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Abstract. In this paper, The author studies the existence of bounded non-

oscillatory solutions of a class of forced higher order nonlinear neutral dynamic
equations on a time scale T . By using fixed point theorem and some new
techniques, the author obtains sufficient conditions for the existence of non-

oscillatory solutions for general P, (t), f,(X) and Qq(t) which means

that they are allowed oscillate. The results not only generalize and improve the
known results stated for differential and difference equations, but also improve
some of the results for dynamic equations on time scales. An example is

included to illustrate the results.
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1 Introduction

The theory of time scales, which has recently received a lot of attention, was
introduced by Stefan Hilger in his Ph. D. thesis in 1988 in order to unify continuous
and discrete analysis (see Hilger [1]). Several authors have expounded on various
aspects of this new theory; see the survey paper by Agarwal et al. [2] and references

cited therein. A book on the subject of time scales, by Bohner and Peterson [3],
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summarizes and organizes much of the time scale calculus; we refer also to the last
book by Bohner and Peterson [4] for advances in dynamic equations on time scales.

In recent years, there has been much research activity concerning the oscillation
and non-oscillation of solutions of various equations on time scales(see[5-15,25-30]).
However, there are relatively few papers to discuss the existence of non-oscillatory
solutions for higher order nonlinear dynamic equations with forced terms on time
scales. Motivated by these works, in this paper, we investigate the existence of non-

oscillatory solutions of the following forced higher order neutral dynamic equation

[XO)+ POXEO)] + X pOFXEON =00  telm), @

where P, €C,([t),©);,R) , peC([ty,©);,R) , 7,7, €eC([t;,©);,R)
with lim__ z(t)=lim__ 7,(t)=+% and f eC(R,R), i=12,--- k.
We obtain some sufficient conditions for the existence of a non-oscillatory solution

of (1.1) without using nondecreasing conditions on the function f,(X) with

xf.(x) >0 for x=0 and any sign conditions on the functions p,(t), q(t) via

Kranoselskii's fixed point theorem and some new techniques. In particular, our results

generalize and improve essentially the known results by removing the restrictive

conditions on the functions p(t) and f,(X) (i=1,2,---,k) (see[9,11,16-25)).

2  Preliminaries

We state the following conditions, which are needed in the sequel:

(H,) there exists a constant p ¢ (1,1) suchthat | p(t) [<1—p forall t>t;;
2

(H,) thereexistsaconstant p e (0,1) suchthat 0< p(t) < p forall t>t,;
(H;) thereexists aconstant p € (—1,0] suchthat p < p(t) <0 forall t>t,.

Let k be a nonnegative integer and S,t € T, we define two sequences of

functions h, (t,s) and g, (t,s) as follows:
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l, k = 0, 11 k = 01
h(t,s) = g,(t,s)=

J.t h_.(z,8)Az, k=1 J.t 0,..(o(z),8)Ar, k>1.
By Theorems 1.112, Theorems 1.60 of [3] and Lemma 2.2 of [11], then
0, k=0,

h(t,s) = (-1 g, (t,s), hkA‘(LS):{h ts), k>1.

. 0, k=0,
“ (’s)_{gkl(a(t),s), k>1.

where hX(t,s) and g.'(t,S) denote for each fixed S the derivative of
h (t,s) and g, (t,S) withrespectto t.

Lemma 1 ([12]). Assumethat S,teT and ge€C,(TxT,R), then

[ U; g(n,é)Aé]An - jt[ [ g(n,cf)An}Acf.

S

Lemma 2 ([12]). Let N be a nonnegative integer, heC ,(T,[0,)) and SeT.

Then J.:O 9,(o(r),s)h(r)A7 < oo implies that each of the following is true:
(i) .[:o g,(c(z),t)h(r)Ar isdecreasing forall teTandall 0< j<n.

(ii) Lw g,(c(2),)h(r)Ar <o forall teT andall 0< j<n-1.

Let BC,,([t,,),,R) be the Banach space of all bounded rd-continuous functions
on [ty,0); withsupnorm || X [|=sup,,, [X(t)].

