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1 INTRODUCTION AND PRELIMINARIES

Recently, Shukla and Prajapati (2007), investigated and studied the function E r4 (Z )

which is defined for a,ﬁ,ye(c;Re(a)>0,Re(ﬂ)>0,Re(7/)>0 and
q€(0,1)UN as:

B (v ) z"
%(2) = Z (an+ﬂ)n' . (1.1)
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I'(y+gn
where (7 )qn :(i_/‘(—i) denotes the generalized Pochhammer symbol
7

! +r—1
Rainville(1960), which in particular reduces to ¢ " H (7— if q € N.
r=l n

In continuation of the study, the generalization of (1) can be written as E gz (Z )

which is defined for Re(a)>0,Re(ﬂ)>0, Re(j/)>0 and ¢ > 0 as

n

E}5(2)= 2: = (1.2)

an+,8 n!

This is a generalization of the exponential function exp(z), the confluent
hypergeometric function @ (5, « ; z) Rainville (1960), the Mittag — Leffler function
Mittag-Leffler (1903), the Wiman’s function Wiman (1905) and the function Eg, B (Z)

defined by Prabhakar (1971) as well as equation (1.1). Gorenflo ez al. (1998), Gorenflo
and Mainardi (2000), Kilbas et al. (1996, 2004), Saigo and Kilbas (1998), Srivastava
and Tomovski (2009), Tomovski ef a/ (2010) and many other researchers also studied
the various properties of Mittag-Leffler functions and its generalizations with their
applications. The applications of Integral Transforms discussed by Sneddon (1979).

Vs _
The function Ea, Y (Z ) is an entire function of order (Rea -¢+ 1) ! if
Rea > ¢ —1, and absolutely convergent in {|Z| <R,R< 1} if Reax =¢—1.The

truncated power series of the function E” a.p (Z ) can be defined as,

76mN (7)“7 ” . (7)§m z"
E (2)= Z:F(m+ﬂ) m'+m_oZ_;F(m+,B) l—\(nm+] 1) (1.3)

}’l

, 1
and a special case for the study of EZ;,% (Z) for ¢ = — as:
n

v (Pem 2" 5 (Dew
E () mzor(m+,6’)m ;;r(m+ﬂ)r(;m:1ﬂ+l).

nm+j

(1.4)

where n 22, N >1; ReW)>0,Re(7)>O and ¢ > 0.
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Authors investigated the operator £ g:;w;u + f as,

(B e @) = [ =0/ EL5[w(x 0" f (Dt (x>a)_ 15

where w € C ; Re(ar)>0, Re(f)>0,Re(y)>0; ¢>0.
If ¢ =1, then (1.5) reduces to the result Prabhakar (1971).

Shukla and Prajapati (2008 A) introduced a class of polynomials which are
connected by Mittag-Leffler function E a (X ) , in continuation of the study of class of

polynomials, Authors introduced a general class of polynomial defined as,

—-0—an

A k- B )0 B3

cn

where a,f3,7,0 are real or complex numbers; @,k,s are constants and generalized
Mittag-Leffler function defined as (1.2).

The proofs of all results established in this paper are parallel to Shukla and
Prajapati (2007 A, 2007 B, 2007 C, 2008 A, 2008 B, 2009 A, 2009 B, 2010).

2 BASIC PROPORTIES OF THE FUNCTION £/ ;(2)

As a consequence of the definitions (1.2) the following results hold:
THEOREM 2.1). If a,f,y € C; Re(a)>0,Re(B)>0,Re(y)>0 and
¢ >0 then

d
E(ffm(z) PE, ﬂ+1(z)+azd—E§2+l(z) 2.1)

_ (7 n+ l
E”5 (2)-E’} (z z ik 2.2
a,fB- a( ) a,p- a( ) S Z an+ﬂ ( )
in particular,
aﬂ a(Z) Eaﬂ a(Z)=ZE(;/,IB(Z). (23)

