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1 INTRODUCTION

Generalized open sets play a very important role in General Topology and they are now the
research topics of many topologists worldwide. Indeed a significant theme in General Topology
and Real analysis concerns the various modified forms of continuity, separation axioms etc. by
utilizing generalized open sets. Dimension theory plays an important role in the applications of
General Topology to Real Analysis and Functional Analysis. Recently, as a generalization of
closed sets, the notion of sga-closed sets were introduced and studied by Rajesh and Krsteska
[7]- In this paper, we have study the some new properties of sga-closed sets in topological
spaces.

2. PRELIMINARIES

Definition 2.1 4 subset A of a space (X,7) is called semi-open [3](resp. a-open [4]) if A
c Cl(Int(4)) (resp. A c Int(Cl(Int(A)))). The complement of a semi- open (resp. a-open) set
is called semi-closed (resp. a-closed).

The semi-closure[1]of a subset 4 of X, denoted by sCI(A4), is defined to be the intersection of
all semi-closed sets containing 4 in X. The a-closure of a subset is similarly defined.
Definition 2.2. A subset A of a space X is called semi-generalized closed (briefly sgo -
closed) 7] if @Cl(4) c U whenever A cU and U is semi-open in X. The complementof sga -
closed set is called sga-open.


mailto:gsm.maths@gmail.com
mailto:nrajesh_topology@yahoo.co.in

International Journal of Mathematical Engineering and Science
ISSN : 2277-6982 Volume 1 Issue 4 (April 2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

The union (resp. intersection) of all sga-open (resp. sga -closed) sets each contained in (resp.
containing) a set A in a space X is called the sga -interior ( resp. sga -closure) of A and is
denoted by sga -Int(A) (resp. sga -CI(A)) [7].

The family of all sgea -open (resp. sga -closed) sets of (X,‘[) is denoted by sga O(X) (resp.
sga C(X)). The family ofall sga -open (resp. sge -closed) sets of (X , z') containing a point x
€ X is denoted by sga O(X, x) (resp. sga C(X, x)). It is well known that sga O(X) forms a
topology [7].

Definition 2.3. [2] 4 family {A, : a € A} of subsets of a space Xis said to be locally finite

family if for each point x of X, there exists a neighborhood G of x such that the set
{a e A:GN A, =D} is finite.

Lemma 2.4. [2] If {4, :a €A}is a locally finite family of subsets of a space X, then the

SJamily {CI(A,): a € A}is a locally finite family of X and CI(U A, )=UCI(4,).

Definition 2.5. [2]4 family {4, : o € A} of subsets of a space Xis said to be point-finite if for
each point x of X, the set {a € A:x e A,} is finite.

Definition 2.6. [2] An open cover {G,, : a € A} of a space X is said to be shrinkable if there
exists an open cover {H,, : o € A} of X such that CI(H,)c G,, foreach a €A .

Definition 2.7. [5] The family {4, :a € A} and {B,, : a € A} of subsets of a set X are said to
be similar, if for each finitesubset y of A, thesets (A, and (B, are either bothempty or

acy aey

both non-empty.
Theorem 2.8. [2] Let X be any topological space. The following statements are equivalents:

(1) Xis a normal space.

(i1) Each point-finite open cover of X is shrinkable.

(iii) Each finite open cover of X has a locally finite closed refinement.
Theorem 2.9. [S] Let {U,, :a € A} be a locally finite family of open sets of a normal space X
and {F, :a €A} afamily of closed sets such that F,, c U , foreacha € A . Then there exists
a family {G, :a € A}of open sets such that F, c G, Cl(Ga)g U, foreach aa €A and
the families {F, :a €A} and {CIG, :ax € A} are similar.

Proposition 2.10. [7] For subset A and A;(i€l) of a space (X,‘[) , the following hold:

(i) Ac sgaCI(4)

(i) If A< B, then sga Cl(4) < sga CI(B).
(iii) sga Cl(r\{Ai ] el})g N{sgaCl 4 :iel}.
(iv) sga Cl(U{d4;iel})=UisgaCl A4 :iel}
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Definition 2.11. If 4 is a subset of a space X, then the sga -boundary of A is defined as
sga CI(A)\ sga Int(4) and is denoted by sga Bd(A).

