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1. Introduction:

Norman Levine introduced generalized closed sets, K. Balachandaran and P. Sundaram
studied generalized continuous functions and generalized homeomorphism.
Y.Ganambal studied generalized preregular closed sets and generalized preregular
continuous functions. Following Y.Gnanambal the authors of the present paper define a
new variety of continuous function called contra gpr—continuous function, study its
basic properties and interrelation with other type of contra continuous functions.
Throughout the paper a space X means a topological space (X,t). For any subset A of
X its complement, interior, closure, gpr-interior, gpr-closure are denoted respectively
by the symbols A, A°, A", gpr(A)°and gpr(A) .

2. Preliminaries:

Definition 2.1: AcX is called

(1) regularly open if A= int(cl(A)).

(i1) g-closed[resp: rg-closed] if cl(A)cU whenever ACU and U is open[resp: regular
open].

(iii) ag-closed if acl(A)cU whenever AcU and U is a.-open.

(iv) gp-closed[resp: gpr-closed] if pcl(A)cU whenever AcU and U is open[resp:
regular-open].

Note 1: From definition 2.1 we have the following implication among the closed sets.

Closed — g-closed — ag-closed — gp-closed — gpr-closed
/]\

r-closed > —»> —> —> —> — — rgclosed Noneisreversible
Definition 2.2: A < X is called clopen[resp: nearly-clopen; g-clopen; gpr-clopen] if it
is both open[resp: regular-open; g-open; gpr-open] and closed[resp: nearly-closed; g-

closed; gpr-closed]

Definition 2.3: A function /X — Yis said to be
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(1) Continuous[resp: nearly continuous, semi-continuous] if inverse image of open set
is open[resp: regular-open, semi-open]

(i1) g-continuous[resp: gpr-continuous] if inverse image of closed set is g-closed[resp:
gpr-closed]

(iii) irresolute[resp: nearly irresolute, gpr—irresolute] if inverse image of semi-
open[resp: regular-open, gpr—open] set is semi-open[resp: regular-open, gpr—open]
(iv) g-irresolute[resp: gpr-irresolute] if inverse image of g-closed[resp: gpr-closed] set
is g-closed[resp: gpr-closed]

(v) homeomorphism[resp: nearly homeomorphism] if f is bijective continuous[resp:
nearly-continuous] and / is continuous[resp: nearly-continuous]
(vi)rc-homeomorphism if /is bijective r-irresolute and /™' is r-irresolute

(vii) g-homeomorphism[resp: gpr-homeomorphism] if f'is bijective g-continuous|resp:
gpr-continuous] and /' is g-continuous[resp: gpr-continuous]
(viii)gc-homeomorphism[resp: gprc-homeomorphism] if /is bijective g-irresolute[resp:
gpr-irresolute] and /' is g-irresolute[resp: gpr-irresolute]

Theorem 2.1: If fis gpr-continuous[resp: gpr-irresolute; gpr-homeomorphism] and G
is open[resp: gpr-open; gpr-closed] set in Y, then f~ J(G) is gpr-open[resp: gpr-open;
gpr-closed] in X.

3 Almost contra-gpr-continuous functions:

Definition 3.1: A function /X — Y is said to be almost contra-gpr-continuous if the
inverse image of every regular open set is gpr-closed.

Note 2: Here after we call almost contra-gpr-continuous function as al.c.gpr.c function
shortly.

Example 1: X =Y = {a, b, c}; 7= {9, {a}, {b}, {a, b}, X} and 6 = {¢, {a}, {b, c}, Y}.
(1) If f: X — Y defined by f{a) = b; f{b) = c and f{c) = a, then f'is al.c.gpr.c.
(i) If /- X — Y is identity function, then f'is not al.c.gpr.c.

Theorem 3.1: fis almost contra-gpr-continuous iff inverse image of each closed set in
Y is gpr-open in X.

Theorem 3.2: If fis almost contra-gpr-continuous and Ae RC(X), then the restriction
fia is almost contra-gpr-continuous.

