International Journal of Mathematical Engineering and Science

ISSN : 2277-6982 Volume 1 Issue 7 (July 2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

Decomposition of J - closed sets in Bigeneralized Topo-
logical Spaces

D.Sasikala' and L. Arockiarani 2

1Department of Mathematics, with Computer Applications Nirmala College for Women,
Coimbatore,
TamilNadu, India.

2Department of Mathematics, Nirmala College for Women, Coimbatore, Tamil Na-
du, India.

ABSTRACT

The aim of this paper is to introduce the concept of J- locally- closed sets in bigeneralized topologi-
cal spaces and study some of their properties. Using these concepts, some of the generalizations of
pairwise LC-continuous maps in bigeneralized topological spaces are defined and their characteri-

zations are investigated.
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1. Introduction

The concept of generalized topological spaces was developed by A.Csaszar [2] in
2002.He also introduced the concepts of neighborhood systems, continuous functions and
associated interior and closure operators on generalized neighborhood systems and gen-
eralized topological spaces. In particular, he investigated characterizations for general-
ized continuous functions (= (g,g,)— continuous functions). In [3], the notions of g- o -
open sets, g - semi-open sets, g — pre open sets and g - B open sets in generalized topolog-
ical spaces are analyzed. Recently, many topologistare working on GTS.

Kelly[8] initiated the notion of bitopological spaces. The notion of locally
closed set in bitopological space was introduced by Kuratowski and Sierpinski[9].In this
paper, we introduce the notion of Ay n)- J — locally closed sets in bigeneralized topologi-
cal spaces and study some of their properties. We also study the concept of generaliza-
tions of J-locally closed set in BGTS.

2 Preliminaries
A Generalized topology is a subset p of P(X) that contains ¢ and any union of elements
of 1 belongs to . Every topology is a generalized topology. A set with generalized to-

pology on it, is called generalized topological space and is denoted by (X, u), a general-
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ized topological space(briefly GTS)on X. The elements of A are called A-open sets and

the complements are called A- closed sets. The generalized closure of a subset S of X,

denoted by c;(S), is the intersection of generalized closed sets including S and the interi-

or of S, denoted by iy(S), is the union of generalized open sets contained in S.

Definitions 2.1.[3] Let (X, 1) be a generalized topological space and A < X, then A is
said to be

(1) A-semiopenif A < c; (iy (A))

(2) A-preopenifA c iy cy(A))

(3) A-oa-openif A c iz ¢y (in (A)))

(4) A~ BopenifAc e (ir ((A))
The complement of A - semi open (resp. A - pre open, A - o.- open, A - B open) is said to
be A - semi closed (resp A - pre closed , A - a- closed, A - B closed). The class of all A -
semi open sets on X is denoted by o(A)(briefly o, or ©). The class of A - pre open (A -
a-open and A - B open) sets on X as [1(gx), ou(gx), f(gx)] or briefly [[w, o, B].
Definition 2.2. [1] Let X be non-empty set and let A; and A, be generalized topologies on
X. A triple (X, A1, Ap) is said to be a bigeneralized topological space (briefly BGTS).
Let (X, A1, Ap) be a bigeneralized topological space and A be a subset of X. The closure
of A and the interior of A with respect to A, are denoted by ¢, (A) and iy, (A), respec-
tively, form=1,2.
Definitions 2.3.[12] Let (X,1) be a generalized topological space and A < X, then A is
saidto be A - J- openif A c iy (c; (A)). The complement of A - J- openis calledas A - J-
closed.
Definition 2.4. A subset A of a bigeneralized topological space (X, A1, 1) is said to be Ay,
n) — Locally Closed set(briefly(A, »)) - LC) if A= SN F, where Sisa Ay, —openand F

is Ay — closedin (X, Ay, Ay) , where m, n= 1,2 and m#n.