3. sga -NORMAL SPACE

Definition 3.1. 4 topological space Xis said to be sga - normal [6] if whenever A and B are
disjoint sga - closed sets in X, there exist disjoint sga -open sets U and Vwith AcU and
BcV

Definition 3.2. 4 family {Aa ‘o€ A} of subsets of a space X is said to be sga -locally finite

Sfamily if for each point x of X, there exists an sga-open set G of X such that the set
la e A:GNA, =g} is finite

Definition 3.3. An open cover {Ga a e A} of a space Xis said to be sga -shrinkable if there
exists an sga -open cover {Ha ‘axe A} of Xsuch that sgaCl(H,)cG, foreachaeA .
Lemma3.4. [f {Aa ‘o e A} is a locally finite family of subsets of a space X, then the family
{sgaCl(A,):aeA}is sga -locally finite family of X Moreover,
sga CIUA,) =Usga Cl(A,).

Proof. From Lemma 2.4, we obtain that the family {CI(A,):a € A}is alocally finite family
of X whenever {A,:axeA} is locally finite. Since sgaCl(A,) <Cl(A,) for
everya € A , the family {sga CI(A,):ax €A} is alocally finite family of X. To prove that
sgaCIUA,) =UsgaCI(A,), we have Usga ClI(A,)csga CI(UA,) .Therefore, it is
sufficient to prove that sga CI(UA )< Usga CI(A,). Suppose that x ¢ Usga CI(A ) , so
xesgaCl(A,) , for all aeA . This means that there exists an sga -open set G such that
GNA,=¢ for all «eA and hence, GNsga CI(A,)=¢ for alla € A . Since the family
{A,:aeA}is locally finite, there exists an open set H which contains x and the set
{a e A:HNA, = ¢}is finite. This means that there exists a finite subset M of A such that
H(A4,=¢ for aeM From above we obtain that x belongs to X |sgaCl(4,) for
everya €A . Since the family of sga-open sets forms a topology on X [7], the set
V:ﬂ[X\sga CI(A,):ae A] is an sgo -open set in X containing x. But AV is an
sga-open set containing x and (HNV)NA,=¢ for allaeA . Therefore
(HNV)YNWUA,)=¢. This implies that x € sgaz CI(UUA ) and this completes the proof.

Theorem 3.5. Let X be any topological space. Then the following statements are equivalent:
(1) Xis an sga - normalspace.
2) Each point — finite open cover of X is sga - shrinkable.

3) Each finite sga -open cover of Xhas a locally finite sga -closed refinement
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Proof. (1) = (2): Let {Ua ‘a e A} be a point — finite open cover of an sga -normal space X,
we may assume ¢« is well-ordered. We shall construct an sgo - shrinkable family of
{Ua ‘ae A} by transfinite induction. Let € « and suppose that for each o < u we have
sga-openset V, such that sgaCl(V,)cU, and for eachv<y , we have
(U V)OU(CU U,)=X. Letxe X, then since {Ua ‘a e A} is a point-finite, there exists the

as<v a>v
largest element y easuch that xeU, . Ify>u, then xe \y U, and ify <p, then

azu

xe UV, c UV,.Hence, (U ¥V, U(U U,)=X. Thus,U, contains the complement

as<y a<y a<pu azy
of(U V,)U (U U,). Since X is sga-normal , there exists an sga -open set V,, such
a<u a>y
that X\[(U V))U(U Up,)] <V, csgaCl(V,)cU,. Thus , sgaCl(V,)cU, and
a<u a>y

(U V,)U(U U,)=X. Hence the construction of an sga- shrinkable family for

a<u a>y
{U, :a € A}is completed by transfinite induction. (2) = (3) : Obvious. (3) = (1) : Let X be
a space such that each finite sga-opencoverof X has a locally finite
sga-closed refinement . Let A and B be twosga-closed sets in X. The
sga-open cover {X\ 4,X\B} of X has alocally finite sge - closed refinement o . Let E be
the union of members of o disjoint from A and let F be union of members of v disjoint from
B. Then, by Lemma 34, E and F are sga-closedsets and FUF =X  Thus, if
U=X\EandV =X\F then U and V are disjoint sgo-open sets such that 4 c U and

B c V Therefore, X is an sga - nommal space .