Theorem 3.3: (i) We have the following diagram for the function > X - Y
Al.c.c > — al.c.g.c > — al.c.agc - — al.c.gp.c &> — al.c.gpr.c
T )

Alcte > > > —> > —> —> — — alcrgc.Noneisreversible

(i1) If GPRC(X) = RC(X). We have the following diagram for the function f: X - Y
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Alc.c & & alc.gc o ©alcoge < «alc.gp.c > <> ale.gprc
N N

Alcrec & © © © © © © © o acrgce

Example 2: Let X =Y = {a, b, c}; T = {¢, {a}, {a, b}, X} and 6 = {¢, {a}, {b}, {a, b},
Y }. Let f> X — Y be defined as f{a) = b; f{b) = c; f(c) = a, then fis almost contra-gpr-
continuous; almost contra-rg-continuous but not almost contra-continuous; almost
contra-g-continuous; almost contra-gp-continuous and almost contra-a.g-continuous.

Example 3: Let X =Y = {a, b, c, d}; T = {¢, {a}, {b}, {d},{a,d}, {b,d}, {a, b}, {a, b,
c},{a, b, d}, X} = c. Let f- X — Y be defined as f'(a) = b; f(b) =c;f(c) =d; f(d) =a
Then f'is almost contra-gpr-continuous but not almost contra rg-continuous.

Theorem 3.4: Let f:X,—Y, be almost contra-gpr-continuous fori=1,2. Let f: X,xX,
—Y,xY, be defined as follows: f(x,, x,) = (fi(X\), fo(X.)). Then £: X, xX,—>Y,xY, is almost
contra-gpr-continuous.

Proof: Let UxU,eRO(Y,xY,). Then /(U xU,) = £/ (U)xf" (U,)eGPRC(X,xX,),
since /' (U;) e GPRC(X) fori = 1, 2, respectively. Now if UeRO(Y,xY5), then /' (U) =
F(UUi) = Uf (Ui e GPRC(X,xX,) where Ui= Ui, xUsi,.

Theorem 3.5: Let h: X—>X,xX, be almost contra-gpr-continuous. h(x) = (h,(x), hy(x)).
Then h;:X — Xiis almost contra-gpr-continuous fori=1, 2.

Proof: Let U,eRO(X,). Then U, xX,eRO(X,xX,) and h",(U,) = h”(U,xX,) e GPRC(X),
therefore h, is almost contra-gpr-continuous. Similar argument gives h, is almost
contra-gpr-continuous and thus h; is almost contra-gpr-continuous fori=1, 2.

Theorem 3.6: Let Y and {X::iel} be Topological Spaces. If f:Y— 71X; is almost contra
gpr-continuous, then 7;ef: Y —X; is almost contra gpr-continuous but the converse is not
true.

Proof: Suppose f is almost contra gpr-continuous. Since =;:/IX;—JX; is nearly
continuous for each iel, it follows that m;ef is almost contra gpr-continuous.

Theorem 3.7: f: [IX;—>11Y;is al.c.gpr.c, iff f; : X;—>Y; is al.c.gpr.c for eachiel.

Theorem 3.8: If Y is rTi» and {Xj:iel} be Topological Spaces. Let f:Y— 7IX; be a
function, then f'is almost contra gpr-continuous iff 7z;¢f: Y — X; is almost contra gpr-
continuous.

Corollary3.2: Let f;: X;— Y; be a function and let f: /7X;—/7Y; be defined by f((x;)i.) =
(fi(x);ar- If f is almost contra gpr-continuous then each f; is almost contra gpr-
continuous.
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Corollary 3.3: For each i, let X; be rTi» and let f:X;—Y; be a function and let
[ IIX;—ITY; be defined by f{(X);io1) = (fi(X)))ia , then f'is almost contra gpr-continuous iff
each f/is almost contra gpr-continuous.

Remark 1: In general,

(1) The algebraic sum and product of two almost contra-gpr-continuous functions is not
almost contra-gpr-continuous. However the scalar multiple of almost contra-gpr-
continuous function is almost contra-gpr-continuous.

(11) The pointwise limit of a sequence of almost contra-gpr-continuous functions is not
almost contra-gpr-continuous as shown by the following example.

Example 4: Let X = Y = [0, 1]. Let £,:X—>Y be defined as f,(x) = x, for n > 1then
f:X—Y is the limit of the sequence where fix) =0if 0 <x<1andfix)=1ifx=1.
Therefore fis not almost contra-gpr-continuous. For (122, 1]is openinY, f/((12, 1]) =
(1) is not gpr-closed in X.

However we can prove the following theorem.