THEOREM 2.2). If «,f3,7,we C; Re(a)>0,Re(B)>0,Re(y)> 0 and
¢ >0 thenfor me N,
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d\" +
a4 756 () — y+gmg
[dzj EE(0)=(r),,, B () 29

dZ a —m

[i) [zﬁ—lE}’»g(Wza):l:Zﬁ—m—l B (z). Re(B—m)>0 2.5)

in particular,

[%jm [zﬁ—l Ea’ﬂ(wza):l: ZB—m-1 Ea,ﬁ—m(z) (2.6)

and

(i)m[zﬂ_l‘b(%ﬂmﬂ}%Zﬂ_m_lcb(%ﬂ—M;WZ) 2.7)

dz -m

THEOREM (2.3). If o = P with p,7 € N relatively prime; #,7 € C and ¢ >0
r

then

jzl; E%’;(zlr]): (7)g,,r(”f+1] Z[’”_ljp

in particular,

s r=2,3..)). 2.9)
p nl F(l —”J

3 GENERALIZED HYPERGEOMETRIC FUNCTION
REPRESENTATION OF E g:qﬂ (2)

Using (1.2), takingax = k € N and ¢ € N then we have

A (g 7/) 5 =
y’g _ 1 ” 5
Ea,ﬂ(z)—— F ;g . 3.1)

reg) < Alg;B);
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Convergence criteria for generalized hypergeometric function . F P
() If ¢ < k, the function c F « converges for all finite z.
(i) If ¢ =k+1, the function c F « converges for |Z| <1 and diverges for
|Z| >1.
(iii) If ¢ > k +1, the function F, divergentfor z #0.

(iv) If ¢ = k +1, the function c F + 1s absolutely convergent on the circle |Z| =1

if
Re(iﬁi—l_iyﬂ—l}&

=] i=1 -

where A (g; y)isa ¢ -tuples 7’ 7+1’_”, y+¢g-1.

¢ ¢ 3
Ag:p)isa g-tuples B L +1 fre-1.
¢ < S

4 MELLIN-BARNES INTEGRAL REPRESENTATION OF
9
Ea,ﬂ (Z)

THEOREM (@4.1). Let aeR,_;7,6€C (y#0) and GEN The

function E 52 (Z ) is represented by the Mellin — Barnes integral as:

re gy 1 PO —gs), s
Ea,ﬁ(z)—zﬂ_l_r(y)'[ F G-y (-2)ds, @

where ‘arg(z] < 77 ; the contour of integration beginning at —I00 and ending

at +100, and indented to separate the poles of the integrand at s =—n for all n € N
+n

q

o (to the left) from those at § = /4 forall n € N g (to the right).

5 INTEGRAL TRANSFORMS OF E/%(z)

In this section, some useful integral transforms like Euler transforms, Laplace
transforms, Mellin transforms and Whittaker transforms also discussed.
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THEOREM (5.1). Euler (Beta) transforms

jz“‘l (l—z)b_lEZ:g (xz‘fjarzzE W, [( (r:c). (aw0) - 1,

d s () p.a).(a+b,0);
(5.1
where Re(a)>0,Re(b)>0,Re(a)>0,Re(B)>0,Re(y)>0,
Re(O')>0 and ¢ >0 .
THEOREM (5.2). Laplace transforms.
© —a . i
J'Za—l e 7 E}/,g XZO- dz = N W (7’g)> (a,O‘) > o | (52
o p ) 2”1 s
0 4 (8,2);
Where, Re(a) >0, Re(a)>0,Re(B)>0,Re(y)>0,Re(c)>0, ¢>0
and ia <1.
S
THEOREM (5.3). Mellin transforms.
J‘tHEZ:; (—wet)dt = F(s) rly-o) , (5.3)
] w T(y)N(5-as)
where Re(a)> O,Re(ﬁ)>O,Re(y)> O,Re(s)> Oand ¢ >0 .
To obtain Whittaker transform, we use the following integral,
F{I+ILJ+VJ F(l—,u-ka
J.e_% tv_l Wﬂ u (t)dt = 2 2 ’
q ’ r(-2+v)
where Re (V * ,u) > —l. (5.4)

2

THEOREM (5.4). Whittaker Transforms.
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0 1
L 1t )
.([tp e 2w, , (pt)EZ;(wtgjdt

]
-p at 5)-
j/aqa ,Ll+p5 D
P 3‘//2( )(2

v
5|, (55
I() (B, &) (=24 p,5);

where, Re(a)>0,Re(f)>0,Re(y)>0,Re(p)>0,Re(5)>0 and ¢ > 0.

6 RECURRENCE RELATIONS

THEOREM (6.1). Forany Re(a + p)>0,Re(f+5)>0 andRe(y)>0, ¢ >0
we get

E’* (Z)—Ey’g (Z)

a+p,f+s+l a+p,f+s+2
= (,B+s) (ﬁ+ s+ 2)E§fp’ﬂ+s+3 (z) +(a + p)2 z* Eéfp’mm (z)+
(a+p) {a+p+2(ﬁ+s+1)} ZE a(2) (6.1)

) d .. d?
where E7%(2) = Z[E;j} (2)] and EL%(2) = E[EZ:Z (2)].