Proposition 3.6. Let {Uw}aeA be a locally finite family of sgo -open setsof an

. }ae » a family of  sga-closed sets such  that

F,cU, foreach acA. Then there exists a family {G,}

sga - normal space X and {F

sen OF sga-open sets such that

F,cG, csgaCl(U,)c U, and the families {Fa }aEA and {sga Cl(G, )}mEA are similar.

Proof . Let A be well-ordered with a least element. By transfinite induction, we shall
construct a family {Ga} of sga-open sets such that F, cG, < sgaCl(G,) < U,

aeA

and for each element v in A the family
{KU} _ CI(G,) if a<v
o Jaen F, if a<v

is similar to {F, }aeA . Suppose that u € o and that G, are defined for a <y such that for

each v< u the family {K; }aeA is similar {F,, }aEA Let {L, }aeA be the family given by:
Cl(G,) if a<v
{LO! }aeA = .
F, if azv
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Then  {F, }ae ,and {L, }a6 A- For  suppose that @ ,a;,...,a,€A  and

QA0 ey @ <<y <...<a,, then ﬁ{Lm}: ﬁ{ %} . Therefore rr]{Lm}:gb if and
' i=1 i=1 i=1

only if ﬂ{Fm-}=¢ because {KZ}QEA is similar to {F, }aeA. Since L, < G, Pr each «, the
i=1
family {La }aEA is locally finite . Thus if I is the set of finite subsets of A and for eachy €T
E,= ﬂALa , then {E;, }76F is locally finite family of sga -closedsets . Hence by Lemma
ae
34, E=UiE E NF i is an sga - closed set which is disjoint from F . Therefore, there
yorv o H H
exists an  sga-open set G# such that Fy c G,u c sga ClI( Gy) c U,u and
sga Cl( Gy NE)=¢ . Now the sga - open set Ga is defined for o <y and to complete the

Ctis

proof it remains to show that the family {Kg}ae A 1s similar to the family {Fa }ae A

sufficient to show that the families {Kg}aeAand {Ly},., are similar. Suppose that
o, ,...,a, €A and that (r]{Lm-}=¢ , we have to show that fr]{ g§}=¢ Suppose that
i=1 i=1

<oy <.<a;<pu<a;<..<a,ifa;#p there is nothing to prove. If &;=x ,then

L, m...mLaH NF,N Lajﬂ N...NL, =¢. Hence by the construction L, ﬂ...ﬂLaH

AsgaCl(G, AL, YO...0L, =¢ . Thus ({K%|=¢
J¥ r i1

4. sga -COVERING DIMENSION

In this section, we introduce a type of a covering dimension by using sga —open sets which
we call the sga — covering dimension function.

Definition4.1. The sga— covering dimension of a topological space X is the least positive
integern such that every finite sgo — open cover of X has an sga — open refinement of order
not exceeding n or is © if there is no such integer. We shall denote the sga — covering
dimension of a space X bydimy, X . If X is an empty set, then dimg, X =-1 and
dimy,, X <n if each finite sga—open cover of X has an sga — open refinement of order
not exceeding n. Also we have dimg,, X =n if'it is true that dimy,, X <n but it is not true
ifdimg,, X <n-1. Finally, dimy, X =c if for every integer n there exists a finite

sga — open cover which has no sga — open refinement of order not exceeding n.

Proposition4.2. If'Y is an open and a closed subsetof a space X, then dim g, Y <dim,, X
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Proof. It is sufficient to prove that if dimsga X=n , then dimsga Y<n . Let
{U1 , Uy ,...Uk} be an sga —open cover of the open set Y. Then U, is sga— openin X for
each i and since every open set is sga—open. Then the finite sga—open cover
{U1 , Uy, Uy ,X\Y} of X has an sga—open refinement sga of order which not
exceedingn .Let & be all members of sga except those members associated with X\Y , since
every open set is sga —open , then each member of £is sga—open in Y and also ¢ is a
refinement of {U,, U, ,...U, } of order not exceeding n. This implies that dimg,, Y <n.

Now we give some characterizations of the sga - covering dimension in topological
spaces.

