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1   INTRODUCTION 

Generalized open sets play a very important role in General Topology and they are now the 
research topics of many topologists worldwide. Indeed a significant theme in General Topology 
and Real analysis concerns the various modified forms of continuity, separation axioms etc. by 
utilizing generalized open sets. Dimension theory plays an important role in the applications of 

General Topology to Real Analysis and Functional Analysis. Recently, as a generalization of 
closed sets, the notion of sg-closed sets were introduced and studied by Rajesh and Krsteska 
[7]. In this paper, we have study the some new properties of sg-closed sets in topological 
spaces. 

2. PRELIMINARIES 

Definition 2.1 A subset A of a space ),( X is called semi-open [3](resp.  -open [4])  if     A 

 Cl(Int(A)) (resp. A   Int(Cl(Int(A)))). The complement of a semi- open (resp.  -open)     set 
is called semi-closed (resp.  -closed). 

The semi-closure [1] of a subset A of X, denoted by sCl(A), is defined to be the intersection of 

all semi-closed sets containing A in X. The -closure of a subset is similarly defined. 

Definition 2.2.  A subset A of a space X is called semi-generalized closed (briefly sg -

closed) [7]  if Cl(A)  U whenever A  U and  U is semi-open in X. The complement of sg -

closed set is called sg-open. 
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The union (resp.  intersection) of all sg-open (resp. sg -closed) sets each contained in (resp. 

containing) a set A in a space X is called the sg -interior ( resp. sg -closure) of A and is 

denoted by sg -Int(A) (resp. sg -Cl(A)) [7]. 

The family of all sg -open (resp. sg -closed) sets of  ,X is denoted by sg O(X) (resp. 

sg C(X)). The family of all sg -open (resp. sg -closed) sets of  ,X containing a point x 

 X is denoted by sg O(X, x) (resp. sg C(X, x)). It is well known that sg O(X) forms a 

topology [7]. 

Definition 2.3. [2] A family }:{ A of subsets of a space X is said to be locally finite 

family if for each point x of X, there exists a neighborhood G of x such that the set 

}:{   AG is finite. 

Lemma 2.4. [2] If }:{ A is a locally finite family of subsets of a space X, then the 

family }:)({ ACl is a locally finite family of X and Cl( A )= Cl( A ). 

Definition 2.5. [2] A family }:{ A of subsets of a space X is said to be point-finite if for 

each point x of X, the set }:{  Ax is finite. 

Definition 2.6. [2] An open cover }:{ G of a space X is said to be shrinkable if there 

exists an open cover }:{ H of X such that    GHCl   for each  . 

Definition 2.7. [5] The family }:{ A and }:{ B of subsets of a set X are said to 

be similar, if for each finite subset  of  ,  the sets 





A and 





B  are either both empty or 

both non-empty. 

Theorem 2.8.  [2] Let X be any topological space. The following statements are equivalents: 

(i) X is a normal space. 
(ii) Each point-finite open cover of X is shrinkable. 
(iii) Each finite open cover of X has a locally finite closed refinement.  

Theorem 2.9. [5] Let }:{ U  be a locally finite family of open sets of a normal space X 

and }:{ F  a family of closed sets such that  UF  for each  . Then there exists 

a family }:{ G of open sets such that   GF  GCl  U  for each   and 

the families }:{ F  and }: { GCl  are similar. 

Proposition 2.10. [7] For subset A and Ai(iI) of a space  ,X , the following hold: 

(i) A  AClsg    

(ii) If BA ,  then  AClsg     BClsg   . 

(iii)   }:  {}:{ IiAClsgIiAClsg ii   . 

(iv)   }:  {}:{ IiAClsgIiAClsg ii    
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Definition 2.11. If A is a subset of a space X, then the sg -boundary of A is defined as 

sg Cl(A)\ sg Int(A) and is denoted by sg Bd(A). 

3. sg -NORMAL SPACE  

Definition 3.1. A topological space X is said to be sg  - normal [6] if whenever A and B are 

disjoint sg - closed sets in X , there exist disjoint sg -open sets U and V with UA  and 

VB   
Definition 3.2. A family    : A  of subsets of a space X is said to be sg -locally finite 

family if for each point x of X, there exists an sg -open set G of X such that the set 

    AG :   is finite 

Definition 3.3. An open cover    : G  of a space X is said to be sg -shrinkable if there 

exists an sg -open cover    : H  of X such that  G  )H Cl(  sg
 

each for  . 