3 A(m, n) — J - Locally closed sets

Definition 3.1 : A subset A of a bigeneralized topological space (X, A, ) is called A,
m— J- Locally closed set (briefly Ay, ») —JIc) if A= S W F ,where Sis A,, — J-openand F is
A —J-closedin (X, A, A,),where m,n=1,2 and m=n.

Definition 3.2 : A subset A of a bigeneralized topological space (X, A;,A,) is said to be
X, n) ~JIc"if A=S N F ,where S is A, — J-openand F is A, — closedin

(X, A,A;),where m,n=1,2 and m=n.
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Definition 3.3 : A subset A of a bigeneralized topological space (X, A, A,) is said to be
A, ny —JIc**if A=S N F ,where S is A, —open and F is A, —J- closed in

(X, Ay, Ay),where m,n=1,2 and m=n.

The collection of all Aim, n)) - Jle (resp. Am, n)) - JIc*, A(m, n)) - Je™*) sets of (X, A, Ap) will
be denoted by A(m, n) -JLC(X) (resp. Am, n)) - JILC*(X), A, n)) - JILCF*(X)).
Proposition 3.4: Let A be subset of a space (X, A1, Ay).

(DIf A€ Am, n) - LC(X), then A€ A, n) -JLC(X), A, n) - JLC*(X) and A, 1) -
JLC**(X).

(i)If Aerm, ny - JLC*(X), then Ae)y, n)) - JLC(X).

(iii) If A€My, n) - JLC**(X)), then A€y, 1)) - JLC(X).

Proof: Every closed set is A-J-closed set, therefore the proof.

Remark 3.5. The concept of (A1, Ap) —JLC*(X) and (A}, Ay) — JLC**(X) are independ-
ent of each other.

Proposition 3.6. Let A be a subset of a space (X, A, A2).

(1) If A e(Aq, Ap) - JLC*(X).

(i) A =GN A-cp(A) forsome A —J- open set G.

(iii) A2- cA(A) —Ais A1 —J- closed.

(iv) A U (X- A cA(A))is A — J- open.
Proof: ()=(ii): Let A (A, Ap) - JLC*(X). Then there exist A —J- open set Gand a Ay —
closed set F in (X, A1, Ap)such that A=G N F. Since A — G and A < Ay- cp(A), we have
A < GN Ay- cA(A). Also , since Ap- cp(A) < F, G Ap- ¢ A(A) = G N F = A. Therefore A
=G N Ap-cp(A).
(i))=(i): Since Gis A| — J- opensetand A»- cpy(A)isa A, —closed set, we have A =G
N A- cA(A) €(Ay, Ap) - JLCH(X).
(iii))=(iv): Let F= Ay- cA(A) —A. Then by (iii), Fis A; — J-closed. Now X -F=A U (X -
Ao~ cA(A)) . Since (X -F) is A —J- open , we get A U (X - Ap- cA(A)) is A — J- open.
(iv)=(iii): Let G= A U (X -A2- cA(A)). This implies that X- G is A| —J- closedand X- G
= M- cA(A)—A . Hence Ap-cp(A) — A is A —J-closed.
(v)=(1i): Let G =A U (X -Ap- cA(A)). So G N Ayr- cA(A) = A. Hence A = G N Ayp- cp(A) for
some A1 —J- open set G. (i)=(iv): Let A =G M Ay- cp(A) for some A — J- open set G. Then

A U (X -Az- cp(A)) = G which is A; —J- open.
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Proposition3.7. Let A, B be any two subsets of a space (X, Aq, Ap).If A € (A, Ay) —
JLC(X) and B is A; —J- openor A, — J-closed, then A N B (A, ) — JLC(X).

Proof: Let Ae(Aq, Ay) - JLC(X). This implies A= G N F, where G isA; —J-openand F
ishy —J-closedin (X, A1,A2). Now An B=(G N B) N F.

case(i) If Bis A; — J- open, then G N B isalso A; — J-open and F is A, — J- closed in (X,
A, A2). Hence A N B e(Aq, Ap) - ILC(X).

case(ii) If B is Ay —J- closed, then A " B=G N (BN F), where G is A —J- open and B
N Fis Ay —J-closedin (X, Ay, A2). Hence A N B €(Aq, A ») - JLC(X).

