
N=VxU=Vx(yv). (31)

Let us substitute Eqg. (31) into the second equation in
Eqg. (30):

2
4
VX[VX(yV)]z—iVy_ia (J/V)+ ﬁf]};povl

32
ot c® ot? (32)



The gauge condition of the 4-potential of the
acceleration field in Eqg. (9) has the form: V*u,=0. In

Minkowski space this relation is simplified:

108 oy

oYy =—=——+VU=0, or —+V-(yv)=0. (33

With regard to Eq. (33) we will transform the left side
of Eq. (32):

VX[VX(}/V)] :V(V-(yv))—A(yv) :—§V7—A(7/V) .

Substituting this in Eq. (32), we obtain the wave equation:

10°(yv 47 v
LZUD _py) - LY (34)
According to Eq. (34) the velocity v of the fluid motion in
the system must conform to the wave equation, that means
that the velocity is given by the system’s parameters and
changes continuously in transition from one control volume
to another.

The wave equation for the Lorentz factor follows from
Eg. (31) and the first equation in Eq. (30) with regard to Eq.
(33):

62
at—zy—CzA7=4m77po-

We can express the velocity v from Eq. (34) and
substitute it in Eq. (29):

2
a )/V(l+&2+%j =am—3v(&j- - [a (7V)—c2A(;/v)j+ Y YV-v). (35)
dt PoC” € y \po) 4znycpg 7 Po
Let us find out the physical meaning of the last term in
Eqg. (35). The gauge condition in Eq. (33) of the 4-potential
of the acceleration field can be rewritten as follows:
Hence, provided y =1 we have:
2
V.V:_ld_y:_%dil
y dt 2¢y* dt
2
Y VYV =——2V %dl NP (iwz+(vV2.V)v+vV2x(va)j . (36)
Y Po 2C7y py y'odt 2¢7p, \ dt

The quantity %sz is the gradient of half of the

squared velocity, that is the gradient of the kinetic energy
per unit mass. This quantity is proportional to the
acceleration, arising due to the dissipation of the kinetic
energy of motion. The time derivative of Vv* leads to the
rate of acceleration change. Other terms in Eq. (36) also
have the dimension of the rate of acceleration change.

a_dv ov &

—:—+(V~V)v:am—in+vAv+(—+§]V(V-v),

Cdt ot Po Po

where a and v are the velocity and acceleration of an
arbitrary point unit of liquid, p, is the mass density, p is

the pressure, v is the kinematic viscosity coefficient, & is
the volume (bulk or second) viscosity coefficient, a, is the

acceleration produced by mass forces in the liquid, and it is
assumed that the coefficients v and & are constant in

volume.

In Eq. (37) the velocity v depends not only on the time
but also on the coordinates of the moving liquid unit. This

— Vo
allows us to expand the derivative ((j:i_t into the sum of two

Thus in Eqg. (35) viscosity is taken into account not only
due to the motion velocity, but also due to the rate of
acceleration change of the fluid motion.

9.2 Comparison with the Navier-Stokes equation

The vector Navier-Stokes equation in its classical form
is usually used for non-relativistic description of the liquid
motion and has the following form (Landau & Lifshitz,
1987):

@37)

partial derivatives: time derivative %V and space derivative

(v-V)v, that is to apply the material
derivative.

Comparing Egs. (35) and (37) for the case of low
velocities, when y tends to unity, and at sufficiently low

pressure and viscosity, we obtain the kinematic viscosity
coefficient:

(substantial)

c
e . (38)
Arnp



. 7, . o . The presence of & and v in Eqg. (37) implies two
Since v=-—, where g is the dynamic viscosity . . .
o causes of the rate of acceleration change: one of them is due
coefficient. then we obtain: to the fluid density variation because of the medium
' resistance and the other is due to the momentum variation
of the fluid moving in a viscous medium.