Lemma3.4. If     : A  is a locally finite family of subsets of a space X, then the family 

}  : )A Cl( {  sg is sg -locally finite family of X. Moreover, 

)Cl(A     )A Cl(   sgsg   . 

Proof. From Lemma 2.4, we obtain that the family }  : )A Cl( {  is a locally finite family 

of X whenever }  : A {   is locally finite. Since  )A Cl( sg   )A Cl(   for 

every   , the family }  : )A Cl( {  sg
 
is a locally finite family of X. To prove that  

  )A Cl(  sg  )A Cl(   sg , we have )A Cl(   )A Cl(    sgsg   .Therefore, it is 

sufficient to prove that ).A Cl(   )A Cl(   sgsg  
 
Suppose that  )A Cl( sgx  , so 

 )A Cl( sgx , for all    . This means that there exists an sg -open set G such that 

   AG  for all   and hence,     )A ( Cl sgG   for all   . Since the family 

}  : A {  is locally finite, there exists an open set H which contains x and the set 

    AH :  is finite. This means that there exists a finite subset M of   such that  

   AH   for M . From above we obtain that x belongs to X \ )(  AClsg  for 

every   . Since the family of  open-sg  sets forms a topology on X [7] , the set 

     : )A ( Cl \ sgXV   is an sg -open set in  X containing x. But VH   is an 

sg -open set containing x and    A )  ( VH  for all   . Therefore 

   )A ()  ( VH . This implies that  )A Cl(  sgx and this completes the proof. 

Theorem 3.5. Let X be any topological space. Then the following statements are equivalent: 

(1) X is an space normal -sg . 

(2) Each point – finite open cover of X  is .shrinkable -sg  

(3) Each finite cover open  -sg of X has a locally finite sg -closed refinement 
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Proof. (1)  (2): Let    : U  be a point – finite open cover of an sg -normal space X, 

we may assume   is well–ordered. We shall construct an sg - shrinkable  family of 

   : U  by transfinite induction. Let  and suppose that for each   we have 

 Vset open  -sg  such that    U )V Cl( sg  and for each v  , we have 

.  ) U(  )V (
   

X
vv










  Let Xx , then since    : U  is a point-finite, there exists the 

largest element   such that Ux  . If   , then 




Ux 
  

  and if   , then 

 .  
    







VVx 


 Hence, XUV   )(  )( 
    










 . Thus, U  contains the complement 

of   )V (
  

 
 

) U(
  







. Since X is  normal -sg , there exists an  Vsg set open  -  such 

that  )]()( [\ 
    







UVX 


 .  ) ( Cl     UVsgV  Thus ,   U )V Cl( sg
 

and 

XUV  )(  ) (
    










 . Hence the construction of an sg - shrinkable family for 

}  :  { U is completed by transfinite induction. (2)  (3) : Obvious . (3)  (1) : Let X be 

a space such that each finite ersg covopen  - of X has a locally finite 

refinement  closed -sg . Let A and B be two sg -closed sets in X. The 

ersg covopen  -  B\ X , \ AX  of X has a locally finite refinement closed -sg   . Let E be 

the union of members of  disjoint from A and let F be union of members of  disjoint from 

B. Then, by Lemma 3.4, E and F are  sets closed -sg and XFE    . Thus, if 

FXVEXU \ and \   then U and V are disjoint setssg open  - such that UA and 

VB  Therefore, X is an space normal -sg . 

Proposition 3.6. Let  
U  be a locally finite family of setssg open  - of an 

Xspacenormalsg    - and  
F  a family of    - setsclosedsg such that 

  UF  each for . Then there exists a family  
G  of setssg open  - such that 

  UUsgGF    ) ( Cl    and the families  
F and  

 ) ( Cl  Gsg  are similar. 

