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Preface

A scientist often encounters established ideas that were once the subject
of debate, sometimes controversy. Often, we use those ideas with no
knowledge of their historical development, nor of the assumptions on
which they are based. We rarely stop to ponder the validity of an
established idea. This is not surprising as this is how we have been
building our edifice of physical theories, by standing on the shoulders of
giants, to paraphrase Isaac Newton.

Yet established ideas and theories need to be challenged and revisited
when new data or new theories that contradict or shed new light on
them, become available. We need not be afraid of new information that
risk overturning accepted ideas. After all, this is how new paradigms
arise and how progress is achieved.

The question of whether stars are gaseous or liquid is one debate
that most scientists are oblivious to. Yet this was a subject of vigorous
debate in the late 19th and early 20th centuries, with well-known physi-
cists lining up behind both sides of the question. Larissa Borissova and
Dmitri Rabounski provide a summary of the history of this debate and
a personal perspective on how they were pulled into it.

Recent evidence for liquid stars, in particular the extensive research
performed by Pierre-Marie Robitaille who has proposed the liquid
metallic hydrogen model of the Sun* leads us to revisit this question.
Interestingly enough, stellar plasmas are modelled using Magnetohydro-
dynamics, i.e. magnetic fluid dynamics, a combination of Maxwell’s
equations of electromagnetism and the Navier-Stokes equations of fluid
mechanics’. Magnetohydrodynamics is also used to model liquid metals.
This is an indication that the theory of liquid stars is highly plausible
as an explanation of solar and stellar astrophysical data.

My interest in this research area stems from the astrophysical re-
search I performed on stellar atmospheres of Wolf-Rayet stars at the
University of Ottawa’s Department of Physics for my thesis on “Laser
Action in CIV, N V and O VI Plasmas Cooled by Adiabatic Expansion”.
Wolf-Rayet stars exhibit mass loss and an expanding stellar atmosphere.
This results in population inversion of certain atomic transitions due to

*Robitaille P.-M. A high temperature liquid plasma model of the Sun. Progress
in Physics, 2007, vol. 3, issue 1, 70-81.

fTajima T. and Shibata K. Plasma Astrophysics. Perseus Publishing, Cam-
bridge, 2002; Kulsrud R. M. Plasma Physics for Astrophysics. Princeton University
Press, Princeton, 2005.
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the rapid cooling of the expanding plasma and the recombination of the
free electrons into higher excited ionic states, and laser action in the
corresponding emission lines. This physical mechanism has been pro-
posed as the explanation for the prominent spectral lines observed in
the spectra of Wolf-Rayet stars.

In this book, Larissa Borissova and Dmitri Rabounski provide a
general relativistic theory of the internal constitution of liquid stars,
a model that was lacking till now. This they accomplish by using a
mathematical formalism first introduced by Abraham Zelmanov for cal-
culating physically observable quantities in a four-dimensional pseudo-
Riemannian space, known as the theory of chronometric invariants.
This mathematical formalism allows to calculate physically observable
(chronometrically invariant) tensors of any rank, based on operators of
projection onto the time line and the spatial section of the observer. The
basic idea is that physically observable quantities obtained by an ob-
server should be the result of a projection of four-dimensional quantities
onto the time line and onto the spatial section of the observer.

This analysis allows them to propose a classification of stars based on
three main types: regular stars (covering white dwarfs to super-giants),
of which Wolf-Rayet stars are a subtype, neutron stars and pulsars, and
collapsars (i.e. black holes). Their theory also provides a model of the
internal constitution of our solar system. It provides an explanation for
the presence of the asteroid belt, the general structure of the planets
inside and outside that orbit, and the net emission of energy by the
planet Jupiter.

The ultimate test of any theory of stellar structure is the stellar mass-
luminosity relation which is the main empirical relation of observational
astrophysics. Using their theory, the authors can calculate the pressure
inside stars as a function of radius, including the central pressure. As
pointed out by the authors, the temperature of the incompressible liquid
star does not depend on the pressure, only on the source of stellar energy
(as opposed to a gas, in particular as given by the equation of state of
an ideal gas). The authors match the calculated energy production of
the suggested mechanism of thermonuclear fusion of the light atomic
nuclei in the Hilbert core (the “inner sun”) of the stars to the empirical
mass-luminosity relation of observational astrophysics, to determine the
density of the liquid stellar substance in the Hilbert core.

Pulsars and neutron stars are found to be stars whose physical ra-
dius is close to the radius of their Hilbert core. They are modelled by
introducing an electromagnetic field in the theory due to their rotation
and gravitation. Electromagnetic radiation is found to be emitted only
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from the poles of those stars, along the axis of rotation of the stars.

This book represents a solid contribution to our understanding of
stellar structure from a general relativistic perspective. It provides a
general relativistic underpinning to the theory of liquid stars. It raises
new ideas on the constitution of stars and planetary systems, and pro-
poses a new approach to stellar structure and evolution which is bound
to help us better understand stellar astrophysics.

Ottawa, September 2, 2013 Pierre Millette

Astrophysics research on stellar at-
mospheres, Department of Physics,
University of Ottawa (alumnus)



Chapter 1

Problem Statement

§1.1 Introducing a new theory of the internal constitution of
stars

In this book, we suggest a new mathematical theory of the internal
constitution of stars, and the sources of stellar energy. The theory is
based on the common consideration of a star and its field according to
the General Theory of Relativity.

This is an alternative to the conventional theory of stars which was
introduced in the 1920’s by Arthur Eddington [1] and others in the
framework of classical mechanics and thermodynamics.

As is known, the conventional theory resulted in the model of gaseous
stars: stars are considered as gaseous spheres, consisting of mostly hy-
drogen and a very inhomogeneous interior so that the hydrogen of the
extremely hot and dense central region is carried into a process of energy
release. It assumes, after Hans Bethe [2], that this exothermic process
is thermonuclear fusion producing helium from hydrogen. Two other
versions of the gaseous model differ from Eddington’s theory in details.
Edward Milne [3] conjectured two (or more) different states of matter
inside a star. Nikolai Kozyrev [4] arrived at the peculiar picture of low
density and temperature inside stars, and a non-nuclear source of stellar
energy.

Another theory of the internal constitution of stars was much pop-
ulated in the 1920-1930’s due to James Jeans [5,6]. This is the model
of liquid stars. The public discussion between Jeans, who defended the
liquid model, and Eddington, the follower of the gaseous model, was
fixed in the dozens of short communications they published in the sci-
entific journals. Indeed, Eddington eventually won. Despite the many
astrophysical evidences of liquid stars, Jeans’ theory did not possess a
solid mathematical basis. His theory was based on observational anal-
ysis and arguments rather than a mathematical model. In contrast,
the theory of gaseous stars was mathematically well-grounded by Ed-
dington. In particular, the mathematical model of gaseous stars gives
a theoretical deduction of the mass-luminosity relation, which is one
of the main relations of observational astrophysics* This is a “trump

*The most comprehensive deduction of the mass-luminosity relation in the frame-
work of the model of gaseous stars is given in Part I of Kozyrev’s paper [4].
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card”: once the gaseous model predicts the mass-luminosity relation,
the theory is usually claimed to be true in general while all its incon-
sistencies with observational analysis are merely some “difficulties” to
be resolved in the future. Thus the model of gaseous stars became the
conventional model for decades to come, until the present time.

We now have to make an important note. As is known, the core of
the mathematical theory of the internal constitution of stars consists of
two equations: the equation of mechanical equilibrium and the equa-
tion of heat equilibrium. The mechanical equilibrium means that the
weight of any unit volume of the stellar matter is put into equilibrium
with the pressure from within the star. The heat equilibrium (energy
balance) means that the energy produced within any unit volume of the
stellar matter is put into equilibrium with the energy flow (radiations,
convection, or heat conductivity) from within the star onto its surface.
These two main equations of the theory come from general physics, and
they do not depend on whether the stars are out of gas, liquid, or some-
thing else. Only then, by introducing the equation of state of ideal gas
(and many other particular assumptions) into the main equations, the
conventional theory yields gaseous stars and other conclusions including
the mass-luminosity relation.

Jeans’ theory of liquid stars cannot follow this way. The equation
of state of ideal liquid, provided by classical physics, is so simple that
it contains not the characteristics of stellar matter which are necessary
for further deduction by means of the equations of equilibrium.

Instead of all these considerations of classical mechanics and ther-
modynamics, we suggest an absolutely different approach to the prob-
lem. It is based on the simultaneous consideration of a star and its
field according to the General Theory of Relativity. We consider liquid
stars: this matches certain new observational evidences for the state of
condensed matter inside stars; in particular, that the Sun consists of
high-temperature liquid metallic hydrogen (see [7-10]).

In the framework of the General Theory of Relativity, the structure,
matter, and field of such a star are characterized by Schwarzschild’s
metric of a sphere filled with incompressible liquid. The recent theo-
retical result obtained by one of us [11,12] showed that, if the Sun is
represented as a liquid sphere according to the metric, the Sun’s field
has a space breaking (discontinuity) in the asteroid strip (this implies
that the space breaking impedes the substance to be formed as a planet
in this orbit). We are therefore sure, hereby, of following the right path.

We deduce Einstein’s field equations in the form that models stars
as liquid spheres. This is a particular form of field equations, which
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may or may not satisfy the particular space metric. Therefore, we then
prove that the obtained particular form of the field equations satisfies
Schwarzschild’s metric of a liquid sphere.

Then, on the basis of the obtained energy-momentum tensor of a per-
fect liquid (as contained on the right-hand side of the field equations),
we deduce the conservation law for the liquid substance of regular stars.
Solving the equations of energy-momentum conservation, we obtain the
pressure and density of the liquid substance inside the stars. We then
obtain the formula for the luminosity of stars in the framework of the
liquid model. We study how this theoretical formula can be compatible
with the mass-luminosity relation (which is the main empirical rela-
tion of observational astrophysics). As a result, we obtain the physical
characteristics of the mechanism that produces energy inside the stars.

Concerning the stellar energy mechanism itself, we conclude that it
is the conversion of substance into radiation on the surface of the tiny
central “core” inside each star. The core can have a different density
than that of the other substance of a star (a liquid sphere is homoge-
neous inside), and is selected by the collapse surface with the radius
determined according to the star’s mass. Despite almost all the mass
of the star is located outside the core (the core is not a black hole), the
force of gravity approaches infinity on the surface of the core due to the
inner space breaking of the star’s field therein. The super-strong force
of gravity is sufficient for the transfer of the necessary kinetic energy
to the lightweight atomic nuclei of the stellar substance, so that the
process of thermonuclear fusion begins. The energy produced by the
thermonuclear fusion is that very energy which stars radiate. in other
wordss, the tiny core of each star is its luminous “inner sun”, while the
produced stellar energy is then transferred to the physical surface of the
star due to thermal conductivity (which is regular to liquid media).

Neutron stars and pulsars, being rapidly rotating objects, consist
a special type of stars. The structure, matter, and field of such stars
should be described by another metric, which is that of a rotating liquid
sphere under special physical conditions (which are particular to neutron
stars and pulsars). We introduce such a metric. According to the metric,
the liquid substance of neutron stars and pulsars is in the same state
as high-density physical vacuum. We then deduce a particular form of
Einstein’s field equations which satisfies the metric. We show that the
energy-momentum tensor of the obtained field equations satisfies the
conservation law only in the case where the energy flow from within the
object is very anisotropic, and is directed toward the north and south
poles (while the axis of the magnetic field does not coincide with the axis
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of rotation of the object). This matches the well-known observational
data about neutron stars and pulsars.

This is our plan for the upcoming chapters. As a result, we obtain a
mathematical theory of liquid stars, and of the sources of stellar energy
according to the General Theory of Relativity.

Before proceeding with the steps, in the next §1.2, we survey the
space-time metrics we use in our theory. Then we introduce a new
classification of stars. This classification is based on the location of the
space breaking of a star’s field with respect to its surface (the space
breaking is calculated according to the metric and proper parameters
of the star).

At the end of this chapter, §1.3 gives a survey of the important
mathematical apparatus of physically observable quantities in the space-
time of the General Theory of Relativity we require for our further
calculations.

§1.2 Modelling a star in terms of General Relativity

Stars are spherical bodies filled with substance and light. Their fields
are spherically symmetric as well. Therefore, once considering a star
in terms the General Theory of Relativity, the structure, matter, and
field of such an object should be given by a spherically symmetric space
(space-time) metric.

Among the space-time metrics known due to the General Theory of
Relativity, three primary metrics describe spherically symmetric fields.
These are Schwarzschild’s metric of a mass-point, Schwarzschild’s met-
ric of a sphere filled with incompressible liquid, and de Sitter’s metric
which describes a spherical distribution of physical vacuum (A-field).
All these three metrics will be used in our consideration of stars.

1.2.1 The mass-point metric

2
ds? = (1 - %9) Adt? — drr — 1% (d6? + sin®0 dp*) (1.1)
1-1s

T

was introduced in 1916 by Karl Schwarzschild [13]. The metric describes
the field of a spherically symmetric massive body to so large a distance
from it that the physical size of the body is neglected (assuming the body
is a mass-point). The metric is written in the spherical coordinates r,
¢, 0, whose origin meets the mass-point. Also, herein rg = 2G2M is the

Hilbert radius of the massive body*, while M is the body’s mass (which
is the mass of the field source).

*This is not the same as the physical radius of the body. At a distance of the
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According to the metric (1.1), such a space does not rotate or deform.
The gravitational inertial force (see §1.4 for detail) in the space can be
deduced on the basis of the component ggp of the fundamental metric
tensor. As is seen, ggo of the mass-point metric (1.1) has the form

goo =1— I (1.2)
T

Differentiating the gravitational potential w = ¢?(1 — ,/goo) With respect

to «*, we obtain 5 2
W c
S Joo (1.3)
ox? 2./gog Oz’
We then substitute it into the general formula for gravitational iner-
tial force (1.42) while taking the absence of rotation of the space into
account. We obtain the formulae for the covariant and contravariant

components of the gravitational inertial force

02rg 1 l 02rg
2r2 1 _ Ty ’ 2r2 "
T

F = (1.4)

As is seen from the formulae, the gravitational inertial force in a mass-
point space is due Newtonian gravitation, and is reciprocal to the square
of the distance r from the gravitating mass.

The curvature of a mass-point space is due to the Newtonian field
of gravitation, produced by the massive body in the origin of the coor-
dinates. This is not a constant curvature space; its curvature decreases
with distance from the massive body (the field source). At an infinitely
large distance from the body the space is flat.

1.2.2 A space filled with a spherically symmetric homogeneous dis-
tribution of physical vacuum (the A-field in Einstein’s field equations)
without any island of mass presented therein is described by de Sitter’s
metric

2 2
ds* = (1 - )\%) Adt* — er — 7% (d6® + sin®0 d¢?) . (1.5)
1=

The metric was introduced in 1918 by Willem de Sitter [16] as a static
model of the Universe. It is assumed that A < 107 in the cosmos, so

Hilbert radius from the center of gravity of the massive body (r =rg), gravitational
collapse occurs: in a rotation-free space, this is a state by which the component gog
of the fundamental metric tensor gog is zero (goo =0). See §5.1 and §5.2 for details.
The Hilbert radius was introduced due to David Hilbert (1862-1944) who considered
it in 1917 [15] on the basis of Schwarzschild’s mass-point metric. It is also known
as the Schwarzschild radius, despite the fact that Karl Schwarzschild (1873-1916)
never considered gravitational collapse in his papers [13,14].
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physical vacuum has a very low density therein. A modern version of
the static model of the Universe is presented in [17].

The fundamental metric tensor, via its components according to
de Sitter’s metric (1.5), manifests that such a space does not deform or
rotate. Therefore, the gravitational inertial force (1.42) in such a space
is only due to goo which is

Ar?
goo =1— BN (1.6)
Accordingly, after the same algebra as previously, we obtain
A2 7 L AP
=5 w T3 .7

3

This is a non-Newtonian gravitational force, which is proportional to
distance r: the force (A-force) grows along with the distance at which it
acts. If A< 0 (the observable density of vacuum is positive), this is an
attraction force. If A > 0 (the observable density of vacuum is negative),
this is a repulsion force. See Chapter 5 of our book [18] for details.

The curvature of a de Sitter space is due to the non-Newtonian
gravitational field produced by physical vacuum (A-field), which homo-
geneously fills the space. The curvature is the same everywhere within
the space. This is a constant curvature space, in other words.