Theorem 3.9: Letf,: (X, dx) — (Y, dy), be almost contra-gpr-continuous, forn=1, 2...
and let £ (X, dx)— (Y, dy) be the uniform limit of {f;}, then £i(X, dx) — (Y, dy) is
Almost contra-gpr-continuous.

Remark2: It is clear from Remark 1 that (i) Cat.cgpr.o(X,R), the set of all almost contra-
gpr-continuous functions is not a Vector space.

Note 3: With respect to usual topology on the set of real numbers, open sets and
regular open sets are one and the same. So we rewrite the converse of the theorem 3.5
is not true in general, as shown by the following example.

Example S: Let X=X,=X,=[0, 1].

Let fi: X — X, be defined as follows: fi(x) =1 if 0 <x<1zandfi(x) =0if12<x<1.
Let f;: X = X, be defined as follows: f;(x) =1 if0 <x<1pand fi(x) =0 if 12<x< 1.
Then f;: X — X;is clearly almost contra-gpr-continuous for i =1, 2., but 4(x) = (fi(x,),
fi(%,)):X—= X, x X, is not almost contra-gpr-continuous, for Si»(1, 0) is regular open in
X, x X,, but h”’(Si(1, 0)) = {12} which is not gpr-closed in X.

Remark 3: In general, the product of almost contra-gpr-continuous function of almost
contra-gpr-continuous function is not almost contra-gpr-continuous.

Theorem 3.10: If f'is gpr-irresolute and g is al.c.gpr.c.[almost contra-continuous], then
g+f is almost contra-gpr-continuous.

Theorem 3.11: If f:X—Y is gpr-irresolute, gpr-open and GPRO(X) =tandg: ¥ - Z
be any function, then g+f: X — Zis al.c.gpr.c iff g: Y — Zis al.c.gpr.c.
Proof:If part: Theorem 3.10
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Only if part: Let A be r-closed subset of Z. Then (g<f)7(A) is a gpr-open subset of X
and hence open in X[by assumption]. Since f is gpr-open f(g*f)"(A) = g”'(A) is gpr-
openinY. Thus g: Y — Zis al.c.gpr.c.

Corollary 3.4: If f'is gpr-irresolute, gpr-open and bijective, g is a function. Then g is
al.c.gpr.c. iff g+f'is al.c.gpr.c.

Theorem 3.12: If g: X— Xx7Y, defined by g(x) = (x, f{x)) V xeX be the graph function
of /- X - Y. Then g is al.c.gpr.c iff f'is al.c.gpr.c.

Proof: Let VeRO(Y), then XxV is open in XxY. Since g is al.c.gpr.c., (V) =
fI(XXV)eGPRC(X). Thus f'is al.c.gpr.c.

Conversely, let xeX and f be a r-closed subset of (XxY, g(x)). Then Fn({x}xY) is
closed in ({x}xY, g(x)). Also {x}xY is homeomorphic to Y. Hence {yeY:(x, y)eF} is
r-closed subset of Y. Since fis al.c.gpr.c. U{f(y):(x, y)F} is gpr-open in X. Further
xeu{f(y):(x, y)eF}c g (F). Hence g '(F) is gpr-open. Thus g: X — Yis al.c.gpr.c.

Problem:

(1) Are sup{f, g} and inf{f, g} are almost contra-gpr-continuous if f, g are almost
contra-gpr-continuous

(1)Is C,je gre(X,R) a Lattice?

(iii)Suppose fi- X — X;(i=1, 2) are almost contra-gpr-continuous. If /> X — X, x X,
defined by f(x) = (fi(x), f+(X)), then fis almost contra-gpr-continuous .

Solution: No. Since union and intersection of two gpr-closed sets are not gpr-closed.

Theorem 3.13: Let > X — Yand g: Y — Z be such that

(1) If fis contra-gpr-continuous and g is continuous[resp: nearly-continuous] then g+f'is
almost contra-gpr-continuous

(i1) If fis almost contra-gp-continuous[resp: almost contra-g-continuous; almost contra-
rg-continuous; almost contra-ag-continuous] and g is r-irresolute, then gef is gpr-
continuous.