Proposition3.8. Let A and B € (A, 1) — JLC*(X) ,then A N B (1, Ay) —JLC*(X).
Proof: Let A, B (1, Ap) — JLC*(X). then there exist A; —J- opensets G and H such that A =
G N Ap- cA(A) and B =H m (A,- cA(A) (by theorem 3.11) Since G nH is | — J- open and
A N B=(GnH) N (A cp(A) N Ap- cA(B)), then A N B €(Ay, Ay) — JLC*(X).

Remark 3.9. The union of any two (A, Ay) — JLC*(X) sets neednotbe a (A, Ay) —
JLC*(X) set as can be seen from the following example.

Example 3.10. Let X={a, b, ¢}, A= {X, ¢, {a, b}} and A= {X, ¢, {a},{a, b}}. Then the
subsets {a}, {c} (A, Ap) - JLC*(X) but their union {a, c} ¢ (A, Ap) — JLC*(X).
Proposition3.11.Let A, B € (A, Ay) — JLC**(X) , then A N B (A, Ap) — JLC**(X).
Proof: Let A, B (1, ) — JLC**(X). then there exist A; — J- open sets G and H such that A
=G N Ay- cp(A) and B= H N (A2- cp(A) (by theorem 3.12) Since G N H is A —J- open
and AnNB=(GNnH)N (A~ cA(A) N Ap- cpA(B)), then A N B (A, Ap) — JILC**(X).
Proposition3.12. Let A € (A, Ay) —JLC**(X) and B is either A, - closed or A; —open
subset of (X, A1, A2), then A N B €(Aq, Ap) —JLC**(X).

Proof: Let A (A, Ap) — JLC**(X). This implies A =G N F, where G isA; — J- open
and FisA; —J-closedin(X,A1, A2). Now An B=(G N F) " B. IfB is X - open, then B
N Gis also A1 —open. Hence A N B €(A1, Ap) — JLC**(X). If B is A, - closed, then BN F
is Ay — J- closed. Therefore A "B e(A;, Ap) — JLC**(X).

4. Pairwise JLC-continuous maps
We introduce new class of LC-continuous maps namely, pair-wise JLC-continuous maps,
JLC*-continuous maps, JLC**- continuous maps, JLC-irresolute maps, JLC*-irresolute

maps, JLC**-irresolute maps and investigate some of their properties.

14



International Journal of Mathematical Engineering and Science

ISSN : 2277-6982 Volume 1 Issue 7 (July 2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

Definition 4.1. A map £((X, A, Ap) — (Y, 01,02) is called pair-wise JLC-continuous(resp.
pair-wise JLC*-continuous, pair-wise JLC**-continuous) if { 1(\/') €(A1, L) — JLC(X)( resp.
£1OV) €, Ao) — JLCH(X), £1(V) e(hi,hg) — JLCH(X)) for every o — closed set V in

(Y, 01,02).

Definition 42. A map f:((X, A, X)) — (Y, 01,07 is called pair-wise JLC-
irresolute(resp. pair-wise JLC*-irresolute, pair-wise JLC**-irresolute) if 1(\/') e(h1, M)
~JLOX)( resp. (V) e(hy, Aa) — JTLC*(X), £1(V) e(hy, ha) — JLC**(X)) for every V e
(01,02) - JLC(Y) (resp,. V € (01,07) - JLC*(Y), V € (01,02) - ILC**(Y)).
Proposition4.3. Let f: (X, A1, Ay) — (Y, 01,02)) be amap . Then the following hold.

(1) If f is pair-wise LC-continuous, then it is pair-wise JLC- continuous (pair-

wise JLC*-continuous, pair-wise JLC**-continuous).