1.2.3 The metric of a sphere filled with incompressible liquid was
originally introduced in 1916 by Karl Schwarzschild [14] in a truncated
form containing substantial limitations. He artificially pre-imposed the
limitations during the deduction of the metric in order to set the field
free of breaking® The true metric of a sphere filled with incompressible
liquid remained unknown until 2009, when one of us deduced it in the
most complete form [11,12], which is free of any limitations and thus
takes space breaking into account. The model of stars as liquid spheres
plays a key role in our theory. We therefore consider the metric of a
sphere filled with incompressible liquid in the complete form

2
d52:£<31/ —r—g—\/l—ﬂgg) Adt* —
a a

dr? 2 2 .2 2
— ——— —1r? (df® +sin®0 d¢*) (1.8)

R

a3

*Actually, once a limitation is pre-imposed on the metric, the geometry of the
metric space is artificially truncated. In this sense, the metric Schwarzschild intro-
duced in 1916 is not the genuine metric of the space of a liquid sphere.
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as that deduced in the papers [11,12]. Herein, a = const is the physical
radius of the liquid sphere, while r, = QSQM is the Hilbert radius calcu-
lated according to the mass M of the liquid (which is the field source).
The complete deduction of the metric, containing all the necessary de-
tails, will be presented in §2.1 of the book wherein we will suggest the
metric for regular stars.

The metric (1.8) is written for distances r < a: this is the “internal
metric” of a sphere filled with incompressible liquid. At the surface of
the sphere (r = a) the metric coincides with the mass-point metric. Also,
as was proven in [12] (this deduction will be repeated in §2.1 of the
book), the “outer metric” of the sphere (r>a) is as well the same as
the mass-point metric: the external field of a liquid sphere is the same
as the Newtonian gravitational field of a mass-point.

As is seen from the metric of a liquid sphere (1.8), such a space does
not deform or rotate. Therefore, according to the definition of the grav-
itational inertial force (1.42), the force in such a space is only due to
goo- In the metric (1.8), we have

2
1 r r2r
goo=1<3\/ S A a3g> ' (1.9)

After the same algebra as previously, we obtain

2

1
F=-200 , (1.10)
Qa rg rgr? rgr?
By /1 1= 1
9 1— rgr?
pr=_2te V (1.11)

3
a,3 \/ rg \/ rgr? ’
3y/1 -2 /1"

Since r < a inside the sphere, F; <0 therein. Hence, this is a force of
attraction. Its numerical value is proportional to distance r. The force
is zero at the center of the sphere, and reaches its ultimate-high value
on the surface.

It is possible to show that the curvature of such a space, being due
to the aforementioned field of attraction, increases with distance from
the center of the liquid sphere onto its surface. in other words, the
space inside a liquid sphere is not a constant curvature space. (We will
provide the proof and discuss both the four-dimensional curvature and
the three-dimensional observable curvature of the space in §2.3.)
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1.2.4 We now suggest a new modelling of stars in terms of the
General Theory of Relativity.

Consider stars as spherical bodies consisting of liquid. In the frame-
work of the liquid model, the internal structure, matter, and field of
a star is described by the metric of a sphere filled with incompressible
liquid. This is formula (1.8). As was shown above, the force of gravita-
tion increases therein proportionally to the distance from the center of
the star. The external field of the star is described by the mass-point
metric (1.1). In the external field, the regular Newtonian gravitational
force acts. The force is reciprocal to the distance from the star.

The field of a liquid sphere, as such, is not continuous everywhere.
According to the external metric (1.1) and internal metric (1.8) of a
liquid sphere, its field has space breaking which appears at two distances
from the center of the liquid sphere. Due to this fact, we now introduce a
new classification of stars according to the General Theory of Relativity.
We hereby explain how to build it.

The space breaking occurs due to the violation of the signature pre-
scription conditions of the space metric. It means that the space has
a singularity in that region (surface or volume) wherein at least one
of the signature conditions is violated. The signature conditions for a
sign-alternating diagonal metric (+——-) as that of the four-dimensional
pseudo-Riemannian space (which is the basic space-time of the General
Theory of Relativity) have the form

goo > 0

googi1 <0
(1.12)

goog11922 > 0

9 = goo9g11922933 <0

The first three are known as the weak signature conditions. The fourth
is known as the strong signature condition. If one or all weak signature
conditions are violated, while the strong signature condition is true, this
is a removable singularity. If the strong signature condition is violated,
the space-time has unremovable singularity: in this case the solution is
regularly failed from consideration, because it “has no physical sense”.
Actually, one could not see the physical meaning therein. However, it
is very meaningful mathematically. We therefore will take any space
singularity (space breaking) under consideration.

Consider now the space of a liquid sphere. According to the exter-
nal metric (1.1) of the sphere, the first signature condition is violated
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(900=0) at the distance r =74 from the center:

go=1-"2=0
.

googir = —1 <0
(1.13)

900911 gaz =72 >0
g=—r*sin®0 <0

The internal metric (1.8) of the sphere manifests that the second, third,
and fourth signature conditions are violated at the distance
3
a
r=Try. =4 — (1.14)
Tg
from the center of the sphere, where the aforementioned three functions
approach infinity*:

9 r
= 1——g)>0
goo 4( a

googi1 — —0OQ ) (1-15)
goo gi1 922 — OO
9 = 900911922933 — —0O0

This means that the field of a liquid sphere has space breaking at two
distances from the center:

1. The first space breaking occurs on the surface, spherically covering
the center of gravity of the liquid sphere at the distance of the Hil-
bert radius r =r,. This is a surface of gravitational collapse (ac-
cording to the condition goo=0 of this space breaking). In other
words, while a liquid sphere itself may not be a collapsar, it always
contains a “core” which is selected from the other liquid substance
by the surface of gravitational collapse. In the case where the lig-
uid sphere is a star (as in the said model of liquid stars), each star
contains such a core. The core is much smaller than the physical
radius of regular stars: while the radius of the collapsed core
(Hilbert radius) of the Sun is ry =2.9x10° cm (2.9 km), the phys-
ical radius of the Sun is 7.0 x101% cm (700,000 km). We therefore
refer to it as the inner space breaking;

*As is known, a function has a breaking when approaching infinity.
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2. The second space breaking occurs on the spherical surface cover-
ing the liquid body at the distance ry. = 1/a3/r,. The distance is
much larger than the physical radius of regular stars. Thus this is
the outer space breaking (contrary to the inner space breaking at
the Hilbert radius). For example, the second (outer) space break-
ing of the Sun’s field occurs at the distance 74, =3.4x10"% cm =
= 340,000,000 km =2.3 AU*. This space breaking is located in-
side the asteroid strip, close to the orbit of the maximal concentra-
tion of the asteroids (the asteroid strip is situated from 2.1 AU to
4.3 AU from the Sun). This implies that the space breaking does
not permit the substance to be formed into a common physical
body (such as a planet) in this orbit.

If the physical radius a of a liquid star is the same as the Hilbert ra-
dius ry = QSQM , it is a gravitational collapsar. In this case (r, =a), the
internal metric of the liquid sphere (1.8) takes the form

1 2 2
ds? = 1 (1 _ 7”_2) Adt? — dr - - r? (d6® +sin*0d¢®) . (1.16)
a T
-

This metric, under the particular condition a? = % >0 (thus A >0), has
the same form as de Sitter’s metric (1.5),

Ar? dr?
ds® = (1 - L) P L — (d6® +sin®*0d¢®),  (1.17)
3 11— ar2
3

which describes a spherical distribution of physical vacuum (the A-field).
This means that such a collapsed object, which is a liquid sphere in the
state of gravitational collapse, consists of liquid whose state is close to
the state of high-density physical vacuum.

As a result, the new liquid model allows us to introduce a new clas-
sification of stars according to the location of the space breaking of a
star’s field with respect to the physical surface of the star:

TYPE I: REGULAR STARS INCLUDING THE SUN
The collapsed core (Hilbert radius r,) of a regular star is many or-
ders less than the physical radius a of the star (ry < a). The outer
space breaking 7y, of the star’s field is located far away from the
star, in the cosmos (74 > a). This, of course, is the list of almost
all the visible stars: super-giants, the Sun, brown dwarfs, and even
white dwarfs. We will consider regular stars in Chapter 2;

*1 AU=1.49x10'3 cm (Astronomical Unit) is the average distance between the
Sun and the Earth.



Object Mass M, Radius Hilbert radius Tg Space breaking Tor Type
gram a, cm Tg, CIN Thr, CIL a

Red super-giant® 4.0x10%* | 7.0x10" 5.9x10° 8.4x1078 2.4x10'7 3.4x10° I
White super-giant’ | 3.4x10%* | 4.8x10'2 5.0x10° 1.0x107¢ 4.7x10% 9.8 x10? I
Sun 2.0x10% | 7.0x10% 2.9x10° 4.1x107° 3.4x10% 4.9x10? I
Jupiter (proto-star) | 1.9x10%° | 7.1x10° 2.8 %102 4.0x1078 3.4x10'3 4.8x10° I
White dwarf* 2.0x10% | 6.4x10® 3.0x10° 4.7x107* 2.9x10% 0.45 x10? I
Red dwarfs 6.7x10%% | 2.3x10% 9.9x10* 4.3x1076 1.1x10"3 4.8 x10? I
Brown dwarfs 1.5x10%% | 7.0x10° 2.2x10* 3.1x107¢ 4.0x10 5.7x10* I
Wolf-Rayet stars 1.0x10% | 1.4x10"2 1.5x107 1.1x107° 4.3 x10" 3.1x102 Ia
Neutron stars 2.6x10% | 1.0x10° 3.9x10° 0.39 1.6x10° 1.6 I1
Pulsar® 3.9x10% | 1.6x10° 5.8x10° 0.36 2.7x10° 1.7 II
Black holes various various various 1 1 1 11T

*Betelgeuse. Rigel. *Sirius B. *Radio-pulsar J1903+0327.

Table 1.1: Classification of stars according to the General Theory of Relativity. The classification is presented
with the numerical values of the parameters we calculated for the typical members of the families of stars.
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TYPE IA: WOLF-RAYET STARS
They are almost the same as regular stars, except that the power-
ful stellar wind consisting of the particles of the stellar substance,
which are permanently erupted from the star, should be taken
into account (it is the property characterizing Wolf-Rayet stars).
Stellar wind will be considered in Chapter 3;

TYPE II: NEUTRON STARS AND PULSARS

For such a star, the radius of the collapsed core is close to the
physical radius of the star (r, <a) but does not reach it (other-
wise the star would be invisible for observation). The outer space
breaking 7y, of the star’s field is located in the outer cosmos, and
is also close to the physical surface of the star but does not reach it
(ror 2 a). Also, stars of this Type II rotate at high speeds which
are close to relativistic velocities. As a result, the metric and
energy-momentum tensor of such a star differ from those of regu-
lar stars. These are neutron stars and pulsars. We will focus on
these stars in Chapter 4;

TypE III: BLACK HOLES

The Hilbert radius r, (radius of the inner space breaking) and
the radius of the outer space breaking 7, of a such an object
meet each other on its physical surface (ry =74 =a). These are
gravitational collapsars: the condition of gravitational collapse
(9oo=0) occurs in the physical surface of such an object, so all of
its mass is concentrated within the collapsed surface. Black holes
will be under focus in Chapter 5 of the book.

This classification is presented in Table 1.1, with the numerical values of
the parameters calculated for the typical members of the known families
of stars.

The new model of liquid stars according to the General Theory of
Relativity, surveyed in the classification of stars, will be a subject to
develop in the upcoming chapters.

§1.3 physically observable quantities

Before considering stars in terms of the General Theory of Relativity, we
shall outline a theory of physically observable quantities in curved four-
dimensional space (space-time). A comprehensive expisition of the said
physically observable quantities has already been given in the respective
chapters of our books [18,19]. We now give the necessary theoretical
basics of the theory of physically observable quantities according to [19],
with some amendments which are required for the current study.
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In order to build a descriptive picture of any physical theory, we
need to express the results through real physical quantities, which can be
measured in experiments (physically observable quantities). In the Gen-
eral Theory of Relativity, this problem is not a trivial one at all, because
we are looking at objects in a four-dimensional space-time, and so we
have to determine which components of the associated four-dimensional
tensor quantities are truly physically observable.

Here is the problem in a nutshell. All equations in the General
Theory of Relativity are cast in generally covariant form, which does
not depend on our choice of the frame of reference. The equations, as
well as the variables they contain, are four-dimensional. Thus, we ask,
which of those four-dimensional variables are truly observable in real
physical experiments, i.e. which components are true physically observ-
able quantities? Intuitively we might, at first glance, easily assume that
the three-dimensional components of a four-dimensional tensor consti-
tute a physically observable quantity. Yet, at the same time, we cannot
be absolutely sure that what we simply observe are truly the three-
dimensional components per se, if not more complicated variables which
depend on other factors, e.g. on the properties of the physical standards
of the space of reference.

As is known, a four-dimensional vector (a 1st-rank tensor) has as few
as 4 components (1 time component and 3 spatial components). A 2nd-
rank tensor, e.g. a rotation or deformation tensor, has 16 components: 1
time component, 9 spatial components, and 6 mixed (time-space) com-
ponents. Now, are the mixed components truly physically observable
quantities? Tensors of higher ranks have even more components; for
instance the Riemann-Christoffel curvature tensor has 256 components,
so the problem of the heuristic recognition of genuine physically ob-
servable components becomes far more complicated. Besides, there is
an obstacle related to the recognition of the observable components of
covariant tensors (in which indices occupy the lower position) and of
mixed-type tensors, which have both lower and upper indices.

We see that the recognition of physically observable quantities in the
General Theory of Relativity is not a trivial problem. Ideally we would
like to have a mathematical technique to calculate physically observable
quantities for tensors of any given ranks unambiguously.

Numerous attempts to develop such a mathematical method were
made in the 1930’s by some of the most outstanding researchers of that
time. The goal was nearly attained by Landau and Lifshitz in their fa-
mous The Classical Theory of Fields [20], first published in Russian in
1939. Aside for discussing the problem of physically observable quanti-
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ties itself, in §84 of their book, they introduced the interval of physically
observable time along with the phsyically observable three-dimensional
interval, which depend on the physical properties (physical standards)
of the space of reference of an observer. But all such attempts made in
the 1930’s were very limited to just solving certain particular problems.
None of them led to a versatile mathematical apparatus.

A most complete mathematical apparatus for calculating physically
observable quantities in a four-dimensional pseudo-Riemannian space
was first introduced by Abraham Zelmanov and is known as the theory of
chronometric invariants, or the chronometrically invariant formalism.
It was first presented in 1944 in his Ph.D. thesis [21] — then in his
condensed papers of 1956-1957 [22,23].

The essence of Zelmanov’s mathematical apparatus of physically ob-
servable quantities (chronometric invariants), designed especially for
the four-dimensional, curved, non-uniform pseudo-Riemannian space
(space-time), is as follows.

At any point of the space-time we can place a three-dimensional
spatial section x°=ct=const (three-dimensional space) orthogonal to
a given time line x* = const. If a spatial section is everywhere orthogonal
to the time lines, which pierce it at each point, such a space is referred
to as holonomic. Otherwise, if the spatial section is non-orthogonal
everywhere to the aforementioned time lines, the space is referred to as
non-holonomic.

Possible frames of reference of a real observer include a coordinate
net spanned over a real physical body (the reference body of the ob-
server, which is located near him) and a real clock located at each point
of the coordinate net. Both the coordinate net and clock represent a set
of real references to which the observer refers his observations. There-
fore, physically observable quantities registered by an observer should
be the result of a projection of four-dimensional quantities onto the time
line and onto the spatial section of the observer.

The operator of projection onto the time line of an observer is the
world-vector of four-dimensional velocity

o dx®
ds

of his reference body with respect to him. This world-vector is tangential

to the world-line of the observer at each point of his world-trajectory,

so this is a unit-length vector

_ dz® dxP _ Gap dz®dx”

98 s ds ds?

(1.18)

b b® = +1. (1.19)
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The operator of projection onto the spatial section of the observer (his
local three-dimensional space) is determined as a four-dimensional sym-
metric tensor hog, which is

ha,@ = —YaB + bosz
heB = — g8 L pbf 5. (1.20)
hE = — g + b, b°

The world-vector b* and the world-tensor h,g are orthogonal to each
other. Mathematically this means that their common contraction is zero
(hapb® =0, h*Fb, =0, h§bs =0, h2b*=0). So, the main properties of
the operators of projection onto the time line and the spatial section of
the observer are commonly expressed, obviously, as follows:

bab® =+1,  BEb*=0. (1.21)

If the observer rests with respect to his reference object (such a case
is known as the accompanying frame of reference), then b* =0 in his
reference frame. The coordinate nets of the same spatial section are
connected to each other through the transformations

~0 o .,1 .2 3)

T :fo(z,z,z,z
~i , 1.22
=z (:cl, 2 xg) , 8:00 =0 ( )
ox

where the third equation displays the fact that the spatial coordinates in
the tilde-marked net are independent of the time of the non-tilded net,
which is equivalent to a coordinate net where the lines of time are fixed
2’ = const at any point. The transformation of the spatial coordinates
is nothing but a transition from one coordinate net to another within
the same spatial section. The transformation of time means changing
the whole set of clocks, so this is a transition to another spatial section
(another three-dimensional space of reference). In practice this means
replacement of one reference body with all of its physical references with
another reference body that has its own physical references. But when
using different references, the observer will obtain different results (other
observable quantities). Therefore, the physically observable projections
in an accompanying frame of reference should be invariant with respect
to the transformation of time, which implies invariance with respect
to the transformations (1.22). In other words, such quantities should
possess the property of chronometric invariance.
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We therefore refer to the physically observable quantities determined
in an accompanying frame of reference as chronometrically invariant
quantities, or chronometric invariants in short.