Lemma 3 (Arzel&Ascoli theorem [9]). Suppose that Q < BC,,([t,,©),R) is

bounded, uniformly Cauchy and equi-continuous, then ) is relatively compact.
Lemma 4 (Krasnoselskii's fixed point theorem [9]). Suppose that X is a Banach
space and ) is a bounded, convex and closed subset of X . Suppose further that

there exist two operators T, and T,: €Q— X such that
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(i) Tx+T,yeQ forall X,yeQ; (i) T, isa contraction mapping; (iii) T, is

completely continuous. Then T, +T, has a fixed pointin Q.

3 Main results and Examples

We start this section with the following results, which investigate sufficient
conditions for the existence of bounded non-oscillatory solutions of (1.1) with p(t)

in one of the ranges (H,)—(H,).

Theorem 1 Assume that (H,) holds, and that

J, 9na(c@ L) P(S)[As <o, =12,k (3.
and

J, 9na(o() )| a(s) | As <o, (32
Then (1.1) has a bounded nonoscillatory solution  X(t)  with
liminf__ | x(t)[>0.

Proof. For some d # 0, we choose d,,C; suchthat 0<d, <(2p-1)|d| and
d+@-p)ldl<c,<pld|. Let c=min{c,—d,-(1-p)|d]| p|d|-c}.

By (3.1) and (3.2), there exists t, > 1, sufficiently large, such that

I: gm—l(a(s),H)(Z M, | p.(s)|+]a(s)As<c

and 7(t),7;(t) =t, for t>t,where M, = max{| f,(x)[:1<i<k}. Let

dy<x<ld|
Q={xeBC,([t,,©);,R): d, <x(t)<|d]|, t=>t}.Itiseasy to verify that

Q is a bounded, convex and closed subset of BC, ([t,,%);,R).
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We define two operators T, and T,: Q — BC_,([t,,©);,R) as follows:

—p(Ox(z(t), t=t,

(1)) = {(Tlx)(y), , <t<t,

G+ (D" 020D O, (K () ~ast 2t

TXE),  t <t<t.

Now we show that T, and T, satisfy the conditions in Lemma 4.

(Tx)(t) =

(1) We will show that T)X+T,y € Q forany X,y €. Infact, we have
MO +Ty)0) 2¢, -A-p)|d|-{c, —d, -A-p)|d[]=d,,
(T)(0) +(Ty) () <c, +(1-p)|d|+p|d|-c =[d],

which implies that T X+T,y € forany X,y €.

(2) We will show that T, is a contraction mapping. Indeed, we have

| (T)() — (L)) I p) | x(2(0) - y(=(1) < L~ p)|x Y],

which implies that T, is a contraction mapping.

(3) We will show that T, isa completely continuous mapping.

(i) By the proof of (1), we see that T,QQ < Q.

(i) We consider the continuity of T,. Let X, €Q and |[X,—X|>0 as

n—>o, then XeQ and |X, (t)—x({t)|>0 for any te[t,,0);. we have

|(T,x,)(®) = (T)(1)| < f gmfl(G(S),tl)[Zl Pi(S) I (X, (7:(5))) — f; (x(,(5))) [1As
Since 7
gml(G(S),tl)[il P | i (%, (z:(s)) — Fi(x(zi (M) 1 < 2M19m1(6(5),t1)2k:| pi(s) |

and | f,(X,(7;(8))) — f,(x(7;(3))) | >0 as n—>co for i=12,---,K. In view
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of (3.1) and applying the Lebesgue dominated convergence theorem, we conclude that

lim,_ || T,x, =T,X||= 0, which implies that T, is continuouson €.

(iii) We show that T,€ is uniformly Cauchy. Forany & >0, t, >t such that

J; 8 a (@O M P(S) |+ 19 DAs < .

Thenforany XeQ and t,r €[t,,);, we have

|(To%,)(0) = (Tx)()] < Lm gmfl(G(S),t)[Zl P Il fi(x(z () [+]a(s) [1as

= ZI: gm,l(a(s),tz)[z M, | p,(s)|+]q(s) [1As < 2e.

This means that T,€2 is uniformly Cauchy.
(iv) We show that T,Q is equicontinuous on [t;,t,]; for any t, €[t,,o0); .