THEOREM (6.2). For kand m € N

El5.(2)=k*2% Bl (2) + kelk +2(m + D] EL, 5(2)
+m(m+2)E[: (2)+E] ,(2). (6.2)

B 5

7 INTEGRAL REPRESENTATIONS

THEOREM (7.1). For any Re(a+p)>0,Re(ﬂ+S)> 0 and Re(}/)> 0,¢>0
and setting @+ p =k, f+5=m, where kand m € N then

k,m+1

1
J.t”’E,f’ﬁ(tk)dt =Elc. . ()-E 1) (7.1)
0

THEOREM (7.2). If Re(ar)>0, Re(3)>0,Re(y)>0,Re(v)>0 and ¢ >0 then
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1 [ v— 1
m "Nz =) ELS(At) di =z ENS (A2%). (72)
Special cases of Theorem (7.2): For Re(v) > (), from (7.2), the particular cases listed as
below:
1 7 1 11
—\|(z-0)""e" dt=z "E;,.(2), 7.3

j (z—0)"" cosh([1) dt-z" EV! ,(2?), (7.4)

rv)sg
! [ —H! M _ v Ll 2
m!(z 2 \/_t dt =z Ey, ., (27), (7.5

oy j (z—1)"" explz?) erf. (~z)dt =" E' (2. a9

THEOREM (7.3). If Re(a)>0, Re(8)>0,Re(y)>0and ¢ >0 then

p- 1 a-1 7.5 2a 2a
Rl B e g ) - i
(7.7)
THEOREM (7.4). If Re(ar)>0, Re(8)>0,Re(y)>0and ¢ >0 then

J.ef?tEgji(x )xﬁldx \/_t EggﬂH(J (7.8)

0 22
THEOREM (7.5). If Re(a)>0, Re(8)>0,Re(y)>0and ¢ >0 then

e B2 (ax))= 572 (B2 (ax®) + (= BYELS (ax)] o)

THEOREM (7.6). If Re(ar)>0, Re()>0,Re(y)>0and ¢ >0 then
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e
Ll{sﬁ(l—iaj } PV ETS (217). (7.10)
S

THEOREM (7.7). If Re(a)>0, Re(B)>0,Re(y)>0, f>a >0 and ¢ >0
then

n

t
< (z Pl ﬁ a-1
Fe@=k Jexp[ J S s o)

(7.11)

Eiﬁ%(z)_ﬁj‘(l—l YPIeVER(tz)dt . (112

1

El%(z)= () A=) P R (z0-0)de. a3
0

THEOREM  (7.8). If Re(a)>0,Re(f)>0,Re(y)>0,Re(5)>0,
Re(u)>0, Re(v)>0, 2eC and ¢ > Othen
1 1
B-11 Nl s —F7
o) [ A=) B3 (zu)du =E5 () . (1a)

0

j (x=5)""(s=0)" EL5 [ A(s =) |ds =

r(s)"
(x=0)""ELs [ A -0 ]. (7.15)

If ¢ =1 then
oGm0 TS On = B ()
0 (7.16)
j " E (wt“ )dz =z"E"%,, (wza) : (7.17)

0

in particular,
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jzﬂ“Ea, Jwe)de ==’ E, . (wz*)
and Et’“ O(y, pswr)dt =%‘D(7,ﬂ+l; wz).

8 DECOMPOSITION OF MITTAG-LEFFLER FUNCTION

THEOREM (8.1). Integral Representations of the function Ei/gﬁ (Z)
p

z

n—

Eyg(Z) E (Z )+n

=~
Il

IF(I 4

where n > 2 ;Re(ﬂ)>0, Re()/)>0 and ¢ > 0.

(=]

THEOREM (8.2). If n>2,Re()>0, Re(y)>0 and ¢ >0 then

1
i ﬂ1E7§ ZZ
dz B

SR (5 J- S (Do 2"
p-1 s(n—k) s(m+n)
Z;r( E4 B)(n—k)! +k=11“(%+ﬂ)(m+n)!

n—l1 k
< |Z| ES QRe z"
< 5

=0 F(”f)

wheren > 2 ;Re(ﬂ)>0, Re(]/)>0 and ¢ > 0.

THEOREM (8.3). El”ﬁ (2)

5
n

Remark of Theorem 8.3: 1t is easy to verify that,

E}/,g,nN z
)

5
n

& T

47

[El (" —umyu ™ du,

(7.18)

(7.19)

(8.1)

(8.2)

), (8.3)

SE;’;’”NQZ‘) E:f ()< & G 5 (). s
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THEOREM (8.4). If n>2; Re()>0.Re(y)>0 and ¢ >0 then

EP () -E" () <7 (8.5)

5
n

where

|k+nN

N+l
o 217 5 2 M

Ef ([Rez"
L(B+N+1) (N+D)! T(B+N) S T(k2X+1)

).