The tensor h,p of projection, being considered in the space of a
frame of reference accompanying an observer, possesses all properties
attributed to the fundamental metric tensor, namely

100
hehk =6k —ppb =oF,  sF=(0 1 0 |, (1.23)
00 1

where 0% is the unit three-dimensional tensor*. Therefore, in the accom-
panying frame of reference the three-dimensional tensor h;j can lift or
lower indices in chronometrically invariant quantities.

So in the accompanying frame of reference the main properties of
the operators of projection are

bab® =+1,  RIB*=0,  hCRE =oF. (1.24)

Calculate the components of the operators of projection in the accom-
panying frame of reference. The component b° comes from the obvious
condition b, b* = gap b*b% =1, which in the accompanying frame of ref-
erence (b' =0) is by b = goob’b° = 1. This component, in common with
the remaining components of b%, is

v° !

, b =0
V900 (1.25)

i0
bo = goab® = /goo, bi = giad” = %

while the components of h,g are

hoo =0, = —g"+— h)=0
goo
ho; =0, ROt = — g% hgzag;:o
_ . (1.26)
ho =0, R e
goo
hik:*gikﬂLM, hik = — gt hj, = —gi. = 0

goo

*This tensor 6? is the three-dimensional part of the four-dimensional unit ten-
sor ég , which can be used to replace indices in four-dimensional quantities.
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Zelmanov created a comprehensive mathematical method for the cal-
culation of the chronometrically invariant (physically observable) pro-
jections of any generally covariant (four-dimensional) tensor quantity,
and set it forth as a theorem (we refer to it as Zelmanov’s theorem):

ZELMANOV’S THEOREM
Assume that ng)'.'.'% are the components of the four-dimensional
tensor Qfg " of the r-th rank, in which all upper indices are not

zero, while all m lower indices are zero. Then, the quantities
ik... - k...
TP = (g00) ™ * Qoo (1.27)

constitute a chronometrically invariant three-dimensional contra-
variant tensor of (r —m)-th rank. Hence the tensor 77 is a re-
sult of m-fold projection onto the time line by the indices o, 5 .. .0
and onto the spatial section by r —m the indices p,v ... p of the

e ey pv...p
initial tensor af. o

According to the theorem, the chronometrically invariant (physically
observable) projections of a four-dimensional vector Q% are

Qo - .
b*Qn = , ht QY =Q", 1.28
@ \/QR [e% ( )
while the chr.inv.-projections of a symmetric tensor of the 2nd rank Q?
are the following quantities:

Qoo ; Q} _ .
b Qup = 22, WD Qup = . hLRE QP = Q. (1.29
’ goo g v 900 o ( )

The chr.inv.-projections of a four-dimensional coordinate interval
dx® are the interval of the physically observable time

goi i
dt = +/goo dt + dx’, 1.30
goo B \/gﬁ ( )

and the interval of the observable coordinates dx® which are the same as
the spatial coordinates. The physically observable velocity of a particle
is the three-dimensional chr.inv.-vector

B da?
Codr’
which at isotropic trajectories becomes the three-dimensional chr.inv.-
vector of the physically observable velocity of light

_ dx’
Cdr’

i vivh = hip vivh = v2, (1.31)

c=v'

cict = hypctd® = 2. (1.32)
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Chronometrically projecting the covariant or contravariant funda-
mental metric tensor onto the spatial section of an accompanying frame
of reference (b°=0)

h?hi JaB = ik — biby = — hyg,

_ o _ s (1.33)
hghg gaﬁ — gzk o bzbk — gzk _ hzk
we obtain that the chr.inv.-quantity
hik = — gik + biby (1.34)

is the chr.inv.-metric tensor (the observable metric tensor), using which
we can lift and lower indices of any three-dimensional chr.inv.-tensorial
object in the accompanying frame of reference. The contravariant and
mixed components of the observable metric tensor are, obviously,

Wt =—g™,  hp=—g, =0, (1.35)

Expressing gog through the definition of hog =—gag + babg, we ob-
tain the formula for the four-dimensional interval

ds? = bobg dz®da® — hap da®da”, (1.36)

expressed through the operators of projection b, and hqg. In this for-
mula b, dx® = cdr, so the first term is bobg dz®dx? = c2dr?. The second
term hag dz®dz? = do? in the accompanying frame of reference is the
square of the observable three-dimensional interval*

do® = hy, da'da®. (1.37)

Thus, the four-dimensional interval, represented through the physically
observable quantities, is

ds* = *dr? — do?. (1.38)

The main physically observable properties attributed to the accom-
panying space of reference were deduced by Zelmanov in the framework
of the theory, in particular — proceeding from the property of non-
commutativity (non-zero difference between the mixed 2nd derivatives
with respect to the coordinates)

*62 *82 1 *5

w0l otow 2o (1.39)

*This is due to the fact that h,g in the accompanying frame of reference possesses
all properties of the fundamental metric tensor g,g.
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*62 *62 2 *a
Drionk  Oxkor 2 gy (1.40)

where the chr.inv.-operators of differentiation of Zelmanov are

v__1 9 9 _ 9  gu 0 (1.41)
ot /goo Ot’ oxt  Oxt  goo 020 '

The first two physically observable properties are characterized by
the following three-dimensional chr.inv.-quantities: the vector of the
gravitational inertial force F; and the antisymmetric tensor of the an-
gular velocities of rotation of the space of reference A;; which are

1 ow  Ov;
F;, = - — , 1.42
v/ 900 (8:01 8t ) ( )
1 [/ 0v ov; 1
Ajg, = B} (8:Ci — (9:Ck) + 22 (Fz’Uk — Fkvz). (1.43)

Here w and v; characterize the body of reference and the reference space.
These are the gravitational potential

w=c(1-vgn), 1-—= g0, (1.44)

and the linear velocity of rotation of the space

9oi i 0i
v = —¢C y U= —Cg +/goo
vgoo . (1.45)

v; = hikvk, v? = vkvk = h;i viok
We note that w and v; do not possess the property of chronometric
invariance, despite v; = h;,v* can be obtained as for a chr.inv.-quantity,
through lowering the index by the chr.inv.-metric tensor h;.
Zelmanov also found that the chr.inv.-quantities F; and A;; are
linked to each other by two identities (Zelmanov’s identities)

*0A; 1 (*OF; *OF;

ot 2\ ozt 9zt

0Akm  T0A;  TOA; 1
. — (A FrAn: +FA)=0. (14
7 + 8:0’“ + Dz +2( iAkm + U Ams + Fo zk) 0 ( 7)

In the framework of quasi-Newtonian approximation, i.e. in a weak
gravitational field at velocities much lower than the velocity of light and
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in the absence of rotation of space, F; becomes a regular non-relativistic
gravitational force F; = gg‘c"i .

Zelmanov also proved the following theorem setting up the condition
of holonomity of space:

ZELMANOV’S THEOREM ON HOLONOMITY OF SPACE
Identical equality of the tensor A;x to zero in a four-dimensional
region of space (space-time) is the necessary and sufficient condi-
tion for the spatial sections to be everywhere orthogonal to the
time lines in this region.

in other words, the necessary and sufficient condition of holonomity of
a space should be achieved by equating to zero the tensor A;;. Naturally,
if the spatial sections are everywhere orthogonal to the time lines (in
such a case the space is holonomic), the quantities go; are zero. Since
goi =0, we have v; =0 and A;r =0. Therefore, we will also refer to the
tensor A;x as the space non-holonomity tensor.

If the conditions F; =0 and A;; =0 are met in common somewhere
in the space, the conditions ggo =1 and go; =0 are as well true therein.
In such a region, according to (1.30), dr =dt: the difference between
the coordinate time ¢ and the physically observable time 7 disappears
in the absence of gravitational fields and rotation of the space. In other
words, according to the theory of chronometric invariants, the difference
between the coordinate time t and the physically observable time 7
originates in both gravitation and rotation attributed to the space of
reference of the observer (the local space of the Earth in the case of an
Earth-bound observer), or in each of these physical factors separately.

On the other hand, it is doubtful to find such a region of the Universe
wherein gravitational fields or rotation of the background space would
be absent in clear. Therefore, in practice the physically observable time
7 and the coordinate time t differ from each other. This means that the
real space of our Universe is non-holonomic, and is filled with a grav-
itational field, while a holonomic space free of gravitation can be only
a local approximation to it.

The condition of holonomity of a space (space-time) is linked directly
to the problem of integrability of time in it. The formula for the interval
of the physically observable time (1.30) has no integrating multiplier.
In other words, this formula cannot be reduced to the form

dr = Adt, (1.48)

where the multiplier A depends on only ¢ and z*: in a non-holonomic
space the formula (1.30) has non-zero second term, depending on the
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coordinate interval dz’ and go;. In a holonomic space A;; =0, so go; = 0.
In such a case, the second term of (1.30) is zero, while the first term is
the elementary interval of time dt with an integrating multiplier

A= /g0 = f (2°,2"), (1.49)

so we are allowed to write the integral

dr = /@dt. (1.50)

Hence time is integrable in a holonomic space (A;; =0), while it cannot
be integrated in the case where the space is non-holonomic (A4; #0). In
the case where time is integrable (a holonomic space), we can synchro-
nize the clocks in two distantly located points of the space by moving
a control clock along the path between these two points. In the case
where time cannot be integrated (a non-holonomic space), synchroniza-
tion of clocks in two distant points is impossible in principle: the larger
the distance between these two points is, the more the deviation of time
on these clocks is.

The space of our planet, the Earth, is non-holonomic due to the
daily rotation of it around the Earth’s axis. Hence two clocks located at
different points of the surface of the Earth should manifest a deviation
between the intervals of time registered on each of them. The larger
the distance between these clocks is, the larger the deviation of the
physically observable time (expected to be registered on them) is. This
effect was surely verified by the well-known Hafele-Keating experiment
[24-27] concerned with displacing standard atomic clocks by an airplane
around the terrestrial globe, where rotation of the Earth’s space sensibly
changed the measured time. During a flight along the Earth’s rotation,
the observer’s space on board of the airplane had more rotation than
the space of the observer who stayed fixed on the ground. During a
flight against the Earth’s rotation it was vice versa. An atomic clock
on board of the airplane showed a significant deviation of the observed
time depending on the velocity of rotation of space.

Because synchronization of clocks at different locations on the sur-
face of the Earth is a highly important problem in marine navigation
and also aviation, in an early time de-synchronization corrections were
introduced as tables of the empirically obtained corrections which take
the Earth’s rotation into account. Now, thanks to the theory of chrono-
metric invariants, we know the origin of these corrections, and are able
to calculate them on the basis of the General Theory of Relativity.
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In addition to gravitation and rotation, the reference body can de-
form, changing its coordinate nets with time. This fact should also be
taken into account in measurements. This can be done by introducing
into the equations the three-dimensional symmetric chr.inv.-tensor of
the rate of deformation of the space of reference

1 *0hyy,
Dy = =
T2 ot
. 1 *ahzk
pit = _1 1.51
2 Ot ( )
- *0lnvh
T

The regular Christoffel symbols of the 2nd rank (I'},) and the 1st
rank (I'yp.5)

1 990 O09vs  O0guu
re, =g9%°r v,o — 5 7 - - b 1.52
= 9 e, 2g (8x”+8z“ ox° (1.52)

are linked to the respective chr.inv.-Christoffel symbols

(1.53)

- . 1. . ("0him  “Ohkm  *Oh,
§k=hzmﬁjk,m=§hm( Jm oy Tk Jk)

oxk oz ox™

which are determined similarly to I'j},. The only difference is that here,
instead of the fundamental metric tensor g,g, the chr.inv.-metric ten-
sor h; is used. The Christoffel symbols characterize the property of
inhomogeneity of space.

The components of the regular Christoffel symbols are linked to the
other chr.inv.-chractersitics of the accompanying space of reference by
the following relations:

i ¥ ¢ i 9ok Féo)
D—i—A,:—(F _ Jok 00 ) 1.54
k k \/QE 0k 900 ( )
QFk
PR = 09700 : (1.55)
g g* Ty = hi9RPAT (1.56)

We now express the chr.inv.-Christoffel symbols through the chr.inv.-
properties of the accompanying space of reference. Expressing the com-
ponents ¢g®? and the first derivatives from gap through F;, A;p, Dik, w,
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and v;, after some algebra we obtain

1 w\ Ow

2) ot

1 w\2 1 ow

P =3 (1) Fiv Gy
1 w\ Ow
Toio == (1 3) 5

1 W 1
Loi = — = (1 - 6—2) (Dij +Aij + C—Qfgv) +

A 1 ov;

1 ij 1
Lo =7 (1-3) [Dw'a (@*axa) + @(Fi”ﬁﬂ”i)} !
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(1.57)
(1.58)
(1.59)

(1.60)

(1.61)

(1.62)

(1.63)

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)
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Zelmanov also deduced formulae for the chr.inv.-projections of the
Riemann-Christoffel curvature tensor. He followed the same procedure
by which the Riemann-Christoffel tensor was built proceeding from the
non-commutativity of the second derivatives of an arbitrary vector Q¢
taken in the given space. Taking the non-commutativity of the second
chr.inv.-derivatives of an arbitrary vector
2Ak ;

o % +HGIQ;,  (1.69)

where the chr.inv.-covariant differential from the vector is

VitV Qi ViV, Qr =

Ve Qldat = dQ' + AL, QR dx, (1.70)
he obtained the chr.inv.-tensor

0N 7 0N,
ozk ot
which is like Schouten’s tensor in the theory of non-holonomic mani-
folds [28]. The tensor H;;;? differs from the Riemann-Christoffel tensor
Ry s due to the presence of space rotation A;; in the formula (1.69).
Nevertheless, its generalization gives the chr.inv.-tensor

1
4
which possesses all the algebraic properties of the Riemann-Christoffel
tensor in this three-dimensional space. Therefore, Zelmanov called Cy;
the chr.inv.-curvature tensor, which actually is the tensor of the phys-

ically observable curvature of the three-dimensional spatial section of
the observer. Its contraction step-by-step

Hyl = +ATA] — ARA]

wm )

(1.71)

Cikij = = (Hikij — Hjka + Hyiji — Hgr) » (1.72)

Cij = Cif = W™ Chimy . C=CJ =00y (L73)

gives the chr.inv.-scalar C' which is the observable three-dimensional
curvature of this space.
The tensor Hyy;; is connected with the curvature tensor Cy;; by

1
Hikij = Cikij + (2Aki Dji + Aij Dy + Ajx Dt +
+ Ay Dy + AliDjk)- (1.74)

The contracted tensors Hy, = H;;;* and Cj, =Cj;;¢ are connected as

1 , ,
Hy, =Cu + 0_2 (Ak]DlJ + AljDI‘Z: + AMD) . (175)
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In a particular case where the space does not rotate, Hj;; and Cjy;; are
the same. This is as well true for H;; and Cj;. In this particular case,
the tensor Cy, = h" Cyyy; has the form

0 (*am\/ﬁ) ~9A,

m 0 Invh
Ok ox! ozt

m At
Cuk + A Al — AL D

(1.76)

The Riemann-Christoffel tensor Rog+s, being a two-pair symmetric
tensor (its paired indices are non-symmetric inside each pair, while the
pairs are symmetric with respect to each other), has three chr.inv.-
projections according to formula (1.29) of the chronometrically invariant
formalism. They are as follows:

Xk = _¢? Rog: Yk = — cﬂ ZUkl — 2Rk (1.77)
goo Voo’
Substituting the necessary components of the Riemann-Christoffel ten-
sor Ryp+s into the formulae for its chr.inv.-projections (1.77), and by
lowering indices, Zelmanov obtained the formulae

*0D;; .
Xig= 08— (D)4 A) (D + Ag) +
1
+ (*"ViF, +*V; F}) — 5 I, (1.78)
2
Yz’jk =*V, (Djk + Ajk) —*Vj (Dik + Azk) + 0_2 Aiij, (1.79)

Ziky = DirDij — Dy Dyy + AjAyy —
— AgAgj + 245 Ak — ACij (1.80)

where Y1) = Yijr + Yjri + Yii; =0 just like in the Riemann-Christoffel
tensor. Contrac_tion of the observable spatial projection Zj; step-by-
step as Z;; = hki Ziki; and Z = Wt Zy gives

Zyg = Dilek — DD + AzkAlk + 2AzkAkl — C2Cil , (1.81)
7 = hilZil = DikDik - D2 - AikAik - CQC. (1.82)

At the end of our survey of the chronometrically invariant formalism,
consider Einstein’s field equations*

1
RagfigagRif%TagﬁL)\gag. (1.83)

*The left-hand side of the field equations (1.83) is often referred to as the Einstein
tensor Gopg = Rapg — %gaBR, in notation Gog = —%Tog + Agag-
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The field equations, except for the fundamental metric tensor gog, in-
clude: Rop =R, 3 is Ricci’s tensor (the second-rank symmetric tensor
coming from contraction of the Riemann-Christoffel curvature tensor),
R=g*’R,p is the curvature scalar, »= SS—ZG =18.6x10"2% cm/gram
is Einstein’s constant of gravitation, G =6.672x1078 cm?/gram xsec?
is Gauss’ constant of gravitation, T, is the energy-momentum tensor
of the matter distributed in the space, and A [cm™2] that describes
physical vacuum (see §5.2 of the book [18]).