Proof .  Let   be well-ordered with a least element. By transfinite induction, we shall 

construct a family  
G  of setssg open  - such that    GF  )(G Cl sg  U    

and for each element 
 
in   the family  

       
      if              

  if   ) ( Cl
  









 











F

G
K

 

is similar to  
F . Suppose that  G that and  are defined for   

 
such that for 

each    the family  



K  is similar  

F . Let  
L  be the family given by:  

       
      if              

  if   ) ( Cl
  









 








F

G
L
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Then  
F and  

L . For suppose that    , . . . ,  , 21 r
 

and 

rj    . . .       , . . . ,  , 1j21   , then    
r

i

j
i

r

i
i KL

11

    


 
  . Therefore      

1





r

i
iL  if and 

only if      
1





r

i
iF  because   


K is similar to  

F . Since  each for   GL  , the 

family  
L is locally finite . Thus if  is the set of finite subsets of   and for each  , 







 LE    , then  
  E  is locally finite family of   sets closed -sg . Hence by Lemma 

3.4,       :    FEEE   is an set closed-sg which is disjoint from 


F . Therefore, there 

exists an open-sg  


Gset such that 
 UGsgGF  ) ( Cl    and 

 ) ( Cl  EGsg   . Now the


 Gset open -sg
 
is defined for    and to complete the 

proof it remains to show that the family   

K  is similar to the family 

F  . It is 

sufficient to show that the families   

K and  

L  are similar. Suppose that 

  , . . . ,  , 21 r
 
and that      

1





r

i
iL  , we have to show that   

  
1





r

i

j
iK  Suppose that 

    if  . . .    . . .    121   jrjj  there is nothing to prove. If    j  , then 

    . . .       . . . 
111


 rjj

LLFLL . Hence by the construction 
11

  . . . 



j

LL   

     . . .  ) ( Cl  
1


 rj

LLGsg  . Thus   
  

1





r

i

j
iK  

4. sg  -COVERING DIMENSION 

In this section, we introduce a type of a covering dimension by using sets opensg   which 

we call the sg covering dimension function. 

Definition 4.1.  The sg  covering dimension of a topological space X is the least positive 

integer n such that every finite sg open cover of X has an sg open refinement of order 

not exceeding n or is   if there is no such integer. We shall denote the sg covering 

dimension of a space X by Xsgdim . If X is an empty set, then  1 -  dim Xsg and 

nXsg dim  if each  finite sg open cover of X has an sg open refinement of order 

not exceeding n. Also we have nXsg   dim   if it is true that nXsg  dim   but it is not true 

if  1 -  dim nXsg  . Finally,   dim Xsg  if for every integer n there exists a finite 

sg open cover which has no sg open refinement of order not exceeding n. 

Proposition 4.2.  If Y is an open and a closed subset of a space X, then XY sgsg  dimdim   
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Proof. It is sufficient to prove that if nXsg   dim   ,  then nYsg  dim   . Let 

 kUU  . . . ,  U, 21  be an sg open cover of the open set Y. Then iU  is sg open in X for 

each i and since every open set is  sg open. Then the finite sg open cover 

 YXUU k \ ,  . . . ,  U, 21  of X has an sg open refinement sg  of order which not 

exceeding n .Let   be all members of sg  except those members associated with X\Y , since 

every open set is sg open , then each member of  is sg open in Y and also   is a 

refinement of  kUU  . . . ,  U, 21 of order not exceeding n. This implies that nYsg dim . 

Now we give some characterizations of the sg - covering dimension in topological 

spaces. 

Theorem4.3. If X is a topological space, then the following statements about X are 

equivalent: 

(1) nXsg dim   

(2) For any finite sg -open cover  kUUU ,...,, 21  of X there is an 

 kVVVopensg ,...,,cover   21 of order not exceeding n such that 

kiforUV ii ,...,2,1       

(3) If  221 ,...,, nUUU  is an sg - open cover of X , there is an sg - open cover 

 221 ,...,, nVVV such that 
2n

1i
      





 iii VandUV

 

 

Proof. (1)  (2) : Suppose that nXsg dim  and the  kUUUopensg ,...,,cover     21  of X 

has an     refinement   open of order not exceeding n. If W  , then iUW   for some i. 