Theoremd4.3. If X is a topological space, then the following statements about X are
equivalent:

1) dim, X<n

sga

(2) For any finite sga-open cover {UI,UZ,...,Uk} of X there is an
sga — open cover {Vl,Vz,...,Vk}of order not exceeding n such that
V.cU, fori=12,.k

(3) If {Ul,Uz,...,Un+2} is an sga - open cover of X, there is an sgo - open cover

n+2
WiV Viia such that V, U, and le =¢
1=

Proof. (1) = (2) : Suppose that dim_,, X <n and the sga—open cover {UI,UZ,...,Uk} of X

sgar
has an f—open refinement S oforder notexceedingn. If W e g ,then W c U, for some i.
Leteach Win S be associated with one of the sets U, containing it and let 7, be the union of
those members of [ thus associated with U, , since every open set is sga—open , then V;
is sga—open and V; U, and each point of X is in some member of S and hence in some
V;. Each point x of X is in at most n+1 members of sga , each of which is associated with a
unique U; and hence is in at most nt+1 members of {V,} Thus {V,} is an sga—open cover
of X of order not exceeding n. (2) = (3) : Obvious. (3) = (2) : Let X be a space satisfying
(3) and {UI,U2,...,Uk} a finite sga—open cover of X , we can assume that k > n+1. Let
G, =U,ifi<n+1andG,,, = KJU,- , then {GI’GZ""7Gn+2} is an sga —open cover of X

i=n+2

and so by hypothesis there is a sga—open cover {Hl,Hz,...,Hk} such that H; < G; and

NH;=¢ . Let W;=U; ifi<n+l and let W;=U;NG,, if i>n+1. Then

n+2
5=W,,W,,... W, }is an sga—open cover of X each W, cU, and (W, =4¢ . If there exists
i=1

n+2
such set B of {1,2,...,k} with n+2 elements such that (W, #¢, let the members of § be

i=1
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n+2
renumbered to give a family P = {P1 ,Pz,...,Pk} NP, #¢ . By applying the above construction
i=1

to P, we obtain the sga—open cover W ={W‘1,W'2,...,W'k} such that W' c P, and

n+2
N w;=¢. Thus by a finite number of repetitions of this process we obtain an sga —open
i=1

cover {I/I,Vz,...,Vk} of X, of order not exceeding n such that V, cU, , (2) = (1) :
Obvious.

Proposition 4.4. In a topological space X if dimg,, X =0, then Xis a sga -normal Space.

Proof. Suppose that dim,, X =0 and let F and E be any two disjoint sga -closed sets in X,
then {X\F ,X\E} is an sga—open cover of X ; hence , there exists a sgo —open
refinement £ of order not exceeding 0 . This means that all members of f are pair wise
disjoint. Let G be the union of all member of £ that are associated with X\E and H be the
union of all members of S that are associated with X\F, hence , G and H are sga—open sets
such that GUH=X ,Gc X\Eand Hc X\F and G(NH=¢ . Thus G and H are disjoint
sga—open sets suchthat F — G and E < H . Hence X is asga —normal space .

In sga—normal spaces , sga—covering dimension can be defined in terms of the order of

finite sga —closed refinements of finite sga —open cover.

Propositiond.5. If (X ,r) is a topological space, then the following statements about X are
equivalent.
(1) dimg, X<n.
(2) For any finite sga—open cover {UI,UZ,...,Uk} of X there is a
Sgo—open cov er {Vl,Vz,...,Vk} such that sga Cl(V;)cU,; and the order for
{sga Cl(V}),sga CL(V,),....sga Cl (Vk)} does not exceed n
(3) For any finite sga—open cover {UI,UZ,...,Uk} of Xthere is a sga —closed cover
{Fl,Fz,...,Fk}such that F;, — U; and the order for {Fl,Fz,...,Fk} does not exceed n.
(4) Every finite sga—open cover of X has a finite sga—closed refinement of order

not exceeding n.
O It {UI,UZ,...,Uk} is an sga—open cover of X, there is an sga —closed cover

n+2
{F,Fy,...F,} suchthat F, cU; and NF, =¢.
i=l

Proof . (1) = (2): Suppose that dim,, X <n , and let {UI,UZ,...,Uk} be sga —open cover

