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In this article we will prove some inequalities for the integer part function, and
we’ll give some applications in the number theory.

Theorem 1. For any x,y > 0 we have the following inequality:
(1) [5x]+[5y]1=[B3x +y]+[3y+x],
where [ ] means the integer part function.

Proof: We will use the notations: x, =[x], v, =[], u= {x}, v={}, x,,), €N

and u,v €[0,1). We can write the inequality (1) as:
x, +y, +[Sul+[5v]I=[3u+v]+[3v+u].

We distinguish the following cases:

a)let u>v.If u<2v,then 5v>3v+u and [5v]>[3v+u], analogously
Su>3u+v and [Su]>[3u+v], from where by addition we obtain (1).

L) If u>2v and Su=a+b, Sv=c+d, a,ceN, 0<b<1,0<d<1, then we
have to prove the following inequality:

3a+c+3b+d}_[3c+a+3d+b}
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But, considering that 1>u>2v, we obtain 5>5u>10v, from where,
5>a+b>2c+2d,thus a+b<5 and a<4.
If a<2c, then a<2¢c—1 and a+1-2¢<0 thus a+b-2c<0; contradiction
with a+b—-2¢>2d,thus 4>a, a>2c,and 3b+d <4, 3d+b<4.
From 4 >a>2c¢ we have the cases from the following table, and in each of the
nine cases is verified the inequality (2).
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Application 1. For any m,n €N, (Sm)!(5n)! is divisible by
m!'n!(3m+n)!(3a+ m)!

Proof: If p isa prime number, the power exponent of p in decomposition of m!
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forany r eN,r>2.
If m=rm +x, n=rm, +y,where 0<x<r, 0<y<r, m, n eZ, itis sufficient

to prove that
[5x}+[5y}2{3x+y}+[3y+x}
r r r r

but this inequality verifies the theorem 1.

Remark. If x,y > 0, then we have the inequality:
5X + 5y > X + Yy + 3X+Yy + 3y+X .

Theorem 2. (Szilard Andras). If x,y,z >0, then we have the inequality:
X +3y +32=>2X+YyY+Z+X+Y+Y+Z + Z+X.

Application 2. For any a, b, c eN, (3a)!(3b)!(3¢)! is divisible by
alblca+b)(b+c)(c+a).
Proof: Let k,,k,,k, be the biggest power for which
p“| 3a !, p*| 3b !, p*| 3c!
respectively, and r,, ie 1,2,3,4,56 the biggest power for which
pt|al, p?|bl, p®|cl, p*| a+b !, p5| b+c !, p*| c+a!
respectively, then
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We have to prove that &, + k, + k, > Zﬁlr , but this inequality reduces to
theorem 2. h

Theorem 3. If x, y, z> 0, then we have the inequality:



2X + 2y +2Z < X+ Y +Z+ X+Yy+2Z.

Application 3. If a, b,ceN, then a'blcl(a+b+c) is divisible by

Qa)(@2b)(2c).

Theorem 4. If x,y>0 and nk eN such that »>%4>0, then we have the
inequality:
nx + ny >k x +k y + n-k x+vy .

Application 4. If a, b, n, keN and n>k, then (na)!(nb) is divisible by
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Theorem 5. If x, >0, (k=1,2,...,n), then we have the inequality:

n n
2 2%, >2 X, + X +X + X +X ..+ X +X .
k k 2 2 3 n
k=1 k=1

Application 5. If ¢, €N, (k=1,2,...,n), then H 2a, ! ® is divisible by

k=1

g(ak !)2 (al +a2)!(a2 +a3)!...(an + al)!.

Theorem 6. If x, >0, (k=1,2,...,n), then we have the inequality:

m2[2xk +n2[2x ]>mz xk +n2[ ] ZZ[karx ]

k=1 p=1

Application 6. If a, €N, (k=1,2,...,n), then H(2ak!)mlﬂ[(2ap!)1 is divisible
k=1 p=1

by
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Theorem 7. If x,y >1, then we have the inequality:

[Py Je [y =[x )+ [ 2y |
Proof: By the concavity of the square root function:

fiiy= 2x;2y%m+%@z[§mH
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it follows that:
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Therefore, it is sufficient to show that
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The identity [x] +[x+
B\/ﬂ} with

[@]_Bmﬂ.

} has a straightforward proof. We’ll use it to replace

N | —

This yields | Vx |> F 2x +1] for x>1.
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This last inequality followed by the fact that x >4 implies
22 iotor [V ]| 1B+ |
and 1<x <4 implies

l\/gﬁtl <2.
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Application 7. If a,b €N, then a!b!|:\/a2 +b° !} is divisible by [a\/_] [b«/—J
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