(8.6)

9 FRACTIONAL INTEGRAL AND DIFFERENTIAL
OPERATORS ASSOCIATEDWITH THE FUNCTION £ Z; (2)

The following well-known facts are prepared for studying properties of the Riemann-
Liouville fractional integrals and differential operators associated with the

function £% (z) and also the properties of operator £ ., f .

e L(a,b) Space of Lebesgue measurable real or complex valued functions Kilbas et
al.(2004):
L(a,b) Consists of Lebesgue measurable real or complex valued functions f(x) on

[a,b]

ie. L(a,b)= {f /1, = I|f(t)|dt < oo}. 9.1)

Kilbas et al. (2004) studied the several properties of fractional integral and differential
integral operators.
* Confluent hypergeometric functions Rainville (1960):
This is also known as the Pochhammer — Barnes confluent hypergeometric function
defined as,
®(a,b;z)=,F (a;h;z) = Z (@), " 92)
o (), n

where b ( or a negative integer is convergent for all finite z.
* Gauss multiplication theorem Rainville (1960):
If m is a positive integer and z € C then,
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mlo 1
2

m? " T(mz) . ©.3)

Hr(ﬁ—j (27)
1

* Riemann-Liouville fractional integrals of order ft Khan and Abukhammash GS
(2003)

Let f(x) € L(a,b), 1€ C (Re(u) > 0) then

I f()=1" f(x)- SO

T(u) I (x=0)"™*

dt (x>a) (9.4)
is called R-L left-sided fractional integral of order 4.
Let f(x) € L(a,b), 1 eC (Re(u) > O)then

TP ) -1F f(x)- /9 _

t (x<b) (9.5
F( ) ‘[(f

is called R-L right-sided fractional integral of order £¢.

THEOREM (9.1). Let a € R, =[0,0)and letwe C; Re(a),Re(f),Re(y),
Re(1)>0, ¢ >0 forx>a, then

(141t — @) E75 it — a)} ) (x) -

(x—a)"“F" 1Egéw[w(x—a)”‘] (9.6)

and
(DAt —a)" " EZ5 tw(t —a)*}) () = (x —@)"* EZ%, [w(x—a)"].
9.7)

THEOREM (9.2). Let ,a,A€C and ¢ >0 then
E(Ax“)]=AX"E.%,, (Ax") 9.8)

in particular,

odL(e™)=x"E, . (Ax). 9.9)

THEOREM (9.3). Let a€ R, =[0,0)and letwe C; Re(a),Re(f),Re(y),
Re()>0, ¢ >0 forx>a, then
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(BZ4, et =@y )= (e = )" T(w) B, (w(x = @)") . 0110

THEOREM (9.4). Let a€ R, =[0,0)and letwe C; Re(a),Re(f),Re(y),
Re(u) >0, ¢ >0 forb>a then the operator E a.pwia+ 1S bounded on L(a,b)

and

‘E%wmelSB”f”l ©.11)
Where
ela k
B=(h- a)Rewz oo i =)™ 9.12)
3 |C(ak + B)|[Re(a)k +Re(B)] k! '
the relation
L ELG v = B bpmar f (9.13)

hold for any summable function f € L(a,b).

We can express the function E Zgﬂ (Z ) , meN as:

m—1

N =N s (Do 2"
ﬁ( ) /3—— :/l;([ (ﬂ+kj ;(ﬂ'ij e 9.14)
m 2 | f LB

m m

On substituting ¢ =1in (9.14) and then the result Kilbas ef al. (2004) becomes a
special case of (9.14) as:

m-1
2 m—1

Er ()= B, (2)= (2”) . ﬁ+k d)(y,’[“_k;ﬁj .15
L
m

m

10 FRACTIONAL OPERATORS AND FUNCTION E/*(2)

(7)q (ct)”
Consider the function f (f ) z
n=0 ( )
and c is an arbitrary constant then the fractional integral operator of order V can be
written as,

, where Re(y)>0, ¢ >0
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I" f(t) =t"E[7, (ct). (10.1)
We denote the function (10.1) as E, (c,v,7,9),ie.
E (c,v,y,5)=t"E[; (ct). (10.2)

The fractional differential operator of order 44 can be written as

| kn o (), ()"
D" f(t)=D"| I"* ”ZW =t EJ¥, (ct). (103)
n=0 .