Landau and Lifshitz [20] use s = 8:4G instead of » = S’CTQG as used by
Zelmanov. To understand the reason, set » = Sz—f as in our study, and
consider the chr.inv.-projections of the energy-momentum tensor

P e Y (1.84)

goo V/goo
which come with formula (1.29) as the projections of any second-rank
symmetric tensor. They have the following physical meaning: p is the
observable density of mass, J' is the observable density of momentum,
and U is the observable stress-tensor. Ricci’s tensor has dimension

cm~2. This means that the scalar chr.inv.-projection of the field equa-

. Goo __ o »xToo .
tions, Jo0 =~ 00 + A, and the quantity 0. = ¢
dimension which is ecm™2. Hence, the energy-momentum tensor T,z
has the same dimension as mass density (gram/ cmg). Therefore, once

SZF on the right-hand side of the field equations, we

would use not the energy-momentum tensor T, 5 but rather ¢*T,5.

The chr.inv.-projections of Einstein’s equations (1.83) are calculated
as those of a second-rank tensor (1.29). They have the form (we refer
to them as the chr.inv.-FEinstein equations)

*0D , o 1 :
—— 4+ DD + Ay AY + ( Vi- 5 Fj) Fi =

Too _ 87G
Z00 = 2T2P have the same

we would use =

ot
) 2
=5 (pc® +U) + A, (1.85)

*V; (h"D — DY — AY) + 5 FAY =T, (1.86)
0D, , P 4

o © — (Dy + Ay) (D] + A{) + DDy — Dy D] +
+ 345 A7+ B ("ViFy + Vi F;) — = FiFk - A Cip =

4

5 (phik + 2Ui — Uhi) + Ac®hig,  (1.87)
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where U = h**U,;, is the trace of the stress-tensor Uyg.
Also, the energy-momentum tensor T, g of distributed matter should
satisfy the law of conservation which is

V, T =0. (1.88)

The chr.inv.-projections of the conservation law are calculated as those
of a first-rank tensor (1.28). We refer to them as the conservation law
equations. The equations have the form

“Op 1 | .
D —D,;UY +*V;J' — = F;J" =0, 1.89
ot TPt 2 + c? ( )
0J* k k kY 70 xS prik k
5 T DI 2 (D + AL) T ATV U = pFt =0, (1.90)
where the chr.inv.-operator *@ =*V;— C%Fl is created on the basis of

the chr.inv.-differential operator *V; (see Notations).

Given these definitions, we can find how any geometric object of a
given four-dimensional pseudo-Riemannian space (space-time) is consti-
tuted from the viewpoint of any observer whose location is this space.
For instance, having any equation obtained in the generally covariant
tensor analysis, we can calculate the chr.inv.-projections of it onto the
time line and onto the spatial section of any particular body of refer-
ence, then formulate the respective chr.inv.-projections in terms of the
physically observable properties of the reference space. This way we will
arrive at fully qualified equations containing only quantities measurable
in practice.

Thus, we now have all the necessary mathematical “equipment” re-
quired for our further development of the mathematical theory of the
internal constitution of stars, and of the sources of stellar energy, ac-
cording to the General Theory of Relativity.




Chapter 2

Regular Stars and the Sun

§2.1 Introducing the space metric of a regular star. Ein-
stein’s field equations in the form satisfying the metric

In this chapter, we introduce the new mathematical theory of liquid
stars being applied to regular stars. This means Type I of stars in
terms of the new classification we have just introduced according to the
General Theory of Relativity (see §1.2, and Table 1.1 therein). It covers
the widest variety of stars, which includes super-giants, sun-like stars
(including the Sun), dwarfs, and, white dwarfs*

The structure, matter, and field of a liquid star are characterized
by Schwarzschild’s metric of a sphere filled with incompressible liquid.
The metric was originally introduced in 1916 by Karl Schwarzschild [14].
He, however, introduced it in a truncated form containing substantial
limitations: he artificially pre-imposed these limitations during the de-
duction in order to set the field free of breaking, thus resulting in the
geometry of the metric space artificially truncated. In other words, the
metric introduced by Karl Schwarzschild is not quite the genuine metric
of the space of a liquid sphere. The true metric of a sphere filled with
incompressible liquid, which is free of the said limitations, thus takes
space breaking into account, as deduced in 2009 by one of us [11,12].
We now repeat the deduction here, according to the most detailed ex-
planation [12], along with some recent amendments and comments.

Consider an empty space that houses a spherical island which is a
liquid. The structure, matter, and field of such an massive island should
be characterized by a space metric which possesses spherical symmetry.
As is known, all spherically symmetric metrics have the following general
form

ds? = e’ Pdt* — eMdr® — r?(d6* 4 sin?0 d¢?), (2.1)

where e and e* are functions of r and t.
The matter and field of the spherical island (which is a liquid) should
satisfy Einstein’s field equations (1.83), which in the case under consid-

*White dwarfs are considered separately in the framework of Eddington’s theory
of gaseous stars.
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eration have the A-field neglected, i.e.

Raog — % Jop R = —xTyp, (2.2)
where R, is Ricci’s curvature tensor, R is the curvature scalar, » =
— 871G — 18.6 1028 cm/gram is Einstein’s constant of gravitation, and
T, p is the energy-momentum tensor of the distributed matter (liquid).
The energy-momentum tensor (i.e. the distributed matter) should sat-
isfy the conservation law

V, T =0, (2.3)

where V,, is the four-dimensional symbol of covariant differentiation (see
Notations).

Einstein’s field equations connect the components of the fundamen-
tal metric tensor, the space curvature, and distributed matter according
to Riemannian geometry. In other words, the invariant square form of
Riemannian metric, ds®= gz dz®dz? = inv, in common with Einstein’s
field equations characterize Riemannian spaces (the spaces whose geom-
etry is Riemannian). Concerning the General Theory of Relativity, this
means as follows. Let us have a Riemannian space having a metric ds?,
and suggest that matter be distributed in it (thus we suggest a particular
formula for the energy-momentum tensor Tog). Then, the components
of the fundamental metric tensor gog (known from the formula of the
metric ds?) and the components of the suggested energy-momentum ten-
sor, being commonly substituted into (respectively) the left-hand side
and the right-hand side of Einstein’s field equations should transform
the equations into identities.

This is the way how, on the basis of the general formulae of a spheri-
cally symmetric metric (2.1), to deduce the metric of a sphere filled with
liquid. We take the energy-momentum tensor of a perfect liquid, then
substitute its components into the right-hand side of the field equations.
Then we take the components of the fundamental metric tensor from
the general spherically symmetric metric (2.1) in their general (non-
particular) form containing the coefficients e” and e*. We substitute
the components into the left-hand side of the field equations. Then we
look which form of the coefficients e” and e* makes the left-hand side of
the field equations the same as the right-hand side (thus transforming
the field equations into identities). Finally, we substitute the obtained
particular formulae for the coefficients e” and e* back into the general
formula of spherically symmetric metrics. Voilal The metric of a sphere
filled with perfect liquid has been obtained.



38 CHAPTER 2 REGULAR STARS AND THE SUN

One might as well just ask, why did Schwarzschild himself not do
just that? Instead, why did he follow another complicated way, full
of assumptions and suppositions? Well... Let us come back to our
deduction.

As is known, the energy-momentum tensor of a perfect liquid (which
is incompressible and non-viscous) has the form

a p o p o
Tﬁ:(p0+c—2)U vt - L g, (2.4)

where p=po = const is the density of the liquid (which is constant), p
is the pressure, while
o 4"
ds ’

is the four-dimensional velocity of the liquid flow with respect to the ob-
server (his reference space coincides with the space of the liquid sphere,
with the origin of the coordinates located at the center).

Hence forth we express the field equations in component notations
with the physically observable properties of the space selected.

We see that

U U =1 (2.5)

goo=¢€",  goi=0 (256)
gi1=—¢€", go=-r? gsg3=—r’sin’0 .

in the metric of spherically symmetric spaces (2.1). According to the
chronometrically invariant formalism (see §1.3), the gravitational po-
tential in such a space has the following formulation

w=c? (1—65). (2.7)

Because gg; =0 in the metric, the space does not rotate. Therefore, the
linear velocity of the rotation is v; =0 as well. Hence the chr.inv.-tensor
of the angular velocity of space rotation is zero

1 /0v, Ov; 1
A== == — =L ) + — (Fyop — Fv;) =0, 2.8
) (8:01 8xk) * 2¢2 (Fiv ki) (28)
while the chr.inv.-vector of gravitational inertial force has the form
c? ow  Ov; c?
F, = ) == 2.9
CQW(&W 815) 2V (29)

where the prime denotes differentiation along the radial coordinate 7.
With these, the chr.inv.-metric tensor h;; of the space has the non-
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Zero Components

h11 = 6/\, h22 = 7“2, h33 = 7“2 sin29, (2.10)
1 1

W=e? h?==, hyg=——s", 2.11

r2 B 2gin2e ( )

h = det || hi || = e*r* sin? 6. (2.12)

Thus, the chr.inv.-tensor of the rate of space deformation, D;x, has only
the following non-zero components:

Ay A v AL

D :—e>‘_5, DH:—e_A_f, D=—-¢e"72, 2.13

1T 2 2 (2.13)

where the upper dot denotes differentiation along the time coordinate

t. The chr.inv.-Christoffel symbols, which characterize space inhomo-

geneity, are calculated according to their definition given in §1.3 with

the components of the chr.inv.-metric tensor h;;. After some algebra,
we obtain formulae for the non-zero components of A;; .,

/

A
A11,1 == 3 6)\, A2271 =—-T, A3311 = —T sin2 9, (214)
Ao =r, Aszz o = —r*sinfcosf, (2.15)
Az =r7sin?0, Aoz 3 = r?sinfcos, (2.16)

and formulae for the non-zero components of Afj

)\/

Ah =5 A%Q =—re? Aég = —rsin?fe?, (2.17)

1

A2, = e A2, = — sinfcosf, (2.18)
1

A3, = = A3y = cot. (2.19)

As was shown in §1.3, in a rotation-free space the second-rank chr.inv.-
curvature tensor Cj = h% Cyy,;, which is the physically observable cur-
vature tensor, has the form (1.76). A rotation-free space is the case
under consideration. After some algebra, we obtain the non-zero com-
ponents of Cy for the spherically symmetric metric (2.1). They are

)\I 033 Y 7‘)\/
Cip=—— Coo = = 1—— ) —1. 2.20
11 o 22 SnZ 0 € 9 ( )




40 CHAPTER 2 REGULAR STARS AND THE SUN

Let us calculate the chr.inv.-projections of the energy-momentum
tensor of a perfect liquid (2.4) according to the associated projections*

which are (1.84). With b*=0 and t°= ﬁ (1.25) which characterize

an accompanying frame of reference (in the case under consideration,

the observer accompanies the liquid sphere), we obtain

T ) cT} ) ) )

=2 =py, Ji=—L=0, UrF=2T*=ph* (221
goo v/ 900

wherefrom we also have, for U = h*Uyy,
U=3p. (2.22)

The obtained condition J*= 0 means that the liquid is free of flow, while
U =ph'* means that the observer’s reference frame accompanies the
liquid medium.

The chr.inv.-Einstein equations (1.85-1.87) in a rotation-free space
now take the simplified form

*0D ; 1 ; »
ot + DlelJ + (*Vj ) Fj) FI=— B} (poc2 + U) , (2.23)
*V; (WD - DY) =0, (2.24)
DD, 4 o1, i}

B Y — DyyD] + DDy, — Di;Di + 3 (*ViFy, 4+ "V Fy) —

1 n

-3 FF, — 2Cy, = 5 (poc®hi, + 2Usk — Uhyi) . (2.25)

where *V; is the symbol of chr.inv.-differentiation (see Notations). The
chr.inv.-equations of the conservation law (1.89-1.90) also simplify to

1 .
Dpo + — DU =0, (2.26)
c
W, U* — poF* =0, (2.27)
where *V; =*V; — C%Fz (see Notations).
Substitute, into the chr.inv.-Einstein equations (2.23-2.25), the chr.

inv.-characteristics of the space we have obtained above for the spheri-
cally symmetric metric (2.1) and also the obtained chr.inv.-components

*They are the observable density of mass, p, the observable density of momen-
tum, J?, and the observable stress-tensor U®* of the liquid.
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of the energy-momentum tensor of a perfect liquid. After some algebra,
we obtain the chr.inv.-Einstein equations (2.23-2.25) in component no-
tation (the third tensorial equation splits into three, where the second
and third equations remain the same)

Y A2 V! 2,/ "2
€V<)\_V+_>C2€A|:VN—V +L+—(V)}
2 r 2
= —s(poc® +3p)e*, (2.28)

.
—e 2 =0 2.29
> , (2:20)
A A2 Ny (v')? 2c2)\
A—v 2 "
) AIEAT _ =
‘ ( > v ) ¢ {” > T } r
=5 (poc® —p)e*,  (2.30)
2 )\/ i 2 2
% e+ 7‘% (1—e?) =5 (poc® —p). (2.31)

The second equation manifests that A=0 in this case. This means that
the inner space of the liquid sphere does not deform: with A=0, we
have D1;=0, D=0, and D=0 according to (2.13). Taking this cir-
cumstance into account, as well as the stationarity of A, we reduce the
field equations (2.28-2.31) to the final form

)\/ / 2 / N2
0267/\ |:VN _ v v (V )

2 r 2

} = (poc® +3p) e, (2.32)

2 2

202>\/ B 62 |:V// B )\/l/l N (I//)2
r

] = (p0c2 — p) e, (2.33)

2 (\/ l 2
M e+ QTLQ (1—e ) =3 (poc* —p). (2.34)
To solve the field equations (2.32-2.34), we need a formula for the
pressure p. To find the formula, we now deal with the conservation equa-
tions (2.26-2.27). However, due to the absence of space deformation in
the case under consideration (D;; =0), the chr.inv.-scalar conservation
equation (2.26) vanishes. Only the chr.inv.-vectorial conservation equa-
tion (2.27) remains. It takes the form

“V; (ph™*) — (Po + c%) F*=0. (2.35)
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Since *V; h'* =0 is true always (as well as V,, g®” =0 for the fundamen-
tal metric tensor), the remaining conservation equation (2.35) reads

0

ik _9P p k

pik = - (o + 0—2) F*=0. (2.36)
Because (;fi = aii in a rotation-free space, this formula reduces to a

non-trivial equation which has the form

/

v
e+ (poc® + p) 5 e =0, (2.37)
where p’ = %, v'= %, e* #0. Dividing both parts of (2.37) by e™*, we
obtain J J
2 ___=Z (2.38)
poc® +p 2

which is a plain differential equation with separable variables. It easily
integrates as
poc® +p=Be 3, B = const. (2.39)

Thus, we obtain the pressure p as a function of v, which is
p=Be % — pyc’. (2.40)

In looking for an r-dependent function p(r), we integrate the field
equations (2.32-2.34). Summarizing (2.32) and (2.33), we find

2 / /
M = %Be)‘_%_ (241)
T

Express v herefrom, then substitute the result into (2.34). We obtain

2 2
270 N+ 27% (e* —1) —3Be "% = 3 (poc® — p) ™. (2.42)

Substituting p from (2.40) into (2.42), we obtain the following differen-
tial equation with respect to A:

er—1

N+ — xpore® =0. (2.43)

We introduce a new variable y = e*. Thus \ = % Substituting into

this equation y and y’, we obtain the Bernoulli equation (see Kamke [29],
Part III, Chapter I, §1.34)

Y+ f(r)y*+g(r)y =0, (2.44)
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where
1 1
-

fr)=——=spor,  g(r) =~ (2.45)

It has the following solution:

1_ E(T)/ f(r) dr (2.46)

where

E(r) = /90, (2.47)
Integrating (2.47), we obtain E(r) which is

i

- nt L
E(r)=e I = £=—, L = const >0, (2.48)

thus we obtain i = ¢~ which is

L 1 §
eiA = — / 1 (— — ;{por> dr=1— m —+ Q , Q = const. (249)
r ) L\r 3 r

To find @, we re-write equation (2.42) as

N 1 1

e (7 - T_Q) + 3 = po. (2.50)
This equation has a singularity at the point » = 0, where the numerical
value of the right-hand side term of the equation (the density of the
liquid) grows up to infinity by r — 0, i.e. at the center of the sphere.
This is a contradiction with the initially assumed condition pg = const,
which is specific to incompressible liquids. As a matter of fact, this
contradiction should not be in the theory. We remove this contradiction
(and the singularity) by re-writting (2.50) in the form

d
e M1 —rN)= o (re=*) =1 —3por’. (2.51)
r
After integration, we obtain
3
re N =1r— %p;r +A, A = const. (2.52)

Because A =0 at the central point r =0, it should be zero at any other
point as well. Dividing this equation by r # 0, we obtain

»por?
3

e r=1- (2.53)
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Comparing this solution with the value e~* obtained earlier (2.49),
we see that they meet each other if Q =0. Besides, we should suggest
that e’ =1 at the central point » =0, consequently \g = 0.

