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Abstract
( MSC=11D04) We begin with an equation, for example : Y? = X7+ Z° and solve it.

(Keywords : Diophantine equations, Fermat-Catalan equation; Approach)
Resolution of Catalan equation

Let Catalan equation :
YP=X741
We have
X1Y? —yP X = A
And
YPRY? o XX =y - XY =1
If A=0then X976 =Y?* leads, as GCD(X,Y) =1, to p = 4 and q = 6. This case
has been studied by Lebesgue in the XIX century, it has no solution. Thus A # 0.
And if A = 41 then it means that both
XYW? =44 + X°YP? and
YP73X? = 4 + X97°Y are rationals

it means, as it is impossible, that ¢ = 3 and p = 2.

‘We have s B
X172 o, YPT2 4 —2¢,2 —3y3
— =1= p — q
1 Y 1 X YPTYT - XX
And we have simultaneously
q—3 i p—2 i
(yP—2 — X W2 = (X970~ LA )X
Or
(AYP72 - X1%)Y? = (AX?3 —yP?)x?
And
X° Y2 o
2 S p—2 — 3 L q—3
(Y°+ 2 )Y (X°+ A)X
Or

(AY? + X*)YP 2 = (AX® + Y x93
But X and Y are coprimes. It means that we have four cases with u and v integers
Y2=u(AXT? —yP7?), X = (—X9% 4 AYPT?)

VP2 =0(AXP 4+ Y?); X% =o(X® 4+ AY?)

T
? uY? = AXTTP —YPTE X = X0 4 AYPT?
WYPTP= AXP 4V XT3 = X% 4 AY?
Or
Y2 =u(AX?? —YP?), XD =u(—X97 4 AYPT?)
vYPT? = AXP + Y% oX?P =X 4 AY?
Or

wY?=AX93 _yPT? X3P = X173 4 AyPT?



VP2 =0(AX® +Y?); X7 =w(X? 4+ AY?)
First case
YP = uv(AX? —YP? + A(Y?X7? —yP2X?))
=uw(A’XT —YP + A(A)) = uww(A*XT + A* — YP) = uv(A°YP - YP)
Thus
_
A2 -1
As uw is integer, it means that it is impossible thus u = 0 and A> =1 or A = +—1

it means that ¢ = 3 and p = 2.
Second case

uv =

Xl e Y YPXTP o YPTRXE
A2 T A2 A
yP yr A% —1
=Xt = X = )Y
Thus
w=A%-1
And

wo(Y2XT3 - X3YP7?) = A = u(X?T 0 — YA = o(-X° +YHA

Thus
u=-X°+Y" v=X2"0_y»
w =A% —1= (=X +y*)(x*T ¢y
But 3 3
_ X% X
YP=X741=Y? QXs:XqW+W
And 5 5
x93 xa-
2yq—3 _ y4a
y2x93=Xx Vst yes
‘We deduce s 5
_ _ X3 X
A=YIXT XY = (XU (355 — 3e)
But o3 5
X9~ X
P q
YP>X'=2 A< 0= vz < vz
And if

X<V =2 X1 <P 2P AP 1= (=X YH(XPT Oyt <0
But
0>Y(XPyP ) =y?X9 P yP = y?X9 P X1 = XY X)) -1 > —1

And it is possible if g —3=p—2=0.
And if

X7 >y P X >y? = A7 1= (X +yH)(X* T —y? ' <0
But
0<Y*(X P —yP ) =y?X9? yP=y?X"? X' 1=X"*(Y’"-X*)-1<0
And it is possibleif g —3=p—-2=0
X3 >yPr 2o X132 > yP = X741 Y2 > X2 4 X3¢

And
Y2oXx3>Xx%17>0



Andp—-2=¢q—-3=0
Third case :
‘We have here
V2 =u(AXT7? VP, X% =u(-X17% + AYPT?)

vYPTP = AXP Y2 XT3 = XP 4 AY?