.S
Azn p, 9.3 The energy power
In this ratio x depends primarily on the fluid In Minkowski space the time component of the 4-

properties, and the coefficients ¢ and 7 also depend on  Velocity is equal to u, = yc, the Christoffel symbols are

the parameters of the system under consideration. For  zero, and Eqg. (22) can be written as follows:
example, if we study the liquid flow between two closely

g - . )
located plates, the _coeff|C|ent ¢ is inversely proportional to 2 d_y:id (yv) =F~v+@E~v+C-v+X.v. (40)
the square of the distance between the plates. dt 2y dt Po

The equality of the last terms in Egs. (35) and (37)
implies: We can also obtain Eq. (40), if in Minkowski space we

multiply the equation of motion Eq. (23) by the velocity v.
£:£+K_£+L =g+t (39) We substitute in Eq. (40) the vector C from Eq. (25) and
Lo P 3 Py 3P 3 the vector X according to Eq. (A7) from Appendix A:

2
L1 dov)y =r~V+&E’V—V~V{}/—pO] 0 [7/[)0 jv v-V(ay)- 1 6(ay/v)
2y dt Po Po ot p,c ot

The equivalent relation is obtained, if Eq. (29) is multiplied by the velocity v:

v-i{yv(l+&z+%ﬂ_v a, ——v V(poj sz2+ © VYV, (41)
dt PpC C e Po) VPoC Y Po

The left side of Eq. (41) contains the rate of change of the fluid motion in a viscous medium with the effect of
the kinetic energy per unit mass density (with contribution  fluid compression and change of its density.
from the pressure and the dissipation function « ), and the Another equivalent relation for the power of change in
right side contains the power of gravitational and the energy of moving fluid is obtained by multiplying the
electromagnetic forces v-a, and the power of the pressure  Velocity v by Eq. (35). In this case, in the right-hand side

force. The term with the squared velocity in the right side of gl;ril\zlgﬁv(edfla) tgaer Ll?p\:\?gI?Sb;?titetht?wesifgf]ﬁci%zrtgal tgzg
Eq. (41) is proportional to the kinetic energy, and the last ) ppear. ) ; c
term describes the power of the energy transformed during @ With Eqgs. (38) and (39), we obtain the following:

2
v-i yv[l Po +—J =v-a, ——v V[pOJ V2v-[L}/ZV)—CzA(;/V))+L(§+EJV~V(V-v). (42)
dt Pt C e P) 7€ ot Y Po 3
9.4 Dependence of the velocity magnitude on the time
In this section we will make a conclusion about the d(rv) B,
nature of the Kkinetic energy change over time. For 7T= m=V +a
convenience, we will consider the co-moving reference Po
frame in which the velocities v are relative velocities of
motion of the fluid layers relative to each other. If we Assuming  that V:i, the velocity v:ﬁ,
multiply all the terms in Eq. (27) by » and assume that the dr dt
) 1 p 1 that i lect th V(V-v)dr=d(V-v), after multiplication by dr and
quantity  1+- = £, C C_2 s a 15 we  neglec € integration, with regard to Eq. (28) for « , we obtain:
contribution of the pressure energy density and the
dissipation function as compared to the energy density at
rest, we can write:
1 2 1 Py P, sl 1
=(yv,) —=(yv ya, dr— { J —(—j -2 | —vdr+o|—d(VV-v). (43)
2( 2) 2( l) J. |: Po )y \Po ) CZJ.IDO J.po
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According to Eq. (43), the Kinetic energy changes,
when the work is carried out by the mass forces on the

fluid, the fluid turns into a state with a different ratio Po ,

Po
in the fluid there is friction between the layers, and the
velocity divergence is non-zero.

In Eq. (43) further simplification is possible, if we
assume that in the process of integration the integrands

1 21 2 o e ([P [P |_dmnp,
Z (V) =5 (i) =ra, Hpol {poﬂ e T

The left side of Eq. (45) contains the change of kinetic
energy per unit mass, which occurs due to the velocity
change from v, to v, .The kinetic energy increases if in the

right side the projection a, of the mass forces’ acceleration

on the displacement vector r has a positive sign.
Meanwhile the second, third and fourth terms in the right
side have a negative sign. This means that the motion
energy dissipation is proportional to the increase in pressure
during the fluid motion, the velocity and the motion
distance, as well as to the increase in the fluid density that
prevents from free motion.