(i) If f is pair-wise JLC*-continuous, then it is pair-wise JLC-continuous.
(iii) If f is pair-wise JLC**-continuous, then it is pair-wise JLC-continuous.
(iv) If f is pair-wise JLC - irresolute, then it is pair-wise JLC-continuous.
W) If f is pair-wise JLC* - irresolute, then it is pair-wise JLC*-continuous.

Proof: Obvious
Proposition4.4. Let f: (X, A1, Ap) — (Y, 01,02))and g: (Y, 01,02) — (£, ni,ny)) are
functions . Then the following statements hold.

(1) If f is pair-wise JLC- irresolute and g is pair-wise JLC-continuous, then g ©

f is pair-wise JLC-continuous.

(i) If f and g are pair-wise JLC- irresolute , then g ° f is pair-wise JLC-
irresolute.
(iii) If f is pair-wise JLC*- irresolute and g is pair-wise JLC*-continuous, then g

¢ f is pair-wise JLC*-continuous.
(iv) If f is pair-wise JLC**- irresolute and g is pair-wise JLC**-continuous,
then g ° fis pair-wise JLC**-continuous.

Proof: Obvious.

Remark 4.5. The composition of pairwise JLC- continuous maps need not be pairwise JLC- continu-

ous.
5 A(m, n) — Jg - Locally closed sets

Definition:5.1. Asubset A of a space (X, A) is called J — generalized closed (briefly Jg-
closed) if c¢;(A) € Uwhenever A c U, Uisopenin (X, 7).

Definition:5.2. Asubset A of a space (X, A) is called generalized J —closed (briefly gl-
closed) if c¢;(A) c U whenever Ac U, Uis J - openin (X, A).
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Definition 5.3. A subset A of a bigeneralized topological space (X, A, A,) is said to be
Afm, ny — Jg- Locally Closed set (briefly(As, ) - Jglc ) if A= S N F, where Sisa Ay, —
Jg- openand F is A, — Jg- closedin (X, A{, Ap) , where m, n = 1,2 and m##n.

Definition 5.4 A subset A of a bigeneralized topological space (X, A1, Ap) is said to be
Am, ny— Jglc* ) if there exists aAy, —Jg- openset S and A ;, —closed set F of (X, A, A7)

such that A= S N F, where m, n= 1,2 and m#n.

Definition 5.5 A subset A of a bigeneralized topological space (X, A, A,) is said to be

Atm, n) —Jglc**)ifexists a Ay, —open set S and A, —Jg- closed set Fof (X, Aj, Ay) such that

A=S N F, where m, n=1,2 and m=#n.

The collection of all Ay, n) - Jgle (resp. A, n) - Jglc*, Am, ) - Jglc**) sets of (X, Ay, Ay) will
be denoted by- JGLC(X) (resp. Am, n)) - JGLC*(X), Am, n)) - JGLC**(X)).

Proposition 5.6: Let A be subset of a space (X, A, Ap),

(DIf Ae Am, n) - JGLC(X), then A€ A, n) - JGLC*(X) and Ay, ny - JGLC**(X).

(ii) If A€ Am, n)- GLC(X ), then A€ gy, ny - JGLC(X )

(iii) D)If A€ () - IGLC*(X ), then A€k, ny) - IGLC(X).

(iv) If A€, n) - JGLC**(X), then A€y, 1)) - JGLC(X).

Proof: By definition of locally closed set , it is the intersection of open and closed set,

Every opensetis J — openset and thereforeitis Jglc —set.
Proposition 5.7. Let A be a subset of a space (X, A, Ay), then the following are equiva-

lent.

(1) If A € (M, Ap) - JGLC*(X).

(i) A =GN Ay-cp(A) for some A —Jg- openset G.

(iii) A2-ch (A) —Ais A1 —Jg- closed.

(iv) A U (X-Ap- cpA(A))is Ay — Jg- open.
Proof: (i)=(ii): Let A €(A, Ap) - JGLC*(X). Then there exist A| — Jg- open set G and a
Ay — closed set F in (X, Ay, Ap) suchthat A=G N F. Since A < G and A < Ay cA\(A), we
have A < GN Ay- cp(A). Conversely, since A - cA(A) < F, GnAr- cp(A) c G N F = A
Therefore A =G M Ar- cA(A).