And
vY? = u(A’X? - VP + A%) = u(A® - 1)Y?P
v=u(A®>—-1)
v(Y2XT3 — X3YP7?) = 0A = wwAXPT v = A(-XC + Y7
Thus

1= U(X2q76 _ Y2p74)

With v and A — 1 integers, it means A?> = 1! Fourth case :

2 p—2 3 q—3
UYI:X‘F?’fYA ; u%:—XA 4+ yP2
yr—? s Y2 X x?
) :U(Xd+7)§ T:v(7+Y2)

‘We have here

wY?=AXT3 _yPT? u X3 — AYPT? = x93

And
YP*2 _ AXCI*B‘ _ uY2 _ (Y2Xq73 _ X3yp72)Xq73 _ uY2
Hence v - .
UF :'U(Xq — F +1) :U(l — P)Yp
Thus
u=uv(A*—-1)
w(Y?X97% - XPYPT?) =ud = AKX v = w(— X+ YA
Thus

1=ov(-X°4+Y%
With v and A% — 1 integers, it means A> —1 =0

The only solution, in all cases, in p = 2 and ¢ = 3.
And Y? = X3 + 1 whose solution is (X,Y) = (2, +3).

Resolution of Fermat equation

Let Fermat equation :
Y"=X"4+2"
We have
Xn—QYZ _ Yn—QXQ — A
And
Yn_2Y2 _ Xn—2X2 — Yn _ X'n — Zn

If A=0then X" * =YY" * leads, as GCD(X,Y) = 1, to n = 4. This case has been
studied by Fermat, it has no solution. Thus A # 0.

And if A ==+Z" then it means that both

X"3Y? =445 4 XY and

yn3x? = :F% + X"2Y are rationals

it means, as it is impossible, that n is not greater than 2 or n = 2.
‘We have
Xn72zn Y2 Yn72zn

X2 — Zn — Yn—2y2 _ Xn—2X2
A A



And we have simultaneously

n—2rn n—2rmn
(Yn727 X AZ )Y2 _ (Xn72 o Y AZ )X2
Or
(AYn—Z _ Xn—QZn)YQ — (AXn—2 _ Yp—ZZn)XQ
And
27n 2r7n
(4 Syt = (g o x
Or

(AY? + X2Z™M)YP % = (AX? +Y?Z")Xx" 2
We have four cases with v and v integers
Y2

Yn—2zn _Xn—QZn

n—2 _ . el p—2
= u(x e e
Yn72 5 Y2zn Xn72 X2Zn 5
= v( X+ A ) 1= o( a1+ Y?)
Or UY72 3 Xn—2 - Ynfzzn. X72 _ _anzzn N Y”—2
A A A A
Y’n—2 5 Yan Xn—2 XQZTL 9
= X M = Y
VA A VTa A"
Or
Y2 s Yn—2zn X2 Xn—QZn 9
[ X L 4. el N a4 v
=l 2y = u- vy
Yn—2 2 Y2Zn Xn—? XZZ'n 2
= X M = Y
VA TTa o vTa A"
Or
Y2 2 Yn72zn X2 Xn72z'n 2
ug =X e vy s Y
Yn72 5 YQZn X'n73 XQZTL 5
= v( X+ 1 ) 1 = o( 1 +Y9)
First case

V" = uw(APX" Y22+ AZN(YPXTP - YTRX)

=w(A’X" —Y" 2"+ A(AZ") = wo(A’ X"+ A*Z" Y " Z7") = wo(APY " = 27"y )
Thus
. 1

A2 — Z2n
As ww is integer, it means that it is impossible thus w = 0 and A% = Z>"
it means that p = 2.
Second case

uv

yn " Yann " Y2Xn—2 _ Yn—2X2
WSt T e T A
n YnZQn n n n YnZ2n A2 _ Z2n n
=X A =X D - = (g )Y
Thus
uw=A*— 7"
And

wY?X" 7 - XY ) mwA = u(XPT - YPT A = o(- X+ YA

Thus

But

u:—X4+Y4;
w =A% — 7°" =

2n—4 2n—4
v=X"""-_Yy"