Without loss of generality, we assume that t, >t . For any &>0, choose

528/ngm_2(0'(s),to)[zk:Ml| p,(s)[+1q(s)|]As . Then for any xeQ,

when t,r €[t;,t,]; with |[t—r|<J, by Lemma 1 and Lemma 2, we have
[ENOEIENGIETN gml(a<s),t)[§ p,(5) f,(X(7,(5))) —a(s)]As
[ gna(o(s) r)[g pi(s) f, (x(z,(s))) —a(s) s |

"] 9n 2 (005, 9)[2 pi($) f (X(z,(5))) — a(s)AsA 0|

SN (a(s),to)[g pi(s) f, (X(z () —a(s)]AsAd |

< 5[: Y2 (O-(S)’tO)[Z M, | pi (s) [+1a(s)|1As < &.



International Journal of Mathematical Engineering and Science
ISSN : 2277-6982 Volume 1 Issue 8 (August2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

This means that T,Q is equicontinuous on [t,,t,]; forany t, €[t,,0); . Hence,
by Lemma 3, T,Q is a completely continuous mapping. It follows from Lemma 4
that there exists X € Q such that (T, +T,)X =X, which is the desired bounded

solution of (1.1) with liminf,___ | x(t) |> 0. The proof is completed.

t—ow

Theorem 2 Assume that (H,), (3.1) and (3.2) hold, then (1.1) has a bounded

nonoscillatory solution X(t) with liminf_ | x(t)[|>0.

t—o

Proof. By (3.1) and (3.2), we choose a t; > 1, sufficiently large such that

J; 9010 © )M, | P(5)] +1a(s) Das <1-p

and 707,02 for t2t, where M, = max{] f,()[:1<i <k}. Now
—p<x<

we define a bounded, convex and closed subset QO of BC,, ([t,,0);,R):
Q={xeBC,([t;,®),,[): 1-p<x(t)<3, t>t}

Define two operators T, and T,: QQ— BC([t,,%);,R) as follows:
—pOX(E(M), t>t,

Mx)(t), t,<t<t,

2+ p+ ()" gm(a(s),t)[g PO f (X (N WSt 2,
MX(E),  t, <t<t.

The rest of the proof is similar to that of Theorem 1 and hence omitted. The proof is

(M) :{

(Tx)(t) =

completed.

Theorem 3 Assume that (H,), (3.1) and (3.2) hold, then (1.1) has a bounded

nonoscillatory solution X(t) with liminf__ |x(t)|>0.

t—wo
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Proof. By (3.1) and (3.2), there exists 1 >t, sufficiently large such that
® < 1+p
L 001 (0(8), ) M, | P (8) |+ a(s) )As <=
! i=1

and 7(t),7;(t)>t, for t>t , where M3=1n;|ax4{| f,(X)|:1<i<Kk}. Let

X
3 3

Q={xeBC,([t,,®);,R): ]%p < x(t) gg, t>t,}. It is easy to verify that

Q) is a bounded, convex and closed subset of BC,, ([t,,©),R).

Define two operators T, and T,: Q— BC_([t,, )., R) as follows:

—pO)x(z(t)), t=t,
ML),  t<st<t,

1 p+ (D" [ 0,4 (0(). 01, O X () -a(sas=t,
T0). <<t

The rest of the proof is similar to that of Theorem 1 and hence omitted.

(T)(t) = {

(Tx)(1) =

Remark 1 Theorem 1-Theorem 3 not only unify the known results for differential and

difference equations corresponding to (1.1), but also extend and improve essentially

the existing results of [9,11,16-25] because we do not assume that fi is Lipschitzian
nor nondecreasing with  Xf, (X) > 0, and allow oscillatory p(t) and p,(t).

Example Let T={q":ne N,,q > 1}, consider the dynamic equation

1 v A=J)@+DH P +D@+q+1) . 4
(X(t)_ﬁx(p(t))) + q10t3(t+q2)3 X (,0 (t))
_2(-\a)(@+D)*(@° +1)(0° +q+1)

(3.3)

q10t5

By the definition of g, (t,S), we have
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- ~D(@+D*(@°* +D)(q* +q+1) ¢~ 1
LOg41(a(s),t0)|pl(s)|Ass(\/a (@ )é?o N4 +d )L?As«uo,
- 2(Ja-D(@+D*(q* +1)(9* +q+1) = 1
[ o)l a(9) <2000 LA S ds o

All the conditions of Theorem 3 hold, therefore, (3.3) admits a bounded non-

oscillatory solution X(t) with liminf

t—o

[ X(t)|>0. In fact, X(t)=1+% is a

solution of (3.3).
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