of X, then by Theorem 4.3 , there exists an sga —open cover {Wl,Wz,...,Wk} of order not
exceeding n such that W, cU; . Since X is sga —normal , by Theorem 3.5, there exists an
sgo —open cover {Vl,Vz,...,Vk} such that sga CI(V;) W, for eachi . Then {Vl,Vz,...,Vk}
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is an sga—open cov er with the required properties. (2) = (3) and (3) = (4): Obvious. (4)
=(5): Let X be a space satisfying (4) and let =T[[= {U,.U,,..U,,,} be
sga—open cover of X. Then the cover IT has a finite sga —closed refinement v of order
not exceeding n. If £ ev ,then E c U; for some i. Let each E in v be associated with one of
the sets U, containingit and let F; be the union of those members of v which associated with
U, ,then F; is sga—closed , F; cU; and {F],Fz,...,Fn+2} isa sga—cover of X such that

n+2
ﬁFi =¢ (5) = (1) : Let X be a space satisfying (5) and let {Ul,Uz,...,U,Hz}be an
i=1

sga—open cover of X, by hypothesis there exists an sga —closed cover {Fl,Fz,...,F,Hz}

n+2

such that each F,cU, and (F,=¢ . By Proposition 3.6, there exist
i=1

sga —open sets {VI,VZ,...,V,H2} such that F,cV, cU; foreachiand {V,} is similar

n+2
to {F,}. Thus {#,,V5,...7,,, }is an sga—open cover of X, eachV;  U; NV, = ¢ . Therefore
i=1

by Theorem 4.3, dim,,, X <n m

Proposition 4.6. If X is ansga —normal space , then the following statements about X are
equivalent:

(1) dim,, X<n,

ULU, ..U, } such that F; C U, there exists a family {V},V, ...V, }of sga-
+1
open sets such that F, cV; c sga CI(V;) c U, for each i, and nﬂaBdVi =¢
i=1
(3) Foreach family sga-closed sets {F|,F, .....F; } and each family of sga - open sets
ULU, ....Uytsuch that F; cU;, there exists a family V.V, ...V, }and
WLW,..... W} of sga-open setssuch that F; =V, < sga CI(V;) =W, c U, for each
i and the order of the family {sga CIW)\V,,sga CIW)\V, ...... sga CIWH)\V,}
does not exceed n — 1.

sets F,cV,csgaCl(V;)cU; and the order of the family {sgaBd(V}),
sgaBd(Vs),...... ,sgaBd(V,) does not exceed n — 1.

Proof. (1) = (2): Suppose that dim
WU,,U,,....U,, ) sga-open sets such that F; cU;. Since dim

X <n,andlet {F,F, .....F,,,} be sga-closedsets and

sga

sqa X <n, the sga-open

n+2
cover of X consisting of sets of the form (H;, where H; =U, or H; = X \ F; for each i , has

i=1

a finite sga-open refinement {W;,W, .....W,} of order not exceeding 7, Since X is sga -
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normal, there is an sga -closed cover {Ki,Ky ... Kq}such that K, c W, for r=12,,,,,,.q .

Let N, denoted the set i such that F; "W, =(. Forr=1,2,,,,,,,q, we can find sga -open
sets V,for rin N,such that K,cV, csgaCl(V,)cW, and sgaCl(V,)c

W, if i< j.Now foreachi=12,..,n+1,letV, =U{V,, :ieN,}. Then V;is sga -open and
F,cVfor if xefF;, andxe K, ; then ie N,so thatxeV,. cV;. Further more if ie N, so
that F; "W, = then W, is not contained in X \F; so that W, cU,. Thus, ifi e N, , then
V, cU; and since sga CI(V;) =U{sga CI(V,.): ie N,}, it follows thatsga CI(V;) cU;.

n+2
Finally suppose that xe N sga Bd(V;) and since sgaBd(V;)cU{sgaBd(V,.): i€ N,}, it
i=l1 r

follows that for each i there exists 7, suchthat x € sga Bd(V,) andif i # j, then r, = r; for
if r,=r;=r, then xesgaCl(V;,) and xesgaCl(V;) butxeV, and xeV, which are