Remark 4: In general, composition of two almost contra-gpr-continuous functions is
not almost contra-gpr-continuous. However we have the following example:

Example 6: Let X=Y=Z= {a,b,c} and 1= p(X);0= {0, {a}, {b,c},Y },andn =
{0, {a}, {b}, {a, b}, Z}. Let fand g be identity maps which are almost contra-gpr-
continuous but g¢f’is almost contra-gpr-continuous.

Theorem 3.14: Let X, Y, Z be topological spaces and every gpr-closed set be
open[resp: r-open] in Y, then the composition of two almost contra-gpr-continuous
maps is almost contra-gpr-continuous.

Proof: Let V be r-open in Z = g/(V) is gpr-closed in Y = g”(V) is open in Y[by
assumption] = f(g/(V)) = (g*)(A) is gpr-closed in X = g+ is almost contra-gpr-
continuous.
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Theorem 3.15: (i) If fis almost contra-gpr-continuous; g is g-continuous and Y is Ti»
space, then g<f'is almost contra-gpr-continuous.

(i1) If f is almost contra r-continuous[resp: almost contra-gpr-continuous] g is rg-
continuous and Y is rTi-space, then g*fis almost contra-gpr-continuous.

Proof: (i) Let V be r-openinZ = g/(V) is g-openin Y = g(V) is open in Y[since Y
is Ti:] = f(g'(V)) = (g)'(V) is gpr-closed in X = gef is almost contra-gpr-
continuous.

(i1) Let V be r-open in Z = g(V) is rg-open in Y = g(V) is r-open in Y[since Y is
r—Ti:] = g(V) is openin Y[since every r-openset is open] = /(g (V) is r-closed in
Y = (g+) (V) is gpr-closed in X = g*fis almost contra-gpr-continuous.

(iii) Let Vbe r-openinZ = g”'(V) is rg-openin Y = g/(V) is r-open in Y[since Y is r
— Ti.] = g(V) is open in Y[since every r-openset is open] = /(g (V)) is r-closed in
Y = (g+) (V) is gpr-closed in X = g¢f'is almost contra-gpr-continuous.

Note 4: Pasting Lemma is not true with respect to almost contra-gpr-continuous
functions. However we have the following weaker versions.

Theorem 3.16: Pasting Lemma Let X and Y be spaces such that X = AUB. Let f,, and
g are almost contra-gpr-continuous[resp: almost contra r-continuous] such that f{x) =
2(x) VxeAnB. If A; BeRC(X) and GPRC(X)[resp: RC(X)] is closed under finite
unions, then the combination o.: X—Y is almost contra-gpr-continuous.

Proof: Let fbe r-opensetinY, then o '(F) = /' (F)ug '(F) where /' (F) is gpr-closed in
A and g '(F) is gpr-closed in B = //(F) and g /(F) are gpr-closed in X = f~/(F)ug /(F)
is gpr-closed in X[since GPRC(X) is closed under finite unions] = o /(F) is gpr-closed
in X. Hence o is almost contra-gpr-continuous.

4. Covering and Separation properties:

Theorem 4.1: If fis al.c.gpr.c.[resp: al.c.r.c] surjectionand X is gpr-compact, then Y is
nearly closed compact.

Proof: Let {G;: iel} be any r-closed cover for Y. Then for Giis r-closed in Y and > X
— Yisal.c.gpr.c., /' (G)is gpr-open in X. Thus {f”(G,)} forms a gpr-open cover for X
and hence have a finite subcover, since X is gpr-compact. Since f'is surjection, Y =
AX) =0, G. Therefore Y is nearly closed compact.

Theorem 4.2: If f'is al.c.gpr.c., surjection and X is gpr-compact[gpr-lindeloff] then Y
is mildly closed compact[mildly closed lindeloff].

Corollary 4.1: (i) If f is al.c.gpr.c. surjection and X is locally gpr-compact[gpr-
lindeloff], then Y is locally nearly closed compact[nearly closed Lindeloff].

(1) If f'is al.c.gpr.c. surjection and X is locally gpr-lindeloff, then Y is locally nearly
closed Lindeloff.

(iii) If fis al.c.gpr.c.[al.c.r.c.], surjectionand X is locally gpr-compact then Y is locally
mildly compact.



International Journal of Mathematical Engineering and Science

ISSN : 2277-6982 Volume 1 Issue 6 (June 2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

(iv) If f'is al.c.gpr.c.[al.c.r.c.], surjection and X is gpr-lindelofflocally gpr-lindeloff]
then Y is locally mildly lindeloff.