(7X4 + Y4)(X2n74 o Y2n74)



2 2
Yr e XM 4 2 sy X? = X X

Y2 Y2
And , )
2 n—2 an_ an_
VX =X st s
‘We deduce , )
n— n— n n Xn_ X
A=YIX"E XY = (X4 2 (g — )
But ) 3
X" X
Y">X":A<O:>m<W
And if

XY’ X" <y P AP 1= (X 4+ YH(XTr -yt <0
But
DU S G GRS EED G AR SR GE AP G
And
0<Y?-—X?<2Z"x*™
and if X™ > 2" it means n = 2. And if

X" 2o yn o XA Y2 o A2 1= (X YY) (X oyt

But
X" 2y 2 XY Y = X" 2" = Y2 s X2 X
And
0>Y2—X?*>2Z"X*>">0
Andn—-2=0
Third case :

We have here
V2= u(AX" P —Y" 220 XP=w(-X"TPZN + AYT?)

YT = AX? 4 Y22 X = X2 + AY?

And
VYT = w(APX"T - Y 2P 4+ AP Z7) = w(AP - 27y
v =u(A® - Z")
v(Y2X"? - XPYPT?) = 0A = wwAX T —YPTY) = A(- X+ YY)
Thus

U(XQTL—4 _ YQn—4) -1

With u and A% — Z?" integers, it means A% = Z>" ! Fourth case :

Y2 2 Yn—QZn . X2 _Xn—2zn

i Xn— s i Yn—2
YA A" A"
Yn—2 5 Y2Zn Xn—2 XQZn 9
= X M = Y
A 'U( + A )7 A ’U( A + )
Hence )
y" W Y"Zon . z
Thus

u=v(A® - Z*")
w(Y2X" 2 - XY =uA = AXTT YY) = w(— X+ YA
o(-X"+YhH =1
With v and A% — Z*" integers, it means A% — Z*" =0 !
The only solution, in all cases, in n = 2.

Resolution of Fermat- Catalan equation



Let Fermat-Catalan equation :

YP = X4+ aZ¢
a==*1
‘We have
XITUY? _yPTIXY = gA
And

YPRY? - XUTVXY = YP - XY =aZC
If A =0 then X7 2 = Y7 leads, as GCD(X,Y) =1, to p = 4 and ¢ = 2w. Thus
A #£0.
And if A = +Z° then it means that both
Xvly? = £228 4 XW'YP? and
YPEXY = 322 4 X"V are rationals

it means, as i is imossble, that ¢ = w and p = 2.
We have
Xq—wye Y2 Yp—QZc
A A
And we have simultaneously

XY =aqZ°=YP2Y? - XITvXY

qg—w rzc p—2r7c
(Ypf2 _ %)YQ = (X7 — ¥)Xw
Or
(AYP™2 - X9 Z°)Y? = (AXT Y —yP 2 Zo) X"

And

w ryc 2 r7c

(" + XAZ*)YIFZ = (X" + YAZ )X

Or

(AY? 4+ XY Z°)YP ™2 = (AXY +Y?Z°) X9

We have four cases with u and v integers

YQ —w Yp—ch Xw b C A b2
R S S T
yP—2 w  Y?Ze o X1 xXvze
1 VX ) T =+ YY)
or uYQ) — xaw _ yrP=2ze uXw) _ Xz LyP2
A7 A A7 A
vYP2 Y?2z°¢ X9V Xvze 2
=XV = Y
i) ta A A "
Or
Y? g—w yr-2z¢ XV Xi—vze p—2
N e i S S
Yp—2 Y2Zc Xq—w Xch 9
=X = Y
V4 tTTA VT a "
Or
2 p—2r7c w q—w rzc
ARSI i A S Chik S
Yp72 w Y2ZC quw X’wzc 2
= o(X"Y 4+ Y ) 1 = u( 1 +Y°)
First case