The scalar product v-r=v°t, where t denotes the

time of motion of one layer relative to another, does not
vanish during the curvilinear or rotational motion of the
layers of fluid or liquid. Therefore in the moving fluid
1 4

Y 7”27,UV2
2 c Po 7P

The constant in the right side specifies the initial
condition of motion. The solution of this equation allows us
to estimate the change of the velocity magnitude over time.

10. Conclusion

For the case of constant coefficients of viscosity we
showed that the Navier-Stokes equation of motion of the
viscous compressible liquid can be derived using the 4-
potential of the energy dissipation field, dissipation tensor
and dissipation stress-energy tensor. First we wrote the
equations of motion Eq. (15) in a general form, then
expressed them in Egs. (22) and (23) through the strengths
of the gravitational and electromagnetic fields, the strengths
of the pressure field and energy dissipation field. The 4-
potential of the dissipation field includes the dissipation
function « and the associated scalar potential & of the

dissipation field. The quantity « can be selected so that in

the Eq. (27) for the fluid acceleration the dependence on the
velocity of the fluid motion appears, associated with
viscosity, when deceleration of the fluid is proportional to
the relative velocity of its motion. We can also take into
account the dependence on the rate of acceleration change
over time. This gives us the Eq. (29).

Then we analyzed the wave equation for the velocity
field in Eq. (34) and expressed the velocity from to
substitute it in Eq. (29). The resulting Eq. (35) coincides
almost exactly with the Navier-Stokes Eq. (37). One
difference is that in the acceleration from pressure the mass

change insignificantly and can be taken outside the integral
sign. We will also use the continuity equation in the form:

1 d
Vov=————(yp,).

(44)
7P dt
All this with regard to Eqs. (38) and (39) gives:
1 u\d
Pl Bhell . 45
g(§+3jdt(ypo) (45)

vortices and turbulence can easily occur. This is contributed
by the fact that the terms in the right side of Eq. (45) can
influence each other. For example, in the areas of high
pressure the fluid streamlines bent, and the temperature
changes the density in the last term in Eq. (45). Turbulence
can be characterized as a method of transferring the energy
of linear motion of the fluid into the rotary motion of
different scales.

Equation Eqg. (45) can be rewritten so as to move all the
terms, depending on the velocity, to the left side. Assuming
a,-r=a,-vt=a_,-vtcosf, where [ is the angle
between the velocity and the acceleration a,,, we find a

quadratic equation for the velocity as a function of the time
t and other parameters:

t—-ya, ~vtcosﬁ:—&— 12 (§+§j%(ypo)+const.

Po
Po
sign, and in Eq. (37) p, is taken outside the gradient sign.
The second difference is due to the fact that in Eq. (35)

" (yv)

t2

density p, in the expression V( ] is under the gradient

there is an additional term in the form This term is

proportional to the rate of acceleration change over time
and describes the phenomena, in which the change of the
medium properties affecting viscosity occurs in a specified
time frame.

In addition, in Eqg. (35) we took into account the
relativistic corrections of the Lorentz factor y, as well as

the fluid acceleration dependence on the acceleration of the
mass-energy of the pressure field and dissipation field (in
square brackets in the left side of Eq. ( 35) ).

The directed kinetic energy of motion of the fluid in a
viscous medium can dissipate into the random motion of
the particles of the surrounding medium and be converted
into heat. The inverse process is also possible, when heating
of the medium leads to a change in the state of the fluid
motion. In section 9.3. we introduced the differential
equations of the change in the system’s kinetic energy and
its conversion into other energy forms, including the
dissipation field energy. These equations are not completely
independent, since they are obtained by scalar



multiplication of the equation of motion by the fluid
velocity v.