Let each   in W  be associated with one of the sets iU containing it and let iV  be the union of 

those members of    thus associated with iU  , since every open set is opensg   , then iV  

is opensg   and ii UV   and each point of X is in some member of    and hence in some 

iV . Each point x of X is in at most n+1 members of sg  , each of which is associated with a 

unique jU  and hence is in at most n+1 members of  iV . Thus  iV
 
is an opensg   cover 

of X of order not exceeding n. (2)  (3) : Obvious. (3)  (2) : Let X be a space satisfying 

(3) and   kUUU ,...,, 21  a finite opensg 
 
cover of X , we can assume that k > n+1. Let 


k

ni
ii UifG

2
2ni G and  1ni   U 


   , then  221 ,...,, nGGG  is an opensg   cover of X 

and so by hypothesis there is a opensg   cover  kHHH  ,...,, 21  such that ii GH   and 


2n

1i

    




iH  . Let 1ni if  UW ii   and let 2 nii GUW   if 1ni  . Then 

 kWWW ,...,, 21 is an opensg   cover of X each ii UW   and 
2n

1i

  




iW . If there exists 

such set B of {1,2,…,k} with n+2 elements such that 
2n

1i

    




iW , let the members of  be 
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renumbered to give a family  kPPPP ,...,, 21 
2n

1i

    




iP . By applying the above construction 

to P , we obtain the opensg   cover    ,...,, ''
2

'
1

'
WWWW k

 
such that  PW i

'  and 


2n

1i

'   




W i . Thus by a finite number of repetitions of this process we obtain an opensg   

cover  kVVV ,...,,  21  of X , of order not exceeding n such that  ii UV   , (2)   (1) : 

Obvious. 

Proposition 4.4. In a topological space X if 0dim Xsg , then X is a sg -normal Space. 

Proof. Suppose that 0dim Xsg  
 and let F and E be any two disjoint sg -closed sets in X, 

then  E\X  ,FX \  is an opensg   cover of X ; hence , there exists a opensg   

refinement   of order not exceeding 0 . This means that all members of  are pair wise 

disjoint. Let G be the union of all member of   that are associated with X\E and H be the 

union of all members of   that are associated with X\F, hence , G and H are opensg   sets 

such that F\XH and E\XG  ,X  HG   and   H  G   . Thus G and H are disjoint 

sets  opensg   such that HE  and  GF  . Hence X is a space  normalsg  .  

In  spaces  normalsg   , eringsg cov  dimension can be defined in terms of the order of 

finite closedsg   refinements of finite opensg 
 
cover.  

Proposition4.5. If  ,X  is a topological space, then the following statements about X are 

equivalent. 

(1) nXsg dim  . 

(2) For any finite er  opensg cov   kUUU ,...,, 21  of X there is a 

er  opensg cov  kVVV ,...,, 21  such that ii U(V Cl sg )  and the order for 

 )),...,), k21 (V Cl sg(V Cl sg(V Cl sg  does not exceed n 

(3) For any finite er  opensg cov   kUUU ,...,, 21  of X there is a closedsg   cover 

   UF such  that ,...,, ii21 kFFF  and the order for   kFFF ,...,, 21  does not exceed n. 

(4) Every finite  er  opensg cov  of X has a finite closedsg   refinement of order 

not exceeding n. 

(5) If  kUUU ,...,, 21  is an er  opensg cov  of X, there is an closedsg   cover 

 kFFF ,...,, 21  such that 
2

1
ii   and  UF 






n

i
iF  . 

Proof . (1)  (2): Suppose that nXsg dim  , and let  kUUU ,...,, 21  be er  opensg cov  

of X, then by Theorem 4.3 , there exists an er  opensg cov   kWWW ,...,, 21  of order not 

exceeding n such that   UW ii  . Since X is normalsg   , by Theorem 3.5, there exists an 

er  opensg cov   kVVV ,...,, 21  such that ii W  (V Cl sg )  for each i . Then   kVVV ,...,, 21  
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is an er  opensg cov with the required properties. (2)  (3) and (3)  (4): Obvious. (4) 