(i1))=(1): Since G is A| —Jg- open set and A,- cp\(A) is a A, — closed set, we have A =G

16



International Journal of Mathematical Engineering and Science

ISSN : 2277-6982 Volume 1 Issue 7 (July 2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

N Ao- cA(A) €(Ag, Ap) - JGLC*(X).
(ii1))=(iv): Let F= A»- cA(A) —A. Then by (iii), Fis A; — Jg-closed. Now X - F=A U (X
-A- cA(A)) . Since (X - F) is A — Jg- open ,we get A U (X - A- cA(A)) is A — Jg- open.
(iv)=(iii): Let G= A U (X -A;- cA(A)). This implies that X- G is A| —Jg- closed and X-
G =2y- cA(A) —A . Hence Ay- cp(A) — A is A | — Jg- closed.
(iv)=(ii): Let G=A U (X -Ap- cA(A)). Then Gis Jg-open. Hence we prove that A =G M Ap-
cA(A) for some A1 —Jg-openset G. G N Ay- cp(A) = A U (X -A- cp(A)) N Aa- cp(A) = A
N - cA(A)) U [ X- Ap- cA(A)) N Ap- ca(A)]=A n ¢ =A. Hence A = G N Ap- cp(A).
(i1)=(iv): Let A= G n A;- cA(A) for some A| —J- open set G. Then A U (X -Ap- cp(A)) =
GNA=GNhxcA(A) U (X-A=GnN Ay cp(A)=G N X=G whichis A; —J- open.
Thus A U (X-Ap- cp(A))is A | —Jg- open.
6. J - Submaximal Spaces
Definition 6.1. A bigeneralized topological space (X, A1, Ay) is
(1) A1, Ao — submaximal space if every A1 — dense subset of X is Ay — open in X.
(i1) A2, A1 — submaximal space if every A, — dense subset of X is A1 —open in X.
(iii) M, Ay —J - submaximal space if every A1 — dense subset of X is A» —J - open
in X.
(iv) A2, A1 —J - submaximal space if every Ay — dense subset of X is A1 —J - open
in X.
Proposition 6.2. If (X,A}, A,) is A1, A — submaximal space then it is A, Ay —J - sub-
maximal space.

Proof: Since (X,A;, A,) is A1, A — submaximal space, we have every A| — dense subset
of X is A, — open in X. Since every A, — open in X is A  — J - open in X, we have A —

dense subset of X is Ay — openin X. Therefore (X,A{, Ap) is A, Ay —J- submaximal space.

Proposition 6.3. A bigeneralized topological space (X, Aq, Ap) is Ay, Ay — J - submaximal
space if and only if Ay, Ay —JLC*(X, Aq, Ap) = P(X).

Proof: Suppose that (X,A1, Ap) is A1, Ay — J- submaximal space. Obviously A, A — JLC*(X,
A M) cP(X). Let A € P(X) and U =A U {X —[A1- cA(A)]}. Since Aq- cp(U) = X, we have
Uis A | — dense subset of X. Since (X, Ay, Ap) iS A1, A  — J - submaximal space, we have U is

Ao —J — open in X. Since every Ay —J —open in X is Ay, A| — JLC* setin (X, A1, Ap), we have
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U € Ay, A — JLC*(X, A1, Ap). Therefore P(X) < Ay, A — JLC*(X, Ay, Ay). Hence Ay, A —
JLC*(X, A1, A2) =P(X).

Conversely, suppose that,( Ay, A )— JLC*(X, A1, A2) = P(X). Let A be the A; — dense
subset of (X, Aj, Ap). Then A U {X — [A- cA(A)]}=A U [As- c)\(A)]C =A. Therefore A
€ly, A 1 —JLC*(X, A1, Ap) implies that Aiis A, —J —openin X. Hence Xisa iy, Ay—1J -

submaximal space.
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