YP = uv(A* X —YPZ% 4 AZO(Y2XTTY —YPTRXY))
= wv(A’ X —YPZ* 4 aA(A)Z°) = wo(A’ X+ A’ Z° —YPZ%) = wv(A’Y? - YP Z°°)

Thus
1

A2 — J2c

uv =



As uv is integer, it means that it is impossible thus v = 0 and A? = Z?° or A = £—Z°¢
it means that ¢ = w and p = 2.
Second case

Y? YyPZz2%e JY2xaTw _yp-2xw
wigp =X s A
sz?c sz?c A2 _ Z?c
:quiAz +CLZC:Xq+aZ67 A2 :( A2 )Yp

Thus
wo = A% — 7%

And (with a > 0, the proof is similar for a < 0)

wo(Y2XT% — XUYP7?) = wwad = u(X?T72 — Y HA = (- X" +YHA

Thus
ua = _X2w _|_Y47 va = X2q—2w _ YQp—4
wy = A2 _Z2c _ (_X2w +Y4)(X2q72w _Y2p74)
XV X
b a c b—2 yw a n
Y= X4 205 YR = X s + 2" Oy
And
2 va—w aXa—w Cxa—w
YIX©T = X + 2 s
We deduce
2 yva—w wy b—2 a c X" X"
A=Y’ X"Y - XYY = (X4 2 (g — )
But
b o X(l*’UJ X’LU
Y’">X"=>A<0=> m < W
And if

Xw < Y2 = Xafw < Yb72 = A2 1= (7X2w + Y4)(X2a72w _ Y2b74 <0
But
XU <Y P s XY <Y =X+ 20 = Y < XY + 25X

And
0<Y?—X¥<Z°X¥™®

and if X* > Z¢ it means b = 2. And if

Xafw > Yb72 = Xw > Y2 = A2 1= (_X2w + Y4)(X2a72w _ Y2b74 >0

But
XS Y' s XY S Y = X0+ 2= Y > XY 2O X
And
0>Y?—XY>Z°X""">0
Andb—-2=0
Third case :

‘We have here
Y2 =u(AXTY —YPT2Z%);, XY =u(-XTVZ°+ AYP?)

vYPTE = AXY 4 Y2Z° oXTTY = XVYZ° 4+ AY?

And
vY? = u(APXT —YPZ* 4+ aA’Z%) = u(A® - Z*)Y?

v =u(A® - Z%)
o(Y2XTY — XUYP?) = pad = wwA(X?T?Y — YT = A(-XPY 4+ Y



Thus au(X??72% — Y?P~%) =1 : it is possible only if p = 2 and ¢ = w. Fourth case :

Y2 YPPze o Xv o XTvze

ai— q—w -~ p—2
U 1 X 1 u 1 1 +Y
yP-2 W Y2ze  xaw Xwze

‘We have here

WY = AXITY _YyPT2Z° XY — AYPT?P = _XTTVZC

And
Yp72 _ Aquw _ UYZZC — (YZquw _ wap72)XQ*w _ uy2Zc
Hence ) )
Y? YPrZz= c zZ=c
Uﬁ :U(Xq — T +GZ ) :’U(l— F)Yp
Thus

u=v(A® - Z%)
w(Y?X9" — XUYP7?) = wad = AX22Y v — (- X +YHA
Thus —av(X?** —Y*) =1: it is possible only if u =0 and p—2=¢q —w =0
The only solution, in all cases, is p = 2.
AndY? = X%+aZ".
Conclusion
Fermat-Catalan equation Y? = X7+ Z¢ has solutions only for p = 2. We have shown
a way to solve it.
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