J
absurd, since either sga CI(V,,)cV,. or sgaCl(V,)cV; . For each i,xeV,, so that

irj
x¢K,; But {K,} is a sga-cover of X and so there exists r, different form each of the 7

such thatxe K, < W, . SincexeV,;,

it follows that xew, for i=12,....,n+1 so that

n+l

n+l
x(V, . Since the order of {/,} does not exceedn , this is absurd. Hence (sga Bd(V;) =.
i=0 i=1
(2)=(3): Let (2) hold , let Fy,F,...... Fi be sga -closed sets and let U,,U, .....Ug be
sga -opensets such that F; c U, . We can assume that k& >n+1; otherwise , there is nothing
to prove. Let the subset {L2,...... k} containing n+lelements be enumerated as
C),Cy,....C, , where g = kc,,,; . By using (2), we can find sge-open sets V; . for i in C; such

n+l
that F, cV;; csgaCl(V;))cU; and (sgaBd(V;,)=(. We have a finite family

i=1

tsgaBA(V;,):i e C;}of sga-closed sets of the sga -normal space X and sgaBd(V; ) 2 U;

for each i inC,. Thus, by Proposition 3.6, for each i inC,, there exists an sga -open set

G;such that sgaBd(V;,)cG, < sgaCl(G,) cU,and{sga CI(G,)},c is similar to

{sga Bd(V; r)}‘ec , so that in particular Nsga CI(G,)= Q. Let W;, =V;, UG, ifi e C|, then
T ieC, | |

sga CI(V,)) W, < sgaCl(W;;) cU,and since (sga CI(W;;)\V; ;) < sga CI(G;), we have

N (sga CIW,\V;))=0. TIfigC, let V¥, be an sga-open set such that
ieC

F, oV, csgaCl(V;;)cU; and let W;; =U,. Then for i=1,2,.....k we have sga-open

sets V;; and W such that F, cV;, csgaCI(V;;)cU; and N(sga CIW;;\V;})=0.

Suppose that 1<m <gqand for i=1,2,....k we find sga -opensets V; ,,_, and W, ,,_, such that

Fy & Vi ©58aCUV, 50 1) €W,y Usand ((sgaClW, ,, )\V, ) =Qif 1S j<m—1.
iec

By the above argument we can find sga -open sets V;,, and W,

i,m im

such that sga CI(V, ,,_;) <
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i,m csga CI(Vt,m) - I/Vi,m - VV[,mfl and ﬂ (SgaCl(VVz,m ) \ Vl,m) = (Z) Since

iecm

sgaCIW; , )\V, y < (sgaCIW, 5y )\V; 1) - We have () (sgaCIW, , )\V,,) =D if j<m.

iec;
Thus by induction fori=12,...k, we can find sgo-open sets V, and
W,=(V,,and W, , respectively). ~ Such that F, cV;csgaCl(V;)cW,cU; and
N(sgaCIW)\V;) =@, for j=12,....k. Thus the order of the family {sgaBd(W;\V}),...,

ieg

sgaBd (W, \V},)} does not exceed n—1. (3) = (4): Obvious. (4) = (1): Let (4) hold and let
U,U,.....U, ,} be an sga-open cover of X. Since X is sga -normal, there exists an sga -
closed cover {F,F, ....F,,} of Xsuch that F; c U, for eachi . By hypothesis there exists a

family of sga -opensets {#],V, ...V, } such that F; =V, < sga CI(V;) c U, for each i , and

the family {sgaBd(V,),sgaBd(V),.... ..,sgaBd(V,,,)has order not exceeding n—1. Let
L; =sgaCl(V;)\ UV, for j=12,.. .n+2. For each j,L;is an sga-closed, and
i<j ’

{Ly,L,.....L,,,}is an sga-closed cover of X, for if x € X, there exists jsuch that
xeV;andxgV;for i<jso that xel;,. Now L;,=sgaCl(V;)(\(X\V;) so that

i<j
n+2 n+2 n+l n+l )
ﬂle = ﬂlsga ClV, )N (X\V) < ﬂlsgaBd(Vj):(Z), Thus {L,Ls,,5555, L5 },1S an sgo -
J= J= i=1 J=

n+2
closed cover of X, I, csgaCl(V;)cU;and ﬁLl: (¢ Hence by proposition 4.5,
. . i

dimg,, X <n.
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