Theorem 4.3: If f is al.c.gpr.c., surjection and X is s-closed then Y is mildly
compact[mildly lindeloff].

Proof: Let {V,: V,eCO(Y): icl} be a cover of Y, then {f”/(V)): icl} is gpr-open cover
of X[by Thm 4.1] and so there is finite subset I, of I, such that {fFI(V;): iel,} covers X.
Therefore {V:: iel,} covers Y since f'is surjection. Hence Y is mildly compact.

Theorem 4.4: If fis al.c.gpr.c. surjection and X is gpr-connected, then Y is connected.
Proof: If Y = AUB where A and B are disjoint clopen sets in Y. Since f'is al.c.gpr.c.
surjection, X =f](Y) =f](A)uf](B) wherefl(A) andf’(B) are disjoint gpr-open
sets in X, which is a contradiction. Hence Y is connected.

Corollary 4.2: (i) The inverse image of a disconnected space under a al.c.gpr.c.,
surjection is gpr-disconnected.

(i1) The inverse image of a gpr-disconnected space under a al.c.gpr.c., surjection is gpr-
disconnected.

Theorem 4.5: If fis al.c.gpr.c., injection and Y is r'T, then X is gprT;,i=0, 1, 2.
Proof: Let x, # x,eX. Then f{(x,) # f(x,)eY since f is injective. For Y is 1T, 3 V,,
V,eRO(Y) s.t. fix)eV,; fix)eV, and VAV, = ¢ implies x,ef(V,)eGPRO(X);
x.ef(V;)eGPRO(X) and // (V) (V.) = ¢. Thus X is gprT,.

Remaining parts are omitted as they are consequence of above part.

Theorem 4.6: If f'is al.c.gpr.c., injection and closed and Y is rT, then X is gprT;i =3,
4.

Proof:(i) Let xe X and f be disjoint r-closed subset of X not containing x, then f{x) and
f(F) are disjoint closed subset of Y, since f'is closed and injection. Since Y is rT;, f{(x)
and f(F) are separated by disjoint r-open sets U and V respectively. Hence xefI(U);f
(V). (U); £ (V) eGPRO(X) and £-/(U) N f~(V ) = ¢. Thus X is gpr-regular.

(i1) For F,, F, are disjoint r-closed sets in X, f{(F,) and f(F,) are disjoint r-closed subsets
of Y, since f'is closed and injection and Y is rT,, f{(F,) and f(F,) are separated by disjoint
r-open sets V, and V, respectively. Hence Fi < f/(Vi), i=1,2;/" (Vi) e GPRO(X) and
V) N f(V,) = ¢. Thus X is gpr-normal.

Theorem 4.7: If fis al.c.gpr.c., injection and
(1) Y is rCi[resp : rDi] then X is gprCi[resp: gprDi]i=0, 1, 2.
(i1)Y is rRj, then X is gprRii =0, 1.

Theorem 4.8: If fis al.c.gpr.c.[resp: al.c.r.c] and Y is r'T,, then the graph G(f) of fis
gpr-closedin X X Y.
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Proof: Let (X, y) 2 G(f)= y # f(x) = 3 disjoint open sets V and W such that f{x)eV and
yeW. Since f is al.c.gpr.c., 3 UeGPRO(X) such that xeU and f{lU)cW. Thus (x,
y)eUxVeXxY—-G(f). Hence G(f) is gpr-closedin X x Y.

Theorem 4.9: (i) If fis al.c.gpr.c.[al.c.r.c] and Y is T, then A= {(x,, X,)|f(x)) = f(x,)}
is gpr-closed in X x X.

(i) If f'is al.c.r.c.[al.c.c]; g is al.c.gpr.c; and Y is r'T,, then E = {xeX : f(x) = g(x)} is
gpr-closed in X.

Proof: ()Let A= {(x,, X,): f(x)) = f(x0)}. If (x;, X,) e X*X—A, then f{x,) # f(X,), then 3
disjoint open sets V, and V, such that f{(x,)eV, and f(x,) e V,, then by almost contra-gpr-
continuity of 7, /' (Vi)e GPRO(X, x,) for each j. Thus (x,, x,)e/” (V)xf (V)< XxX-A
= XxX—Ais gpr-open. Hence A is gpr-closed.
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