 (5): Let X be a space satisfying (4) and let    221 ,...,, nUUU  be 

er  opensg cov  of X. Then the cover  has a finite closedsg   refinement v of order 

not exceeding n. If vE  , then iUE   for some i. Let each E in v be associated with one of 

the sets iU  containing it and let iF  be the union of those members of v which associated with 

iU  , then iF  is closedsg  ,  UF ii  and  221 ,...,, nFFF  is a ersg cov  of X such that 


2

1






n

i
iF   .(5)  (1) : Let X be a space satisfying (5) and let  221 ,...,, nUUU be an 

er  opensg cov  of X , by hypothesis there exists an closedsg   cover  221 ,...,, nFFF  

such that  each  UF ii  and 
2

1






n

i
iF   . By Proposition 3.6, there exist 

sets  opensg   221 ,...,, nVVV  such that  iiii V and i each for   UVF   is similar 

to  iF . Thus  221 ,...,, nVVV is an er  opensg cov  of X, each 
2

1
ii U





n

i
iVV  . Therefore 

by Theorem 4.3, nXsg dim                                                                       □ 

Proposition  4.6. If X is an space  normalsg   , then the following statements about X are 

equivalent:  

(1) nXsg dim  , 

(2) For any finite sg -closed sets }......,{ 1,21 nFFF and each family of sg -open sets 

}......,{ 1,21 nUUU such that ii UF  there exists a family }......,{ 1,21 nVVV of sg -

open sets such that iiii UVClsgVF  )(  for each i, and 
1

1






n

i
iBdV   

(3) For each family sg -closed sets }......,{ ,21 kFFF and each family of sg - open sets 

}......,{ ,21 kUUU such that ii UF  , there exists a family }......,{ ,21 kVVV and 

}......,{ ,21 kWWW of sg -open sets such that iiiii UWVClsgVF  )(  for each 

i  and the order of the family }\)(  . . . . . . \)( ,\)( { 2211 kk VWClsgVWClsgVWClsg   

does not exceed n – 1. 

(4) For each family sg -closed sets }......,{ ,21 kFFF and each family of sg -open sets 

},21 ......,{ kUUU such that ii UF  , there exists a family }......,{ ,21 kVVV of sg -open 

sets iiii UVClsgVF  )(   and the order of the family ),({ 1VBdsg  

)(, . . . . . ,. )( 2 kVBdsgVBdsg   does not exceed n – 1. 

Proof. (1) (2): Suppose that nXsg dim ,and let }......,{ 1,21 nFFF be sg -closed sets and 

}......,{ 1,21 nUUU sg -open sets such that ii UF  . Since nXsg dim , the sg -open 

cover of X consisting of sets of the form 
2

1





n

i
iH , where ii UH  or ii FXH \ for each i , has 

a finite sg -open refinement }......,{ ,21 qWWW of order not exceeding n, Since X is sg -
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normal, there is an sg -closed cover }......,{ ,21 qKKK such that rr WK   for qr ,, , , , ,,2,1  . 

Let rN denoted the set i such that  ri WF . For qr ,, , , , ,,2,1  , we can find sg -open 

sets irV for r in rN such that ririrr WVClsgVK  )(   and )(Cl irVsg  

jiifW jr     .Now for each 1, . . ,2,1  ni , let 
r

rirr NiVV }  : {  . Then iV is sg -open and 

ii VF  for if iFx  and rKx ; then rNi so that iir VVx  . Further more if rNi so 

that  ri WF  then rW is not contained in iFX \  so that ir UW  . Thus, if rNi , then 

iir UV   and since }  :)(Cl {)(Cl r
r

iri NiVsgVsg    , it follows that ii UVsg )(Cl  . 

Finally suppose that )(Bd 
2

1
i

n

i

Vsgx 




  and since }  :)({)( r
r

iri NiVBdsgVBdsg    , it 

follows that for each i  there exists ri  such that )(Bd irVsgx  and if ji  , then ji rr  for 

if rrr ji  , then )(Cl irVsgx   and )(Cl jrVsgx   but irVx and jrVx which are 

absurd, since either jrir VVsg )(Cl   or irjr VVsg )(Cl  . For each irjVxi ,  so that 

.rjKx  But }{ rK  is a sg -cover of X and so there exists 0r  different form each of the ir  

such that
oo rr WKx  . Since irjVx , it follows that 

ir
Wx  for 1, . . . . 2, ,1  ni  so that 


1

0





n

i
nVx . Since the order of }{ rW does not exceed n , this is absurd. Hence 

1

1

)(Bd 





n

i
iVsg .  