Thus we have obtained the components h'' =e~* and hy; =€’ of
the chr.inv.-metric tensor h;; in the form expressed through the radial
coordinate r, i.e.

N 1
hll =€ = —————. (254)

3 7 s po T2
===

Hence forth, we should introduce a boundary condition on the sur-
face of the sphere. We have » =a on the surface, where a is the radius
of the sphere. Thus

Rl =e?=1- —%pOTQ

»poa’
3

On the other hand, the solution of this function is also the mass-point
solution in emptiness. Hence, we have

e M =1—

(2.55)

2GM

e e =1— 5
c’a

, (2.56)

where M is the mass of the sphere. Comparing both these formulae of

e~ and taking into account that Einstein’s constant of gravitation is
n= S’CTQG , we find
4ma’
M= 20— poV, (2.57)

where V = 4”3“3 is the volume of the sphere. Hence, we have obtained
the regular relation between the mass and the volume of a homogeneous
sphere.

Our next step is the look for the solution e~ outside the sphere,
where r > a. Since outside the sphere the density of matter (the liquid)
is po =0, we obtain, after integration of (2.51),

T a 3
re = / dr —/ sporidr =1 — zhot . (2.58)
0 0 3

We obtain, from this formula, that

3
Y xpoa
=1- . 2.59
N 3r ( )
Taking (2.55) and (2.56) into account, we arrive at the mass-point so-

lution in emptiness

2GM

e r=1 5
c2r

(2.60)
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To obtain v we use equation (2.41). Substituting

2s¢poT
N=—3— (2.61)
1_ »xpoT
3
and the obtained formula of e* into (2.41), we obtain, after transforma-
tions,

2%p07‘2 _v
— »B re 2
yu ip s =0. (2.62)
1 — Zpor” € Zpor”
3 3
We introduce a new variable e~z =y. Thus, v/ = — 273’/ Substituting
these into (2.62), we obtain the Bernoulli equation
»B  ry? Z00L
y’*ﬁ y _ -3 "y, (2.63)
C 1 — xpoT 1 — xpoT
3 3
where
»B r Xhor
flr)= CY h— g(r) = —3—. (2.64)
C 1 xpoT 1_ xpoT
3 3

Thus, we have the integral

= spor?
/g(r)dr:f/%:hl]\f ‘1
| zpor 3

where

(2.66)

In the region where the signature condition h;; = e > 0 is satisfied,
we have
2 por?
3
therefore we use the modulus of the function here.
Next, we look for + = e%, which is

y
v xB | 7 por? / rdr
=—1\/1- . 2.
e 2c2 3 1 »xpor?\3 ( 68)
V ( ] )

1—

>0, (2.67)
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We obtain, after integration,

r xB {3 [, =por?
es 2_02<%—p0+K 1—T , K = const. (2.69)

We now find the constants B and K. To find B, we re-write the formula
of p by the condition that p=0 on the surface of the sphere (r=a).
Thus, we obtain

B = pycle’™, (2.70)
where €3 is the value of the function e on the surface. As a result,
we have

x  Apy rva [ 3 »xpor?
2=—e2 [ — 4+ Ky\/1——|. 2.71
c 2 ¢ (%po + 3 ) ( )

To find K, we take the value of e> on the surface (r =a)

Va 5 2
g o zper (3 o ) Fpoa ) (2.72)
2 »%Po 3

We obtain, from this formula, that

1 1
K=o — (2.73)
%po ] _ zpoa’
3

The quantity e’ means the numerical value of e? by r=a (i.e. on
the surface of the sphere). Therefore, we can apply it to the mass-point
solution in emptiness at r =a, i.e.

va 2GM
e? =/1———.
ca

(2.74)

Taking the formulae of e, (2.55) and (2.56), into account, we obtain

1 v 1 — zpor?

5 ez S e T
ez = —e 3 =
2 1 _ zpoa’

3

1 2GM 2GMr?
—§<3\/1‘ ‘\/1‘W>- (275)

This formula on the surface (r = a) meets the mass-point solution in
emptiness: e T = \/1 2GM \/1 %pUaQ .
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Thus the metric of the space of a sphere filled with perfect liquid is,
since the formulae of ¥ and A have already been obtained, as follows:

2
1 2 2
= (a1 o

dr? 2 2 .2 2
_ W —r? (d6® +sin*6d¢?) . (2.76)
— Zeor

Taking (2.55) and (2.56) into account, we re-write the formula (2.76) as

2
1 2GM 2GM 72
d52:—<3\/1— GM - fy2€ r>02dt2—

4 c2a c2ad
d 2
- % (62 +sin?0d¢%) . (2.77)
1— 2GMr?
c2a3
Finally, since 2§ZM = 14 is the Hilbert radius calculated according to

the mass M of the liquid sphere, while taking the obtained formula of
e into account, we re-write the metric in the final form

2
dsQ:l 3 fr—gfwlfﬂ Adt* —
4 a a3
dr? 2 (02 | 2 2
— ——— —r?(d0® +sin*0d¢*).  (2.78)
1 -
a3

This is the final formula for the “inner” metric of the space of a sphere
filled with perfect liquid. As is seen, the “inner” metric completely
coincides with the mass-point metric in emptiness on the surface of the

liquid sphere (r = a).

Hence forth, we obtain the space metric outside the liquid sphere
(r>a). We have already obtained the “external” solution for e=* (2.59),
which coincides with the “external” mass-point solution for this function
(2.60). Outside the sphere, B=0 (2.39). Hence, (2.41) takes the form

N+v =0, (2.79)
where, according to (2.60),

2GM 1
cre 1 26;‘]%
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Substituting (2.80) into (2.79) then integrating the resulting equation,
we obtain

2GM
v=In (1 -— ) + P, P = const, (2.81)
c2r
ths 2GM
e’ =P (1 e ) . (2.82)
Since this function is also
2GM
V=1-— 2.83
¢ s (2.83)

on the surface (r=a) of the liquid sphere, we obtain P=1. Having
the obtained formulae for e (2.83) and e (2.60) substituted into the
spherically symmetric metric (2.1), we obtain that the “outer” space of
a sphere filled with perfect liquid is described by the mass-point metric
in emptiness (1.1), which is

dr?
1-1s

T

ds® = (1 — r_g) Adt? —

— 17 (d6? + sin*0 d¢?) . (2.84)
.

§2.2 The outer space breaking of the Sun’s field matches
the asteroid strip

Herein we suggest a new model of the Solar System according to the
General Theory of Relativity. Namely — the Sun and the planets will
be considered as liquid spheres according to the metric of a liquid sphere
(2.78) we have obtained in the foregoing. The metric was also shown
in formula (1.8), in §1.2 wherein we surveyed the problem statement of
the modelling of a star in terms of the General Theory of Relativity. As
was also proven in the previous §2.1, the outer space of a liquid sphere
is described by the mass-point metric in emptiness (1.1).

Note that herein we do not discuss whether the internal planets can
be represented as liquid spheres or not. Astrophysicists and geologists
may simply appeal to the magma, because it is in the state of liquid
stone. However, the jovian planets (Jupiter, Saturn, Uranus, and Nep-
tune), according to their density and other parameters, can surely be
considered as stars. Herein, we only limit ourselves to the theoretical
modelling of the Sun and the planets, without an analysis of their origin
or other astrophysical factors. In detail, we focus on the location of the
“inner” and “outer” space breaking of their fields: the space breaking
of the field within and outside the physical body (liquid sphere). Then
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we compare the obtained result with the observed distribution of the
planets within the Solar System.

Our approach to the Solar System is simple. As is known, given
a four-dimensional Riemannian space with a sign-alternating diagonal
metric (+——-), the breaking occurs in that region (point or surface) of
the space wherein at least one of the four signature conditions

goo >0

<0
goo 911 (2.85)

googi1g22 >0
9= 900911922933 <0

is violated. The space (space-time) of the General Theory of Relativ-
ity is one of this type of space. We therefore consider the signature
conditions in the space within and outside the liquid Sun.
2.2.1 In the “inner” space metric of a liquid sphere (2.78), while
taking into account that
»poa’ _2GM _ Ty (2.86)

3r cr r

therein® the fundamental metric tensor has the following non-zero com-

ponents:
2

1 Tq riry

= — - — 1-— =

goo = 7 <3\/ .V 3
2

1 »poa? \/ »por?

=~ (31 2Ry ZP 2.
4 (3\/ 3 3 ’ (2:87)

1 1
gi1 = — FE por? (2-88)
1 Cre gz
g22 = =17, (2.89)
g33 = —r*sin’ 6. (2.90)

We obtain, from those components, that at a distance from the center
of the sphere which is
a® 3
r=ry, =4/ — =4/ — (2.91)
Tg 7o

*See formulae (2.59) and (2.60) in §2.1.
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the second, third, and fourth signature conditions are violated*
9 r
900:—(1——9) >0
4 a

googi1 — —O0 ) (292)

900 911 922 — OO

g = 900911922933 — —0O0

This means that the field of the liquid spherical body has space breaking
on the spherical surface covering the body at the distance ry,- = +/a3/r,
from its center.

The Hilbert radius r, = % (the radius of gravitational collapse)
calculated for regular physical bodies is many orders less than their
physical sizes. Hence, a>>r, for a regular spherical liquid body (thus
the body is not a collapsar). Therefore, 7y, = /a3 /ry > a: the spherical
surface of the space breaking of the field is located far away from the
physical surface of the liquid body (the field source), and hence far away
from the inner field. In other words, the inner field and liquid substance
of the body produce breaking in the outer space of the body.

What does the outer space breaking of the field mean from the phys-
ical viewpoint? Has this space breaking a real action on a physical body
appearing in it, or is it only a mathematical fiction? As will be shown
in the next §2.3, the space (space-time) of a liquid sphere possesses
space breaking in its four-dimensional curvature tensor R,g,s by the
condition 7 =74,.. Namely, — the component Rgi01 (2.113), which is
the four-dimensional curvature of the space in the (r-t)-direction 0101,
possesses breaking at the distance r =1y, from the center of the liquid
sphere (the curvature function becomes infinite, Roi01 — 00, on the sur-
face of the radius r =74,.). Because the four-curvature determines the
gravitational field which fills the space (and vice versa), the breaking at
r =rp, implies breaking in the gravitational field of the liquid sphere.

This is the physical sense of the outer space breaking of the field of
a liquid sphere.

2.2.2 The outer field of a liquid sphere is due to the same liquid
substance, which fills the sphere and produces the field within the sphere
itself (its inner field). According to the “outer” space metric (2.84),
we see that the fundamental metric tensor of the outer space has the

*Namely — these three functions approach infinity. As is known, a function has
such breaking when approaching infinity.
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following non-zero components

goo =1 — Is ; (2.93)
r
1
g1 =— ; (2.94)
1 Tg
ga2 = —17, (2.95)
g33 = —1*sin’ 0. (2.96)
We see that at a distance of
2GM
r=rg=——073 (2.97)

from the center of the body, the first signature condition (goo>0) is
violated

go=1-"2=0
.

=-1<0
goo 911 (2.98)

900911 gaz =72 >0
g=—rtsin®0 <0

In other words, the outer field of a liquid sphere produces space breaking
deep within the sphere itself, in its inner space close to the center. For
example, the calculated Hilbert radius ry = QfQM is only 2.9 km for the
Sun, while for the Earth it is nothing but only 0.88 cm.

2.2.3 Concerning regular stars, and the Sun in particular, the
aforementioned findings imply the following (as per our new model of

liquid stars according to the General Theory of Relativity):

1. At the center of each star, a small core exists. The core is sep-
arated from the other mass of the star by the said inner space
breaking in the star’s field, at the distance of the Hilbert radius
rq from the center. The inner space breaking means, physically,
that the liquid substance of the star has a singularity on the sur-
face of the Hilbert radius r4 from the center, thus the small core
is separated from the major mass (the physical sense of the phe-
nomenon will be more clear from the example of the outer space

breaking in the field of the Sun);

2. The field of each star has an outer space breaking surrounding the
star by a spherical surface. This “bubble” has a very large radius
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of ry,=+/a3/ry, which is many orders larger than the physical
radius a of the star. Physically, the outer space breaking impedes
the near substance such as small stones or dust orbiting the star
to be formed as a planet in the orbit of the radius 7.

Let us now calculate the radius of the outer space breaking of the
Sun’s field by formula (2.91), which is 7y, = \/a3/ry = /3/5po. Substi-
tute the Sun’s density pp=1.41 gram/cm?, or the mass M =2.0x1033
gram and the radius a =6.95x10'% cm. We obtain

. = 3.4x10" cm = 340,000,000 km = 2.3 AU, (2.99)

where 1 AU =1.49x10'3 ¢cm (Astronomical Unit) is the average distance
between the Sun and the Earth. We obtain that the spherical surface
(bubble) of the outer space breaking of the Sun’s field is located within
the asteroid strip, very close to the orbit of the maximal concentration
of asteroids (as is known, the asteroid strip is located, approximately,
2.1 to 4.3 AU from the Sun).

This truly amazing finding brings us to a conclusion that the internal
constitution of the Solar System can be calculated according to the
liquid model. Namely, — we consider the Sun and the planets as liquid
spheres, then we calculate the outer space breaking 4, in the field of
each of the cosmic bodies. The results of the calculation are collected
altogether in Table 2.1.

These results associated with the planets and the Sun, according to
Table 2.1, lead to the next conclusions:

1) The outer space breaking of the Sun’s field is located within the
asteroid strip, near the maximal concentration of asteroids;

2) The internal planets of the Solar System (Mars, the Earth, Venus,
and Mercury) are located within the “bubble” of the outer space
breaking of the Sun’s field;

3) The “bubbles” of the outer space breaking of the field of each of
the internal planets are as well located within the “bubble” of the
outer space breaking of the Sun’s field;

4) The outer space breaking of the fields of Mars and the Earth
reaches the asteroid strip;

5) The outer space breaking of Mars’ field is located at 2.9 AU from
the Sun. It is within the asteroid strip near the orbit of Phaeton,
the hypothetical planet which was once orbiting the Sun according
to the Titius—Bode law at »=2.8 AU, and whose distraction in
the ancient time gave birth to the asteroid strip;



Object Mass M, Density pog, Radius Hilbert radius ~ Orbit, = Space breaking Location of 7y,
gram gram/cm® a, cm rg, CIM AU Ty, AU from the Sun, AU
Sun 1.98 x1033 1.41 6.95 x101° 2.9x10° — 2.3 2.3
INTERNAL PLANETS
Mercury 2.21x10%6 4.10 2.36 x10® 0.03 0.39 1.3 —0.9-1.7
Venus 4.93x10%7 5.10 6.19x108 0.73 0.72 1.2 —0.5-1.9
Earth 5.97 x10%7 5.52 6.38x10° 0.88 1.00 1.1 —-0.1-2.1
Mars 6.45 x102° 3.80 3.44x108 0.10 1.52 1.4 0.1-2.9
Asteroid strip — — — — 2.5 — —
JOVIAN PLANETS
Jupiter 1.90 x10%° 1.38 7.11x10° 280 5.20 2.3 29-7.5
Saturn 5.68 x10%° 0.72 6.00x10° 84 9.54 3.2 6.3-12.7
Uranus 8.72x10%® 1.30 2.55x10° 13 19.2 2.4 16.8-21.6
Neptune 1.03x10%° 1.20 2.74x10° 15 30.1 2.4 27.7-32.5
Pluto 1.31x10% 2.00 1.20x10% 0.002 39.5 1.9 37.6—41.4
Kuiper belt — — — — 30-100 — —

*The maximal concentration of the asteroids of the asteroid strip is registered at ~2.5 AU from the Sun, while the asteroid
strip continues from 2.1 to 4.3 AU (approximately).