We denote the function (10.3) as E, (¢,— 1, 7,q) , i.e.
E(c,~p,7,6) =t “ E[7,(ct) (10.4)

THEOREM (10.1). If Re(y)>0,¢5 >0, ¢ is an arbitrary constant and fractional
integral operator of order Vv then

I"E (c,v,7,6)=E (c,A+V,7,5) . (10.5)
D*E (c,v,y,6)=E, (c,v—21,7,5). (10.6)

The Laplace transforms of £, (c,v,7,¢) is given as

1 e\
L{Et(C,V,%Q)}=SV+1 (l—gj , (10.7)

In the light of Theorem (10.1), we can prove following Theorem (10.2).

THEOREM (10.2). If Re(y)>0,¢ >0, c is an arbitrary constant and fractional
integral operator of order £ then

I'E, (¢,~11,7.9) = E, (¢, A= 11,7,6). (10.8)

DAEI(CF,UJGQ) =Et(C,—ﬁ—‘U,]/,g). (10.9)
1 c) "

LE, (c,—1,7,6)} = = [I_EJ . (10.10)
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11  GENERATING RELATIONS AND FINITE SUMMATION
FORMULAE OF (6)

A considerably large number of special functions (including all of the classical
orthogonal polynomials) are known to possess generating relations.

We used operational technique by employing € Mittal (1977), Patil and
Thakare (1975) as a differential operator, where 0=x" (S + xD) and

d
6’1 =x‘(1+xD), D= d_ , for obtaining following generating relations and finite
X

summation formulae of (1.6).

iAgfj’ﬁ’y’g) (x;a,k,s)t" =
n=0
(%)

- _1
(1-ar) By ipy O ED S [-pix(l=an “3]. (1D

n
Z(_j ZA}SI,I,],&-#km) (X;a,k,S)_'

n=0 m=0 m

- N uw)'
A R )
n=0 a

cn

iA(“’ﬁ’y’g_“")(x'a k,s)t" -
n=0

i B 7.6 :
(1+at) Ea’ﬁ{pk(x)}anﬂ[—pk{x(l+at) . a113)

= (n+m
Z[ jAé‘é’};ﬁff) (x;a,k,s)t" -

m=0 m

s B )

a

—n— _1
(-at) ( A@L70) (1 —ar) @ ak,s) .
sn

_1

7ag _ a
EPS [p tx(l-ar) “}]
(11.4)
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= (n+m .
BoyS=an) (..
Z( jA;?m/iZ) ™ (x;a,k,s)t" -

() EDLAP ()

1
1 A@PT0) (v at) @sak, st

23 a
E7S [p, i+ an 4]
(11.5)

Using (11.1) to (11.5), we obtained following generating relations

Zm”A(“’ﬂ’y’a) (x;a,k,s)z" -
m=0

¢ (m+n)

o+ E™¢ {p (%)}
(1-az) « wp K

_1
EPS [p tx(l=ar) )]

n 1

> m! S(n,m)A;;M[x(l_az)a;a,k,s](le (16
—Qaz

m=0

(neN,; z| <|a|71;a #0)

n gla,py.6-am) . m _
Zm Ag(mm) (x;a,k,s)z" =
m=0

8t E”* {p (x)}
(I-az) @ wp

_1
EVSp, fx(l-ar) }]

n 1 "
Zm! S(n,m) A;‘fn’ﬂ’m_“’”) [x(1+ az)® ;a,k,s]( z j (11.7)
~ l+az

(neNy;l <|a|71;a #0)

Two finite summation formulae for (1.6) also obtained as
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(24 5 &>
AL (x5 a,k,5)= Z_a (aj AL (aks)

nOm
o1 o—0o

(@.B7.8) (.. _ (@87.0) (..

AP (x5 a,k,5)=) m'a’”( » j AT (x5 a,k,8) . (11.9)
n= . m

. . . BarO) (e
we get following bilateral generating relation for A;Z pir:0) (X sak,s ) ,

00

DAL (a k)R, ()" -

m=0

) ES AP (0]

a

_,,_[ Ly,
(I—-at) d)b V[x(l—at) ayt],

V.5 _ _;
EVSIp, (x(l-ar) “}]
(11.10)

c b
Wher cDb,v [x, t] = z 5 A;?vfb{n;s) ()C ;a,k, S) " > 5‘,,,,, # 0 and Rm,v (y) is
m=0
a polynomial of degree {z} in y, which is defined as

' ()- z (*””J L

b is a positive integer, V is an arbltrary complex number.
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