(2) (3): Let (2) hold , let kFFF ......,, ,21  be sg  -closed sets and let KUUU ......, ,21  be 

sg -open sets such that ii UF  . We can assume that  1 nk ; otherwise , there is nothing 

to prove. Let the subset },......,2,1{ k  containing 1n elements be enumerated as 

qCCC ,....,, 21 , where 1 nkcq . By using (2), we can find sg-open sets riV , for i in iC  such 

that iiii UVClsgVF  )( 1,1,   and 
1

1
, )(Bd 






n

i
riVsg . We have a finite family 

}:)(Bd { , iri CiVsg  of sg -closed sets of the sg -normal space X and ii UVBdsg )( 1,  

for each i  in 1C . Thus, by Proposition 3.6, for each i  in 1C , there exists an sg -open set 

iG such that  ii GVsg )(Bd 1,  )(C iGlsg iU and 
1

)(Cl 
CiiGsg


 is similar to 

 
1

)(Bd , CiriVsg


 , so that in particular 



iCi

iGsg
 

)(Cl  . Let iii GVW  1,1,  if 1Ci , then 

 1,1, )(C ii WVlsg  ii UWlsg )( C 1. and since )(C )\)(C ( 1,1, iii GlsgVWlsg   , we have 


1 

1,1, )\(Cl (
Ci

ii VWsg


 . If 1Ci , let 1,iV be an sg -open set such that             

1,ii VF  ii UVClsg  )( 1,  and let ii UW 1, . Then for ki , . . . . 2, ,1  we have sg-open 

sets 1,iV  and 1,iW such that iiii UVClsgVF  )( 1,1,   and 
ci

ii VWsg


)\(Cl ( 1,1, . 

Suppose that qm 1 and for ki ,....,2,1 we find sg -open sets 1, miV  and 1, miW such that 

iF  imimimi UWVClsgV   1,1,1, )( and 



ci

mimi VWClsg )\)(( 1,1,  if 11  mj . 

By the above argument we can find sg -open sets miV ,  and miW , such that  )( 1,miVClsg  
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miV , 1,,, )(  mimimi WWVClsg  and 



cmi

mimi VWClsg )\)(( ,,  Since 

mimi VWClsg ,, \)( )\)(( 1,1,  mimi VWClsg . We have 



jci

mimi VWClsg )\)(( ,,  if mj  . 

Thus by induction for ki ,....,2,1 , we can find sg -open sets iV  and 

ly)respective  and ( ,, qiqii WVW  . Such that iiiii UWVClsgVF  )(   and 





cji

ii VWClsg )\)((  , for kj ,....,2,1 . Thus the order of the family , . . .),\({ 11 VWBdsg  

)}\( kk VWBdsg does not exceed 1n . (3) (4): Obvious. (4) (1): Let (4) hold and let 

}......,{ 2,21 nUUU be an sg -open cover of X. Since X is sg -normal, there exists an sg -

closed cover }......,{ 1,21 nFFF of X such that ii UF  for each i . By hypothesis there exists a 

family of sg -open sets }......,{ 1,21 nVVV such that iiii UVClsgVF  )(  for each i , and 

the family  . . . ,. )(),({ 21 VBdsgVBdsg   )(, . . 2nVBdsg has order not exceeding 1n . Let 


ji

ijj VVClsgL


 \)( for ,..2,1j  2., n . For each jLj, is an sg -closed, and 

}......,{ 2,21 nLLL is an sg -closed cover of X, for if x  X , there exists j such that 

ij VxVx   and for ji  so that jLx . Now  
ji

jjj VXVClsgL


 )\()(  so that 

 
1

1

1

1

2

1

2

1

)()\()( 

















n

i

n

j
jj

n

j
j

n

j
j VBdsgVXVClsgL  . Thus },,,,,,,,,{ 221 nLLL is an sg -

closed cover of X, jji UVClsgL  )(  and 
2

1





n

j
iL =  Hence by proposition 4.5, 

nXsg dim . 
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