Table 2.1: The internal constitution of the Solar System according to the General Theory of Relativity.
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6) The “bubble” of the outer space breaking of Jupiter’s field meets,
from its inner side, that of Mars at r=2.9 AU from the Sun (this
is the case of the “parade of the planets”). It is very near 2.8 AU,
which is the theoretical orbit of Phaeton according to the Titius-
Bode law;

7) The “bubbles” of the outer space breaking of the field of the other
jovian planets (Saturn, Uranus, and Neptune) are located within
the inner boundary of the Kuiper belt (the strip of the aphelia of
the comets orbiting the Sun);

8) The outer space breaking of Neptune’s field meets, from the outer
side of the “bubble”, the inner boundary of the Kuiper belt;

9) The “bubble” of the outer space breaking of the field of Pluto is
completely located within the Kuiper belt.

The fact that the outer space breaking of the Sun’s field is located
within the asteroid strip, near the maximal concentration of asteroids,
allows us to say: yes, the space breaking considered in this study has
a real physical meaning. Probably, the Sun’s space breaking impedes
asteroids to be joined into a common physical body (one refers to it
as Phaeton). Alternatively, if Phaeton was an already existing planet
orbiting the Sun near the “space breaking orbit” in the past, the force
of gravitation of another massive cosmic body, emerging near the Solar
System in the ancient ages (for example, another star passing near it),
has displaced Phaeton to the “space breaking orbit” near it, thus leading
to the distraction of Phaeton’s body.

Thus the internal constitution of the Solar System is formed by the
geometric structure of the Sun’s field according to Riemannian geometry
as manifest within the laws of the General Theory of Relativity.

§2.3 The geometric sense of the outer space breaking

Consider the properties of the curvature of the space of a liquid sphere.
First, let us calculate the components of the chr.inv.-curvature tensor
C'iij, which is the physically observable curvature tensor of the space.

In a rotation-free space (A;; = 0), which is the space of a liquid sphere
under consideration, Ciy;; = Hii; according to the definition of the ten-
sor Hy;j (1.74). Therefore, we calculate Cixij = Higij = hjm Hjj;[™ by the
formula of H;;/™ (1.71), wherein we substitute the respective chr.inv.-
Christoffel symbols Aj—k (2.17-2.19) already obtained for the metric of
a liquid sphere (2.78). After some algebra, we obtain that the chr.inv.-
curvature tensor Cjg;; in the space of a liquid sphere has the following
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non-zero components:

2
» r
Chars = Higiz = — 220 — (2.100)
3 | znor
3
xpy r2sin? 6
Cuats = Hiziy = — 20 S —— (2.101)
3 | zeor
3
02323 = H2323 = — % 7’4 sin2 0. (2102)

We see that, in the space of a liquid sphere, the non-zero components
of the observable space curvature tensor Cjz; satisfy the condition

»
Cirij = —% (hithi; — hithig) , (2.103)

where the negative constant —*£% is the observable three-dimensional
curvature of the space in the respective two-dimensional direction. This
means that the three-dimensional space of a non-rotating liquid sphere
has a constant negative curvature. Calculating the observable curvature
scalar C' = h**C;,, where the non-zero components of C;j, are

2 1
Cy=-2P0 (2.104)
3 1 znor®
3
C33 25¢por?
27 sin%¢ 3 (2.105)
we obtain
C = —2xpy = const <0. (2.106)

Hence, according to (2.103), the chr.inv.-curvature tensor Cixy; is ex-
pressed through the observable curvature scalar C' as

C
Ciklj = E (hklhij — hilhkj) . (2.107)

Thus, the observable three-dimensional space of a non-rotating liquid
sphere is a constant negative curvature space. Therefore, the curvature
radius R of the three-dimensional space is imaginary. It is formulated
through the observable curvature scalar C' by the relation

1

CZ_2%p0:@a

(2.108)
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thus we obtain, finally,
i

R (2.109)

N 25¢po

Let us calculate the components of the full Riemann-Christoffel cur-
vature tensor

R _ l aga5 agﬁ'y B agﬂ5 . aga'y
el 0xfxy  Ox*0zx®  Ox*0xY  OzPOxd

2
+ 97" Lasolsy,r —psolay,r) . (2.110)

According to the metric of a liquid sphere (2.78), we have g;; =— h;; and
ik, j=—2As, ;. Thus, calculating the non-zero components of I'ng 5,

»xpoa? spor?
o 315 1

LFor,0=—To0,1 = : (2.111)
12 \/W
3
»poT 1
Tha=-— g (2.112)
xpoT
(1 ] )
and substituting these into (2.110), we obtain
3\/1 _ xpoa® \/1 _ zpor?
Rorr = — 220 > N (2.113)
12 [z
3
#po 2
Rigio = — ——— = — (1212, (2.114)

3 por?
1
2 i 2
» r<sin” 0
Riz13 = *Po —_— = —C1313, (2.115)
3 1 %pg’r

R2323 = % 7“4 sin2 0= —02323 . (2.116)

We see that the component Rgig1, determining the four-dimensional
curvature in the (r-t)-direction 0101, does not satisfy the condition of
four-dimensional constant curvature spaces which is

Rapys = Q (98 9as — 9psgar) » Q = const. (2.117)

Therefore, we arrive at the following conclusion:
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e The four-dimensional space of a non-rotating liquid sphere is not
a constant curvature space. This is in contrast to the observable
three-dimensional space of the liquid sphere which, as was proven
above, is a constant negative curvature space.

We see also, from the formulae for Ci212 (2.100) and Cisis (2.101),
that the three-dimensional observable curvature Cji;; possesses space
breaking

01212 — —0Q, 01313 — — 00 (2.118)

by the condition r =ry =+/3/3po =+/a?/ry. By the same condition
r =74y, according to the formula for Rpio1 (2.113), we have

Ro101 — —o00. (2.119)

In other words, the three-dimensional chr.inv.-curvature Cs;; and the
four-dimensional Riemannian curvature R,gs have space breaking by
the condition r =rp,.. Concerning the model of liquid stars, this means:
e In the field of each star, the three-dimensional observable space
curvature Cy; and the four-dimensional Riemannian curvature
R.p~s have common space breaking on the spherical surface at
the distance r =1y, =1/3/5pg = \/a3/r, from the star.
This is the geometric sense of the outer space breaking of the field of
a star (in the framework of the liquid model under consideration).

§2.4 The force of gravity acting inside a liquid star

In a rotation-free space, according to the definition of the gravitational
inertial force (1.42), the force is only due to goo (which is determined
by the gravitational potential w). Let us calculate that force. Since the
gravitational potential is w=c?(1 — /goo), we obtain

2
Ow ___< 99 (2.120)

or? 2./gog Ox*

In the “inner” metric of a non-rotating liquid sphere (2.76),

2
1 »poa? \/ »por?

=—(3y/1— —14/1— 2.121

goo 1 < \/ 3 3 ) ( )

or, in the same metric written in the other form (2.78),

goo = < - T2T9> (2.122)
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We therefore obtain that the force acting inside it is

2
1
Fi=— %p(;)c ! , (2.123)
»xpoa? por? por?
(3= )
2 1— scpor?
Fl=_ ”p‘;: " v - —, (2.124)
»poa »xpoT
e
or, in the other form,
627"97’ 1
F=- e = — — (2.125)
31— 21— ) 1-
2 V1
oL (2.126)

a3
a? rg rgr? '
3\/1 T e \/1 T ad

This is a force of attraction: since r <a inside the sphere, F} <0
therein. The force is proportional to distance r. Its numerical value is
zero at the center of the sphere, then it increases with distance upto its
ultimate-high value on the surface of the star (where r=a)

2 2
__Apocta 1 _ g 1
(F1)r=a = T 2 (2.127)
3 a
(F')r=a = — #pcta _ (2.128)
= 6  2a? '

§2.5 Solving the conservation law equations: pressure and
density inside the stars

Consider now the pressure p and density pg inside a regular liquid star.
A formula connecting pressure and density inside a medium is the equa-
tion of state. It follows as a solution of the conservation law equations.

We have now already obtained almost all that is needed for the
formula. In §2.1, we solved the conservation law equations with the
energy-momentum tensor of a perfect liquid (2.4), which points to the
substance of liquid stars. After substitution of the physically observable
components (2.21) of the energy-momentum tensor, the general equa-
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tions of the conservation law (1.89-1.90) take the particular form (2.26—
2.27). In a non-deforming (static) space such as the space of a regular
star, only the vectorial conservation equation remains non-vanishing. It
has the form (2.36). The equation is solved as the formula (2.40)

p=Be % — pyc’. (2.129)

Now, substituting the already found integration constant B (2.70)
and function e2 (2.75) into p (2.129), we obtain the final solution con-
necting pressure p and density pg inside a regular star

\/1,M,\/1,L0a2

P = poc? i : i . (2.130)
»xpoa HpoT
3\/1fo\/1*T

Find the pressure in the near-surface layer of a star. The constant
% =18.6x10728 cm/g is a very small value, while pp= 1.4 gram/cm? for
the Sun, the yellow dwarf, and is much less than that for larger stars.
Therefore, »pga? is much smaller than 1 for even very large stars. For
instance, for Betelgeuse, which is one of the largest red super-giants:
M =4.0x103* gram, a="7.0x10'3 cm, pp=2.8x10"8 gram/cm?. In this
case, we have »xpga®=2.6x10"7. As a result, we have, for the values of

r and a,
1 xpor? g #por®
3 6

Thus, after some algebra, we obtain the approximate formula for the
pressure p inside a regular star. It is

_appc? (a® = r?) _ pGM <a2 7’2>

2.131
12 2a2 a ( )

Let h=a —r be the distance from the surface of the sphere to the point
of measurement. Because h < r in the near-surface layer, we have

a>—r*=(a—r)(a+r)=h(2a+h)~2ah. (2.132)

Thus, from (2.131), we obtain the regular formula for the pressure in
the near-surface layer

p=pogh, (2.133)
GM

where =3= =g is the free-fall acceleration in the star’s field near its
surface.
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Object Mass M, Radius Density pg, | Pressure pg,
gram a, cm gram/cm® dynes/cm?
Red super-giant* 4.0x10%* | 7.0x10"® | 2.8x107® 5.3x10°
White super-giant 3.4x10% 4.8 x1012 7.3x107° 1.7x10"°
Sun 2.0x10% | 7.0x10'° 1.4 1.3x10%°
Jupiter (proto-star) | 1.9x10% | 7.1x10° 1.3 1.2x10%°
Red dwarfs 6.7x10%2 | 2.3x10'° 13 1.3x10%¢
Brown dwarf* 4.1x10% | 7.0x10° 29 5.7x10%
White dwarf® 2.0x10% | 6.4x10% 1.8x10°8 1.9x10%

*Betelgeuse. Rigel. *Corot-Exo-3. $Sirius B.
Table 2.2: The main characteristics of the regular stars.
The pressure in the central region of a regular star can easily be

found by assuming =0 in the general formula (2.130). Denoting the
central pressure as pp = pr—o, we obtain

1— /1 — zpoa? 2 2.2
3 npgacc
po = poc? —— ~ p§2 : (2.134)
3y/1 -2 —1
Since » = SZZG, we can also re-write this formula in the form
3G (2.135)
PO Tgrat '

Table 2.2 gives the numerical values of the central pressure py we
have calculated according to this formula for the typical members of the
known families of regular stars.

We see that, according to our model of liquid stars, the pressure in
the central region of Betelgeuse, which is one of largest stars, is only
0.53 atmosphere (1 atm =106 dynes/cm®). The smaller the size of a
star is, the higher the pressure inside it becomes. The pressure in the
central region of Rigel, a white super-giant whose radius is 14.6 times
less than that of Betelgeuse, is 1.7x10% atm. In dwarfs such as the Sun,
the central pressure is ~ 10° atm. However, in white dwarfs, the central
pressure reaches 1017 atm.

Note that the temperature of condensed matter does not depend on
pressure. The incompressible liquid of stars is a sort of condensed mat-
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ter. Therefore, temperatures inside stars depend solely on the formula
of that particular mechanism which produces stellar energy.

This note is important for the understanding of the physical condi-
tions inside stars, and of the sources of stellar energy.

§2.6 The stellar energy mechanism according to the liquid
star model and the mass-luminosity relation

First, we make the transition to the dimensionless characteristics of
stars, which are expressed in fractions of the respective characteristics

of the Sun:
_ M a
M=—, a=— p=2L"1 . etc. (2136)
Mg ae Po
where M = pya® for a liquid sphere*. For the luminosity L of a star,
that is the energy emitted from the entire surface of the star into the
outer cosmos per one second, we have

= L

L= Lo (2.137)
With this representation of the characteristics of stars, the analysis be-
comes much simpler. This is because only the essential factors remain
in the formulae while all constant coefficients vanish.

Let us study what mechanism producing stellar energy can now be
suggested due to the General Theory of Relativity, so that its produc-
tivity satisfies the observed luminosity of stars. In other words, to be
the real mechanism that generates energy in stars, the calculated en-
ergy production of the suggested mechanism should match the mass-
luminosity relation which is the main empirical relation of observational
astrophysics.

Consider thus the space metric of a liquid star. As we know already,
the space of a liquid star has two primary regions which are described
by different metrics:

1) The internal space metric of the star (the metric of a liquid sphere)
is valid from the center of the star to its surface. Except on the
singular spherical surface of the tiny radius, r4= QC;M around the
center of the star (see below). The internal metric is also valid on
the singular spherical surface of the radius 1y, =+/a3/rg=+/3/3¢p0,
in the far cosmos: the metric produces a breaking of the space

curvature at this distance from the star;

*A liquid star has the same density p=pg =const in its entire volume, so its

mass is M = % mpoa®. In fractions of the Sun’s mass, it is M = ppa>.
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2) The external metric of the star (the mass-point metric) is valid
from the surface of the star to infinity. Except on the singular
spherical surface of the radius, ry, =+/a3/ry =+/3/spo which cov-
ers the star distantly from its surface in the cosmos (see above).
The external metric is also valid deep inside the star, on the sin-
gular spherical surface of the tiny radius ry= QC;M from the center
of the star: on this spherical surface, the star’s gravitational field

possesses space breaking produced due to the external metric.

As was shown in §2.3, the outer space breaking in the far cosmos
only implies space curvature breaking. One can show, on the basis of
§2.3, that it does not result in an anomaly with respect to the acting
force of gravitation.

However, we now show that the force of gravitation has a very strong
anomaly on the singular spherical surface of the inner space breaking.
Actually, inside the star at the Hilbert radius ry from its center the
external space metric is valid (while the internal metric is valid both
inside the Hilbert radius and outside it). Therefore, all calculations
for the inner singular surface are processed with the external metric
(mass-point metric). This is despite the fact that the singular surface
is located deep within the star near its center.

According to the fundamental metric tensor of the external metric
of the star (1.1), the chronometrically invariant (physically observable)
vector of the force of gravitation F; has the form (1.4). On the singular
spherical surface of the Hilbert radius » =rg4, deep inside the star, the
observable force of gravity (1.4) reaches an infinitely large magnitude

2
c‘rg 1

_2T21_T_9
r

=

— —00, (2.138)

i.e. the gravitational field possesses space breaking on the surface.

Due to its infinitely large magnitude there, the force of gravity, by
definition, is sufficient for the transfer of the necessary kinetic energy
to the lightweight atomic nuclei of the stellar substance, so that the
process of thermonuclear fusion begins. The energy released in the
thermonuclear fusion is the energy that the stars radiate.

The singular spherical surface of the Hilbert radius ry= QC;M sur-
rounds the geometric center of every star. This means that at the center
of each star a luminous “inner sun” is located. The “inner sun” is tiny
compared to the size of the star. For example, the Hilbert radius of the
Sun is only 2.9 km while the physical radius of the Sun is 700,000 km.
Therefore, the zone where thermonuclear fusion is processed is not only
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the surface layer of the radius rg but all the volume of the “inner sun”.
In other words, the “inner sun” of the radius r4 is the very place where
thermonuclear fusion produces helium from hydrogen, thus providing
energy for the luminosity of the star. The energy is then transmitted
from the “inner sun” of the star to its surface due to heat conductivity
(the conventional transfer of heat in liquids); then it is radiated from
the surface into the cosmos.