The dissipation stress-energy tensor Q“” is represented

in Eq. (16) and its invariants are represented in Eq. (A8) in
Appendix A. In section 9.1. the dissipation function is

given by Eg. (28): az%Iivdr—inV(Vv)dr.
C 7 P Po

This function depends on the distance traveled by the fluid
relative to the surrounding moving medium, and can be
considered as a function of the time of motion with respect
to the reference frame, which is at the average co-moving
with the fluid in this small control volume of the system.
With the help of the known quantity « we can calculate
according the Eq. (A7) the vectors X and Y and therefore
determine the components of the tensor Q7. In particular,

the volume integral of the component Q% of this tensor

allows us to consider all the energy that is transferred by the
moving fluid to the surrounding medium, in the form of

dissipation field energy, and the components Q” define

the vector Z=cQ® as the energy flux density of the

dissipation field.

Under the assumptions made the Navier-Stokes Eqg.
(37) reduces to Eq. (27), wherein the acceleration depends,
besides the mass forces, on the sum of two gradients — the

dissipation function « and the quantity &. Eq. (27) has
0

such a form that this equation should have smooth

solutions, if there are no discontinuities in the pressure or

the dissipation function « . If we consider condition in Eq.

(28) and Eq. (36) as valid, the gradient of « will also be a

smooth function.

Instead of moving from Eq. (27) to Eq. (35), which is
similar to the Navier-Stokes Eq. (37), we can act in another
way. Eq. (27) is an differential equation to determine the
velocity field v. In this equation, there are at least three

more unknown functions: the pressure field p,, the mass
density p,, and the dissipation function « . Therefore, it is

necessary to add to Eq. (27) at least three equations in order
to close the system of equations and make it solvable in
principle. One of such equations is the continuity Eq. (12)
in the form of Eq. (44), which relates the density and
velocity. In order to determine the dissipation function «
we have introduced the wave equation Eq. (A10) in
Appendix A. The pressure distribution in the system can be
found from the wave equation Eq. (B4) in Appendix B.

In Eq. (27) there is also acceleration a,,, arising due to
the action of mass forces. This acceleration depends on the
gravitational field strength I, torsion field @, electric
field strength E, magnetic field B and charge density

qu .

a, :F+[vx9]+@E+&[va].

Po Po

For each of these quantities there are special equations
used to define them. For example, the gravitational field
equations (the Heaviside equations) can be represented
according to (Fedosin, 1999) as follows:

10

_10r 4nGyp,v

V.T=-47Gyp,, vxo-+9L_ ,
VP T At c?
V.Q=0, wr:-%—?. (46)

Equations (46) are derived in (Fedosin, 2012) from the
principle of least action and are similar in their form to
Maxwell equations, which are used to calculate E and B .
Finally, the charge density p,, can be related to the

velocity by means of the equation of the electric charge
continuity:

1 d

7/p0q dt

V-v=—

(7 Poq) - (47)

Thus, the set of Eqgs. (27), (44), (A10), (B4), (46) and
(47) together with Maxwell equations is a complete set,
which is sufficient to solve the problem of motion of
viscous compressible and charged fluid in the gravitational
and electromagnetic fields.

Nomenclature

A Vector potential of electromagnetic field, V-s'm *
A, 4-potential of electromagnetic field, V-s'm*
a Fluid acceleration, ms 2

a, Acceleration produced by mass forces, m-s 2
a, 4-acceleration, m-s ™2

B Magnetic field, T

B“#  Acceleration stress-energy tensor, J-m °

C Field strength of pressure field, m's 2

D Vector potential of gravitational field, m-s™*
D, 4-potential of gravitational field, m-s™*

E Field strength of electromagnetic field, V-m *
E Energy, J

F. Electromagnetic tensor, T

f. Pressure field tensor, s™*

f, Density of 4-force, N'-m 3

g Determinant of metric tensor

9, Metric tensor

h, ~ Dissipation field tensor, s *

| Solenoidal vector of pressure field, s *

J# Mass 4-currentl, kgrm s *

i Electromagnetic (charge) 4-current, C-m s *
L Lagrangian, J

N Solenoidal vector of acceleration field, s™*
pe’ Pressure stress-energy tensor, J-m >