Since the “inner sun” of a star has a radius equal to the Hilbert
radius ry, we will further refer to it as the luminous Hilbert core of a
star, or merely — the Hilbert core.

The luminosity of a star that shines due to the suggested mechanism
of stellar energy depends only on two factors: the volume of the Hilbert
core V= %m’g where energy is released, and the density p, of the stellar
substance therein (which can differ from the density pg of the main mass
of the star, see the explanation in the next page). In terms of the dimen-
sionless characteristics of stars, it is

L=p,rs=p,M> (2.139)

Recall that the suggested mechanism of stellar energy does not de-
pend on the pressure in the central region of the star: the super-strong
force of gravity (2.138) that acts therein provides the conditions neces-
sary for thermonuclear fusion. But the productivity of the mechanism
depends on the density of the stellar substance in the Hilbert core.

Calculate the density of the Hilbert core so that the suggested mech-
anism of stellar energy satisfies the observed mass-luminosity relation.

Proceed from the facts of observational astronomy. It shows the
mass-luminosity relation L = M?% for the stars whose masses are in the
range between 0.2 My and 0.5 Mg, L = M*5 for masses between 0.5 M,
and 2 M, L= M?>9 in the range between 2 M, and 10 Mg, and L =M
for masses much heavier than 10 Mg. See Table 2.3.

These empirical data of observational astronomy match with our
theoretical formula for the luminosity of stars L (2.139), if the stellar
substance of the Hilbert core (wherein stellar energy is released) has the
density as shown in Table 2.4.

On the basis of the function p, = MY according to Table 2.4, we are
able to know how dense the Hilbert core of a star is compared to the
main mass of the star (known from astronomical observations). We can
thus calculate, for some typical stars, the following ratio:

- (2.140)
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Observed mass-luminosity | Scale of the stellar masses, in fractions
relation L= M?* of the Sun’s mass Mg
L= M?2S M=02...05
L=M*® M=05...2
L=M*° M=2...10
L=M M > 10
Table 2.3: The observed mass-luminosity relation L =M<,
Density of the Hilbert Scale of the stellar masses, in fractions
core p, of the Sun’s mass Mg
py = M* M=02...05
py = M"® M=05...2
py = M M=2...10
pg=M"? M > 10
Table 2.4: Density of the substance inside the Hilbert core.
Object Mass M Density py | Ratio py/po
Betelgeuse (red super-giant) 20 2.0x1078 1.3x10°
Rigel (white super-giant) 17 5.2x107° 6.7x107
Jupiter (proto-star) 9.5x1074 0.9 0.069
Red dwarfs 0.34 9 0.072
Brown dwarf (Corot-Exo-3) 0.021 21 0.010
White dwarf (Sirius B) 1 1.3x10° 7.7x1077

Table 2.5:

Ratio py/po for some typical stars.
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The results of the calculations are shown in Table 2.5. On the basis
of the calculated ratio p,/py as shown in Table 2.5, we arrive at the
following conclusion. The luminous Hilbert core of a star — its “inner
sun” — can have a density that differs from the density of the main
mass of the star. It depends on the particular type of the star. For
instance. The stellar substance of the Hilbert core of a giant or super-
giant is many orders denser than the main substance of the stars. The
Hilbert core of the star that is similar to the Sun has approximately
the same density as the star. Concerning the dwarf stars, the Hilbert
core of such a star is more rarefied than the main substance of the star.
The greater the density of a dwarf star is, the less the density of its
core becomes compared to the density of the entire star. In such a star
as the white dwarf, the Hilbert core is many orders of magnitude more
rarefied than the main substance of the star.

Respectively, the following question arises. All physical bodies have
masses, therefore each body should have a Hilbert radius core inside
itself. Not only stars, but also planets and even individual elementary
particles should have such a core. Yet, why do they not shine like stars?

The answer comes from the state of that substance of which these
physical bodies consist. Stars are made up of liquid substance which
consists, mostly, of light chemical elements such as hydrogen and helium.
Therefore, thermonuclear fusion of light atomic nuclei is possible in the
Hilbert core of each star. Due to the fact that the substance is liquid,
more and more “nuclear fuel” is delivered from the other regions of the
star to its luminous Hilbert core, thus supporting the combustion inside
the “nuclear boiler”, until the time when all the nuclear fuel of the
star ends. Another case — the planets. They consist of mostly heavy
elements with only a minor content of hydrogen. Therefore, as soon as
the “nuclear boiler” of the Hilbert core has finished all the reserve of
the hydrogen fuel in the central region of the planet, it stops producing
energy but still remains to exist at the center of the planet, in a latent
state.

Astronomers know that the energy emitted by Jupiter exceeds the
solar energy absorbed by the entire surface of the planet. The same is
as well true for Saturn. This means, according to our theory, that the
Hilbert core of each of the planets still processes hydrogen into helium
thereby releasing nuclear energy.

Concerning individual elementary particles such as protons, neurons,
and electrons: as is known, they are stable and indifferent for a long
time as long as they do not interact with other particles. In fact, this
means that the Hilbert core of the proton (as well as of the neutron and
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the electron) does not interact with the main mass of the particle. Why
does this happen? We can only guess that either the substance that is
inside the particles is in the super-solid state, or there is a layer of the
very strong vacuum between the core and the rest mass. On the other
hand, the Hilbert core of the proton (and that of the neutron) has a tiny
radius of (rg),= 2622”‘7 =2.48x107°? cm, while the Hilbert core of the

electron has even a smaller radius of (ry). = QC;” =1.35x10"%% cm. As
has been stated by Albert Einstein already, the geometric laws (space-
time geometry) of the General Theory of Relativity are true, probably,
upto the scale of elementary particles. Within the sub-nuclear scale,
probably, another geometry works thus stating its own laws which differ
from the laws of the General Theory of Relativity. Therefore, we cannot
presently state something definite about the physical conditions and
processes inside elementary particles.

But as for the regular world of stars and the planets, experimental
physics and observational astronomy show that Einstein’s theory is cor-
rect and works on these scales with high accuracy. Therefore, all our
conclusions about the internal constitution of stars, and the mechanism
that generates energy in stars should be taken into account.

The particular details of the suggested mechanism of stellar energy
are a special theme that is out of the scope of this book (which is mostly
on the internal constitution of stars).

§2.7 Conclusion

All the theoretical conclusions about the source of stellar energy, and
about the internal constitution of stars that are presented in this Chap-
ter have been obtained in the framework of our model of liquid stars.
Our model is based on the presentation about stars as space-time ob-
jects, according to the General Theory of Relativity. Below, we list the
most important of the conclusions we have thus arrived at:

1. The field of each star possesses space breaking which surrounds
the star by a spherical surface. The “bubble” of the outer space
breaking of the field has a radius of

3 a’
Tor = - = —
7po Tg

which is many orders larger than the physical radius a of the
star. The three-dimensional observable space curvature Cjx;; and
the four-dimensional Riemannian curvature R,gs have common
space breaking on the surface. The outer space breaking impedes
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the near substance to be formed as a planet in this orbit. The outer
space breaking of the Sun’s field is located within the asteroid
strip, near the maximal concentration of the asteroids;

The field of each star possesses inner space breaking, inside the
physical body of the star, on the surface of the Hilbert radius

_2GM

Tg=—%5

C

from the center. This means that there is a small core which is
separated, by the singular surface, from the major mass of the
star. On the surface of the core, the force of gravity reaches an in-
finitely large magnitude. The super-strong gravity, by definition,
is sufficient for the transfer of the necessary kinetic energy to the
lightweight atomic nuclei of the stellar substance, so that ther-
monuclear fusion begins. Thus, nuclear energy is released. The
liquid “nuclear fuel” is delivered from the other regions of the star
to the core thus supporting the combustion inside the “nuclear
boiler”;

Every star has a mass M. Therefore, the luminous core of the

Hilbert radius ry = 2GM __ the “inner sun” — exists in the center

-2
of every star. We refer to it as the Hilbert core. This is the place in
which thermonuclear fusion produces helium from hydrogen, thus
providing energy for the luminosity of the stars. The energy is then
transmitted from the “inner sun” of the star to its surface due to
heat conductivity (the conventional transfer of heat in liquids) for

it then to be radiated into the cosmos;

. The Hilbert core is tiny compared to the size of stars. For example,

for the Sun, ry =2.9 km;

The observed relation “mass-luminosity” of stars is satisfied if the
Hilbert core has a density depending on the particular type of the
star. The Hilbert core of a giant or super-giant should be many
orders denser than the main substance of the stars. The Hilbert
core of a star like the Sun should be approximately the same in
density as the star. In the dwarf star, the Hilbert core should be
more rarefied than the main substance of the star (the core of the
white dwarf should be extremely rarefied);

Each planet has a mass. Therefore, the Hilbert core exists in
the center of every planet. But planets consist of mostly heavy
elements with only a minor content of hydrogen. As soon as the
“nuclear boiler” of the Hilbert core has finished all the reserve
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of the hydrogen fuel in the central region of the planet, it stops
producing energy but still remains to exist at the center of the
planet, in a latent state.




Chapter 3

Regular Stars. The Description

§3.1 Problem statement. The internal space metric of a reg-
ular non-rotating star

To broadly understand the description of a regular star again, recall
that in §2.1 we deduced the space metric of a liquid sphere by follow-
ing the “historical path” as Schwarzschild did it. Namely, — we took
the spherically symmetric metric in the general form, then applied the
particular conditions of a sphere filled with perfect liquid. The sole dif-
ference from Schwarzschild’s deduction was that we did not assume any
artificial limitations. When following this deduction, we obtained the
observable characteristics of the space in the implicit form, as an auxil-
iary result. It was enough to obtain the space metric of a liquid sphere
in the final form. Now, we express the characteristics in the explicit
form, through the components of the fundamental metric tensor of the
space metric of a liquid sphere which we have obtained in Chapter 2.
Then we will study the equations of motion inside the star so as to take
the escape velocity into account.
So, the space metric of a liquid sphere has the form (1.8)

2
d52:£<3 —T—g—\/l—rtg)chtQ—
V a a

dr?

— ——— —r?(d6® +sin®0de*).  (3.1)

1— r2rg

a3

We calculate the chr.inv.-characteristics of the space, according to their
definitions given in §1.3 and the respective components of the funda-
mental metric tensor of the metric (3.1). The chr.inv.-metric tensor h;
of the metric (3.1) has the following non-zero components

h11 = ﬁ y h22 = 7“2, h33 = 7“2 sin29, (32)
1-— agg
2 1 1
O L =T L = 3.3
ad ’ r2’ r2 sin’6 (3:3)
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while its determinant, and the non-zero spatial derivatives of the loga-
rithm of the determinant have the form

r* sin?6
h:detthkH = 7%, (34)
- =
*91nvh . 2 rgr 1 *9nvh _ cotd (3.5)
o r  ad 1 ’ a0 - vy '

So forth, after algebra according to the chronometrically invariant for-
malism (see §1.3 for the definitions of the chr.inv.-quantities), we ob-
tain the following. The chr.inv.-vector of the gravitational inertial force,
acting in the space has the form

2

c'r T
P = -t : = (3.6)
(Vi-2-Vi-=) -5
9 1 rgr?
Fl=-¢ Y ‘ : (3.7)

Tg r a3
a3 3\/17&7\/177‘9:2
a a
where r < a since it is inside the sphere. Therefore, F7 <0 therein (this

means that it is a force of attraction). The non-zero chr.inv.-Christoffel
symbols have the form

roT 1 Al ror?
Al = Te" AL —_ =3 _ . (1_9 3.8
T e TR o) B8
1
A2, = A3, = . A2, = —sinf cosf, A3 =cotf. (3.9)

The non-zero components of the chr.inv.-tensor of the three-dimensional
observable curvature Cji;, and its contraction Cji, have the form

01313 T 7“2 1 T T4
Cha1o = = Cazoz = ——2—sin0, (3.10
1212 = = 59 FER TQZQ ) 2323 a3 sin“f,  ( )
a
2r 1 033 2r T2
Cyq =29~ Cooy = =29 3.11
! a’q TZZQ 7 27 sin% a3 (3.11)

So, we now have all that is needed to consider Einstein’s equations
in the internal field of a regular non-rotating star.
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§3.2 Einstein’s equations in the internal field of a regular
non-rotating star

Consider Einstein’s field equations in the space of the metric (3.1). As
is known, the energy-momentum tensor of a perfect liquid has the fol-
lowing general form (2.4):

TP = (po - %) Uevr — (% g°P, (3.12)

where pg = const is the density of the liquid, p is the pressure, while U is
the four-dimensional velocity of the flow of the liquid with respect to the
observer (the unit four-vector, so U,U%*=1). The chr.inv.-projections
of the energy-momentum tensor have the form (2.21)
K3
_ T _ po, J'= <ty _ 0, Uk=cT*=ph*  (3.13)
goo V900
where p is the observable density of mass, J* is the observable density
of momentum, while U? is the observable stress tensor. With these
formulae, and by taking into account that the space of the particular
liquid sphere is free of rotation and deformation (A;; =0, D;;=0), the
chr.inv.-Einstein equations (1.85-1.87) take the form

Vi F = S B = —E(poc2+U), (3.14)
Ji=0, (3.15)
1 * * 1 2
5( ViFy + *Vi F;) — = Bl — " Ci =
»
=3 (poc®hir +2Us, — Uhyy) (3.16)
where *V; is the symbol of chr.inv.-differentiation (see Notations), while
Ui =phsr and U = 3p.
Substitute, into the Einstein field equations, the formulae for F;, Cj,

and h;, which have been calculated for the metric (3.1). We obtain that
only two equations remain non-vanishing:

o = g(p0c2+3p), (3.17)

s W18 YL 3.18)

=5 (poc® = p).

a? \/ rg \/ rgr2 2
3 1—:— 1-— 3
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Multiplying (3.18) by 3 then summarizing the product with (3.17), we
obtain )
3
sepoc® = c*rg

sy (3.19)

Substituting this result back into (3.18), we obtain the equation of state*
for the liquid substance of regular stars

\/1,M,\/1,L0a2

D= poc? i - “z _. (3.20)
»xpoa HpoT
3\/1fo\/1*T

This formula completely coincides with the formula for pressure p
(2.130) we have obtained in Chapter 2 as the result of following the
path of Schwarzschild.

This formula for pressure p can also be obtained from the conserva-
tion equations (2.26-2.27). Because the space of the metric (3.1) does
not deform (hg # f (t), hence D;, =0), the chr.inv.-scalar conservation
equation (2.26) vanishes. Only the chr.inv.-vectorial conservation equa-
tion (2.27) remains. It takes the form

*V; (ph'*) — (po + c%) FF=0. (3.21)

Herein, *V; h'* =0 is true always as well as V, ¢** =0 for the funda-
mental metric tensor. Therefore, and because the chr.inv.-derivative
with respect to the spatial coordinates coincides with the regular spa-
tial derivative in the case where the space does not rotate, the remaining
conservation equation (3.21) has the form

ik Op p
ik k
nik=E (o + 6—2) FF=0. (3.22)

Substituting the formulae for A'! and F! we have obtained for the metric
(3.1), we transform (3.22) into the differential equation

dp rdr

iy 1
2 3 2 ’I“’I“Z.
A IR

This equation can be re-written in the form

2
dln(p0c2+p)=—d1n<3,/1—r—9—\/1—r9r ) (3.24)
a as |’ '

*The formula connecting pressure and density inside the medium.

(3.23)
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which is easy to integrate. After integration, we have

p+poc® =
3\/17 \/1J”

where the integration constant ) comes from the obvious condition p =0
on the surface of the star (where r =a). Then

(3.25)

Q =2poc®y/1— %’ : (3.26)

thus we obtain, finally,

Tg

11
a

rg rgr?
Wi-2 1o

It is easy to see that this solution leads to the same formula for p as
(3.20), which we have obtained from Einstein’s field equations.

(3.27)

p+ poc® = 2poc’

§3.3 The internal space metric of a regular rotating star

Consider now the metric of a regular liquid star (3.1) with only the
change that the star rotates, at an angular speed w, along its equatorial
axis (the axis ¢ in the spherical coordinates r, 6, ¢). In this case, the
non-rotating metric (3.1) takes the form

o

2wr? cosf cdt dip —

r? (d6” + sin*0 d¢®) . (3.28)
c
1—

2
TTg

a3
It should be noted that we still consider regular stars, namely those
stars whose Hilbert radius is much smaller than their physical radius.
According to the metric (3.28), the star’s linear velocity of space
rotation is

2wr? cosf

rg rgr? ’
3\/1—; - \/1— o

As is known from the data of observational astronomy, the major-
ity of stars rotate at linear speeds v <420 km/sec. Hence, we have
v?/c? <2x1075: most stars rotate slowly compared to the speed of light.