P, Pressure, Pa

Q“ Dissipation stress-energy tensor, J-m >

R Scalar curvature, m 2

R,  Riccitensor, m?

r Displacement vector, m

S Field strength of acceleration field, m-s 2

S Action function, J-s

ds Spacetime interval, m



t Time, s

U Vector potential of acceleration field, m's *

U“  Gravitational stress-energy tensor, J'm *

u” 4-velocity, m's *

u, 4-potential of acceleration field, m's*

u, Acceleration field tensor, s™*

v Fluid velocity, m's *

W< Electromagnetic stress-energy tensor, J-m 3

X Field strength of dissipation field, m's 2

dx* 4-displacement, m

dx"dx?dx® Product of space coordinate differentials,

m3

Y Solenoidal vector of dissipation field, s *

z Energy-momentum flux vector of dissipation field,
kgs >

a Dissipation function, m*s 2

£ Scalar potential of dissipation field, m?s ?

@, Gravitational tensor, s *

17 Scalar potential of electromagnetic field, V

r Field strength of gravitational field, m's 2

Ir'Z,  Christoffel symbol, m™*

14 Lorentz factor

n’ Metric tensor of Minkowski space

A Cosmological constant, m™2

Ay 4-potential of dissipation field, ms *

1 Vector potential of pressure field, ms™*

T, 4-potential of pressure field, m-s™*

(0] Vector potential of dissipation field, mst

9 Scalar potential of acceleration field, m*s ™2

1% Scalar potential of pressure field, m*s 2

2o Mass density, kg'm >

Poq Charge density, C:m ™2

dax Differential of 4-volume, m*

T Proper time, s

Q Gravitational torsion field, s™*

v Scalar potential of gravitational field, m?s~?

Subscript

a Acceleration

d Dissipation

e Electromagnetic

g Gravitational

p Pressure
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Appendix A. Properties of the dissipation field

The components of the antisymmetric tensor of the
dissipation field are obtained from Eq. (3) using the Eq. (2).
We will introduce the following notations:

hoi =00 4 —0; 4 :%Xi’ hij =0;4;=0; 4 ==Y, (A1)

|

where the indices i, j, k form triplets of non-recurrent

numbers of the form 1,2,3 or 3,1,2 or 2,3,1; the 3-vectors
X and Y can be written by components:
X=X, =(X, X5, Xg) = (X, X, X,)

Y =Yi = (Yl’YZ’Y3) = (nyYlez)'

Using these notations the tensor h,, can be represented
as follows:

o X X X
C C C
Koy,
C
ho =l ) (A2)
Xy, 0 -y,
C
Ky oy o
C




The same tensor with contravariant indices equals:
h*# =g““g"”h,, . In Minkowski space the metric tensor

does not depend on the coordinates, in which case for the
dissipation tensor it follows:

0 _ XX _L _ XZ
c c c
X
L0 Y, Y,
h“! =y ", = ; (A3)
y
2oy 0 -y,
c
Xy, o
c

We can express the dissipation field equations Eq. (8) in
Minkowski space in terms of the vectors X and Y using

the 4-vector of mass current: J* = p, U* = po(yc, yv),

1
J1-v?/c?

derivatives V ; with the partial derivatives 0, we find:

where y = . Replacing in Eqg. (8) the covariant

10X Arntyp,Vv
V- X=4rtyp,, VxY=———+—210"
T c? at ¢’
V-Y=0, vxxz—aa—\t(. (A4)

If we multiply scalarly the second equation in Eq. (A4)
by X and the fourth equation — by —Y and then sum up
the results, we will obtain the following:

2 2\ 2
9 ey L A EY)
2c ot

2

4 V- X
RLZARS
c

(A5)

Eq. (A5) comprises the Poynting theorem applied to the
dissipation field. The meaning of this differential equation
that if dissipation of the energy of moving fluid particles
takes place in the system, then the divergence of the field
dissipation flux is associated with the change of the
dissipation field energy over time and the power of the
dissipation energy density. Eq. (A5) in a covariant form is
written as the time component of Eq. (17):

05 _ _pos
V,Q” =—h"3,.

If we substitute Eq. (A2) into Eq. (17), we can express
the scalar and vector components of the 4-force density of
the dissipation field:

7p0 X-v

(fo)d =h00"‘]0 = P

(f)s =h 37 ==y py (X+[vxY]). (A6)

The vector X has the dimension of an ordinary 3-
acceleration, and the dimension of the vector Y is the same
as that of the frequency.
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Substituting the 4-potential of the dissipation field in
Eq. (2) in the definition in Eq. (Al), in Minkowski space
we find:

d(ayv)

1
2 ot

00
X=-Ve-"—=-V(a
p (ay)

Y=Vx®=i2Vx(a7/v). (A7)
C

The vector X is the dissipation field strength, and the
vector Y is the solenoidal vector of the dissipation field.
Both vectors depend on the dissipation function « , which
in turn depends on the coordinates and time. In real fluids
there is always internal friction, =0, and the vectors X
and Y are also not equal to zero.

We can substitute the tensors in Egs. (A2) and (A3) in
Eg. (16) and express the stress-energy tensor of the
dissipation field Q“” in terms of the vectors X and Y.
We will write here the expression for the tensor invariant

h,, h*" and for the time components of the tensor Q“/:

2

h;/v h*" = _C_z(X2 _CZYZ) ) (A8)

QOOZL(XZJ’_CZYZ), QOi

:L[XXY],
8rt Adrt
The component Q°° defines the energy density of the
dissipation field in the given volume, and the vector

2
Z=cQ" :4C

[XxY] defines the energy flux density
T
of the dissipation field.

If we substitute X from Eq. (A7) into the first equation
in Eq. (A4), and take into account the gauge of the 4-
potential in Eq. (9) as follows:

1 o¢

aﬂﬂ.ﬂ:—ZE‘FV'@:O, or
c

oay) +V-(ayv)=0, (A9)

we will obtain the wave equation for the scalar
potential:

1 8%

?E—A8:4ET]/pO, or

1 &*(ay)

peamp— —Aay)=4rtyp,. (A10)

From Egs. (A7), (A9) and the second equation in Eq.
(A4) the wave equation follows for the vector potential of
the dissipation field:



16 4 v
—2—8?—A®:—m7;p° , or
c ot c

2
é%—A(ayv)zhmypov.

Appendix B. Pressure field equations

Four vector equations for the pressure field components
within the special theory of relativity were presented in
((Fedosin, 2014a)) as the consequence of the action
function variation:

10C 4rnoyp,Vv
V-C=4royp,, Vxl=——+-———200
Vo T o c?
ol
V-1=0, VxC=-—. (B1)
ot

The vector of the pressure field strength C and the
solenoidal vector | are determined with the 4-potential of

&2 u, :(g,—HJ according to

the pressure field 7, =
PoC c

the formulas:

Cz—VgJ—a—H:—V 7p0 _ﬁ 7pov (B2)
Po at\ ppc? )’
| =VxII =Vx 7p0;/ .
PoC
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The 4-potential gauge according to Eq. (9) in the form
v 7, =0 in Minkowski space is transformed into the

expression 0“ , =0. Substituting here the expression for
the 4-potential of the pressure field, we obtain:

V]
o P

1
c?

ﬁ(y_%]w.(m}:o_
ot py Po
Substituting Eqg. (B2) into the first equation in Eq. (B1)

and using Eg. (B3), we obtain the wave equation for
calculation of the scalar potential of the pressure field:

a;‘0+V-H:O, or
ot

(B3)

100

or
c? ot?

Ap=drayp,,

(V—poj—A{y—poJ:4ﬂ'aypo.
Po Po
The wave equation for the vector potential of the

pressure field follows from Egs. (B2), (B3) and the second
equation in Eq. (B1):

c? ot?

Lo (B4)

2
aatlzI ~C*All=4zcyp,v, oOr
2
iza—z(ypovj—A[y pij =4royp,V .
c” ot Po Po