’01:’02:0, V3 = —

(3.29)
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According to the space metric of a regular (slowly rotating) regular
star (3.28), represented as a rotating liquid sphere, we have

) 1
v? = h*ou, = h¥v304, R = — g3 = ;- (3.30)
r?sin 0

So, v?/c? in the space of the metric (3.28) has the form
v? 4w?r? cot? 0

A
2 _T_g_ _’l"gT‘
c (3\/1 o \/1 aS)

Expanding, in this formula, the radicals into series, after elementary
transformations we obtain

v2 w?r?cot?6 <1 N 3rg TgTQ) '

(3.31)

(3.32)

c? 2a 2a3

Further, we will neglect higher-order terms of the series which are small
because 7y < a for the regular stars. Therefore, we have

9 v? vl wrlcos®d
vz = wr cosb, =5 =——F " (3.33)
c c c

The non-zero components of the chr.inv.-metric tensor of the metric
(3.28) have the form

1 1 1
hll:ﬁ:Trg’ h22:ﬁ:7"27 (3.34)
I-—
2,2 0t2 §
has = 5 =17 sin” 0 (1 n %) , (3.35)

while the determinant of the chr.inv.-metric tensor h;; and the non-zero
spatial derivatives of the logarithm of the determinant have the form

4 3 29 2,.2 t29
h = det ||| = <1+‘u rc‘;o ) , (3.36)
1 9
Olvh 2 1
nvh I LIS S (3.37)
or rooad
l13
“91nv/h 22 1
wh o (1o il . (3.38)
90 c2sin® 0 | | wr2cot2

CZ
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Respectively, according to the chronometrically invariant formalism
(see §1.3 for the definitions of the chr.inv.-quantities), we obtain also
the other chr.inv.-characteristics of the space. The chr.inv.-vector of
the gravitational inertial force Fj, acting in the space takes the form

CQT T
R=-23 T — — <0, (339)
(W1-2- =) i
2 ryf1— e
pl=_C%"s a? <0, (3.40)

which is a non-Newtonian force of attraction. The approximate formula
for the force is )
crgr
2a3
The chr.inv.-tensor of the angular velocity of space, A;x, has the follow-
ing non-zero components:

L =F'~ (3.41)

2 0
Ay = W eos _ x (3.42)
1= -1
2
1
x| : — 1|, (3.43)
R C R
2
2w (1 - TZ: ) cot §
AL = = X (3.44)
(3\/1 — %9 — \/1 — TZ: ) 7sin 6 (1 + 7w2r2;20t29)
2
1
x | 1|, (3.45)
a rg rgr? rgr?
(312 \h-m) i
2 o 0
Aoz = W = , (3.46)
e
A% = (3.47)

r2sin 6 (1 + w2r? cot26) '
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The approximate expressions of these components have the form

A3 = —wrcost (1 + % - TZZQ) , (3.48)
g (T T ) e
Aoy = @ (1 + %9 - Zﬁj) : (3.50)
= g () e

The non-zero chr.inv.-Christoffel symbols for the metric, with higher-
order terms wir?/c* neglected, have the form

1
A=l AL =y ( il ) (3.52)

a3 1— rgr2 ’ a3

a3

2 t2 6
rsin29<1+ W 200 )( Z)
c a
9 1 3 1 cot2
Ajy = —, Ajg=—-1+ (3.54)
r

Ags (3.53)

r

w2r2

—sin@cos@(l— 5 ), A3, = cot §
c

w2r2

2
A33

) . (3.55)

2 sin® 6

Neglecting the terms 72 /a* and the product w?r?/c* to ry/a, we obtain
the approximate formulae for these components

2
1 _TgT 1 _ g’
A11 - F ) A22 - (1 - ag ) ) (356)
2w2r2 cot2 0 2
Al = —rsin? <1 +2 TC;O - TZZ ) : (3.57)
1 1 w?r? cot? 6
Al =, Ady =~ (1 n T) , (3.58)

c c?sin” 0

2,2 2,2
A%sz—SiDHCOSH(l—wg ), AgszcotH(l—L), (3.59)
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and the non-zero components of the chr.inv.-curvature tensor Cjij,
along with the non-zero components of its contraction Cyy

2
T 1
Ci212 = — 23 — (3.60)
1-— 3
2,2 2

6

. 302cot20 o, 1+ S0
01313 = T2 Sln2 0 T - a—g 177‘;; 5 (361)

a3

T2 w?r? cot? 6
Cazoz = [— - (1 + = ) +

a3
w?r? 9 1
+ cot? 0 + r?sin 6, 3.62
o (0 ) @62)
2r 1 3w? cot? 6
Cyy = f_gg — > , (3.63)
a 17 g C
a3
2r,r2  w2r?cot? 6 1
Coy = ——2 t2 6 3.64
» a® + c? <CO * sin? 9> ’ (3.64)
2r w?r? cot? 6 T2
o[ 352282 ().
a c a
3wrcot?  w? 9 1 9 . 9
T—i_? (cot 9+sin49)]r sin“f.  (3.65)

Because r,/a <1 and w?r?/c* <1 for regular stars, we neglect the
terms 2 /a® and the product w?r?/c* to ry/a. As a result, we obtain
the approximate formulae for the chr.inv.-curvature:

Clatz = —Tzf . Cizig = r?sin?0 (W _ %) . (3.66)
Cazas = { TZZQ + % <c0t2 0+ Sinl4 9)} r2sin20,  (3.67)
Ci = —% + w ) (3.68)
o 727;937*2 . w2r2;0t2 0 <cot2 0+ sinl4 ) , (3.69)
Cs3 = (—% + 4w2§20t29 + = ;):14 9) r?sin? 6. (3.70)
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§3.4 Einstein’s equations in the internal field of a regular
rotating star

We now solve Einstein’s field equations in the internal space of a rotating
regular star, i.e. in the space of the metric (3.28). In the absence of
space rotation (A;;=0), this problem reduces to the problem that was
considered earlier in §5.2 for regular non-rotating star.

So, consider the chr.inv.-Einstein equations (1.85-1.87) in the space
of a liquid sphere, which rotates (A;;#0) but is free of deformation
(Dir=0). They take the form

_ 1 _
A A 7V P - S B FT = ,g (p+U), (3.71)
. 2 . .
— VAT + S FjAT =5, (3.72)
(&

o1 1
24541 + 5 (ViFk + TV E) — 5 FiF — iy =
- g (pChig +2Ui, — Uhi),  (3.73)

where *V; is the symbol of chr.inv.-differentiation (see Notations). The
chr.inv.-quantities p, J¢, U* are the physical observable projections of
the energy-momentum tensor 7,3 of the medium that fills the space.
(We do not specify the energy-momentum tensor just yet.)

With the obtained components of A;; and F; (see §3.2 for detail),
the chr.inv.-Einstein equations (3.71-3.73) take the form

2

3r 3r,m? w?r?cot?d w? 3r
2wrcot?f (14 2L - 24— — 1+ =2
woeo ( + 2a a3 c? 2a

rgr?  w?r?cot? 0 ) 3c?r,

— g (pc2 + U) , (3.74)

2a3 c? 2a3

(3.75)

wcot 0 (1 N 31y Argr® 3w2r22c0t2 9) )

r2sin @ 4a asd c

3y 2rgr® W7 cot29) 3c?ry

2a a3 c? 2a3

2w200t29(1+
» 2 TgT2
3 (pc=U)(1- o) +20u], (3.76)

3rg 5rgr2 w?r? cot? 6
2a 4a3 c?

w?rcot 6 (1 + ) = —xUjo, (3.77)
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w?r? < 3rg  rer?  w?r? cot? 9) 3cryr?

2 24 2d3 c 2a®
»
:5[(p02—U) 7'2+2U22:|5 (3.78)
3r, 3r.r? w? 3ryg  Ter?
2 .2 g g Jg_ 9 ? sin?

[Qw cot 9(14-%— e )+7(1+E_2a3):|74 sin® 0 +

3cPryr? sin?@ 2 2 (i 2
= = E[(pc —U)r sin 9+2U33] (3.79)

In the framework of our approximation (r,/a<1 and w?r?/c*<1)
which holds true for regular stars, we neglect the terms rg /a? and the
product w?r?/c? to ry/a. As a result, the obtained chr.inv.-Einstein

equations take the much simplified form

2

202 cot?f + 2 = g(pc2+U), (3.80)
w cot 6

——— = —xJ? 3.81
r2 sin 6 Sl (3.:81)
2w? cot? § — g (p? —U) =»U{, (3.82)
w?rcot® = — U, (3.83)

2
S Z (p—u) =, (3.8
2
20 cot? 0+ S = 2 (pe? = U) = U (3.85)

Summarizing (3.82), (3.84), and (3.85), then taking into account
that Ui + U3+ U3 =U, we obtain

4w?cot? O+ w? = g(SpCQ—U). (3.86)
Summarizing the result (3.86) and (3.80), we obtain
3 2
3w?cot? 0 + % = xpc. (3.87)

Multiplying (3.80) by 3 then subtracting the result from (3.86), we

obtain
w2
w?cot? 0 + Vi »U. (3.88)
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As is seen from (3.87) and (3.88),
pc® =3U. (3.89)

The energy-momentum tensor 7,3 should also satisfy the conserva-
tion equations. The chr.inv.-conservation equation in the rotating space
of the star, which is free of deformation (D;; =0), have the form

V,J' - S FJ =0, 3.90
L 5 (3.90)
—— 24T VU — S RUR - pFF =0, 3.91
ot tedi c2 p (391

As follows from the scalar conservation equation (3.90),
gtp =0, ie. p=const. (3.92)

The vectorial conservation equation (3.91) with the index i =3 is satis-
fied identically. The equations with i=1 and i =2 take the form

outt  au2 9lnvh
90

-1 73 12 1 22
AT+ U2 4+ ALU2 4
alnvh 1
+ALU3 4+ <A}1 + % -5 Fl) UM =pF', (3.93)

U2 gUu??2  9lnvh
o o0 T on

oV
4 AZUB 4 (2A§2 n %ﬁ

245 J° + U? +

1
-3 Fl) U2 =0. (3.94)

In the tensorial chr.inv.-Einstein equations that readily express U;
(3.82), U2 (3.83), U3 (3.84), and U3 (3.85), we now take into account
that pc? =3U (3.89) and the formula for U (3.88). We obtain

2

2UM = w?cot? § — % ) (3.95)
2U? = —@, (3.96)
»U? = 4‘”—; — % (3.97)
B A (3.98)

r2sin20  4r2sin? 6
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Substitute these formulae, and also the other necessary quantities, into
the remaining conservation equations (3.93) and (3.94). After some
algebra, we see that the equations are satisfied identically.

So, Einstein’s equations and the conservation equations in the form
considered herein satisfy the metric of the internal space of a regular
rotating star, that is the space metric (3.28).

83.5 The stationary vortex-free electromagnetic field of a reg-
ular rotating star

A realistic star bears an electromagnetic field. Therefore, we should
introduce the electromagnetic field into the theory of liquid stars. Elec-
trodynamics in terms of the chronometrically invariant formalism was
introduced in Chapter 3 of our book [18]. We now follow the deduction
therefrom, then apply it to the present theory of liquid stars.

So, as is known from the generally covariant formulation of electro-
dynamics [20], the energy-momentum tensor of an arbitrary electromag-
netic field has the form

1 o8 o 1 « log
Inc? (—Fa FP7 4 19 PP F* ) , (3.99)

T =
M Ane

where Fj, is the electromagnetic field tensor known also as the Maxwell
tensor. The field tensor Fiz is the curl of the four-dimensional electro-
magnetic potential A

_ 04g 04,
Oz 0P
The physically observable chr.inv.-projections of the four-dimensional
electromagnetic potential A% are the scalar electromagnetic potential ¢
and the vector electromagnetic potential ¢":

Ao . .
— , i — Al 3.101
@ N q ( )

The electromagnetic field tensor F,g (5.44) has the following physically
observable components
_Too E;E'+H,H"
g0 8mc? ’
, cTy 1 .
Jo=—9% — ___dhpH, 3.103
em \/gm 47TC € k ( )

. . _ 1. _
Usm = T = pem® ' — — (E'EF + H™H™),  (3.104)

Fop =V Ag — Vs Ag (3.100)

(3.102)
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where E' is the three-dimensional chr.inv.-electric strength vector, H*?
is the three-dimensional chr.inv.-magnetic strength pseudo-vector of
the field, while €™ is the completely anti-symmetric unitary three-
dimensional chr.inv.-pseudo-tensor (see [18], for detail). Namely, —

_ 0 170¢n o
9z ¢ Ot c?

i : 0¢m  "O0qn 2
As is seen from the definitions (3.105), the chr.inv.-electric field strength
and the chr.inv.-magnetic field strength depend on not only the electro-
magnetic field potentials ¢ and ¢*, but also on the characteristics of the
space that is filled with the field. The physical and geometric character-
istics of the space that affect the electric and magnetic field strengths
are, respectively, the gravitational inertial force F; acting in the space,
and the angular velocity of the space rotation A;j.

Herein, in §5.3, we first consider the electromagnetic field which is
stationary and vortex-free. This means that the electromagnetic field
potentials are constant (¢ = const, ¢; = const) while the curl of the vec-
torial potential is zero (¢;z =0). In other words, in the further consid-
eration of the electromagnetic field we will assume that

Y0, L, 0q Oqr
ox™

ot
in the formulae for the electric and magnetic field strengths (3.105). In
this case, we have

E*zk —_ 7€anEn , En

) (3.105)

T ork T oz

=0  (3.106)

EF=-2F, E-=--TF
C C
5 ) , (3.107)
C Cc

where 2*? is the three-dimensional chr.inv.-pseudo-vector of the angular
velocity of space rotation

It is easy to find that, in the internal space of a regular rotating star,
that is the space of the metric (3.28), we have

w cot

d 02 = , Qo =wrcotf. (3.109)

9*129*1:_3
2 r
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thus
* 7 2 1 2
Q2,07 =w (Z + cot 9) . (3.110)

As is seen from the formulae (3.107), in the stationary vortex-free
electromagnetic field the electric field strength E° is determined by the
scalar electromagnetic potential ¢ and the gravitational inertial force
F' acting in the space. The magnetic field strength H** is due to the
vectorial electromagnetic potential ¢* and the angular velocity *¢ of
rotation of space.

Using these formulae for E* and H*' (3.107), we obtain that the
physically observable components (3.102-3.104) of the electromagnetic
field tensor F,g have the form

) ‘
_ ¥ I %j
Pom =5 — < T T 7)), (3.111)
Jio— £ amp g (3.112)
em — 271'04 kdtxm .
ik p* (F;F w7 \ pik g* (FFF *i(yrk
Ui = 502\ ac2 +Q.,5Q7 ) T — —a\ 12 +QMO* ). (3.113)

It is easy to see that the trace of the electromagnetic field stress
tensor, which is expressed as Uesm = hir UF , satisfies the condition

em?

e \ 42

2 (FFi ,
U = =2 ( J +Q*jQ*J):pemc2. (3.114)

As follows from the general form of the energy-momentum tensor
T, that satisfies the metric (3.28), the tensor should satisfy the condi-
tion pc? =3U (3.89). This formula differs from pemc? = Ue (3.114) we
have just obtained for the stationary vortex-free electromagnetic field.
We therefore should find such a structure of the electromagnetic field
that makes Uey, satisfying pc? = 3U.

So, according to the condition pc?=3U (3.89) and the formula
w?cot? 0+ 1 w? =5U (3.88) obtained from the chr.inv.-Einstein equa-
tions, the field density inside a regular rotating star should be

30, Q% Q,,; Q*
p=—15—, U=—"1—. (3.115)
xc n
Therefore, we substitute the required condition
Q... QI
U = —2—. (3.116)

»
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into (3.114) that we obtained for the stationary vortex-free electromag-
netic field. We obtain

¢’ (Fij

0., Q%
22\ 4c2

+Q*jﬂ*j) — (3.117)

or, expanding Einstein’s constant of gravitation s = 8:2G, in the equiv-

alent form

Gy?
A0,09 = —< _FF, (3.118)
1_ 4Gp*

c4

We have considered a stationary electromagnetic field: the scalar
and vectorial electromagnetic potentials remain unchanged (¢ = const,
gi = const). Therefore, in the formula (3.118), the quantity

G ? 1
a =" n<y (3.119)

is a constant dimensionless coefficient depending only on the scalar po-
tential ¢ of the electromagnetic field of the star.
Using the constant n (3.119), we re-write (3.118) as

n

1—4n

_ . 1
0,0 = F,F', n< 1 (3.120)

Substituting ;07 (5.13) and F;F* (2.15) into the condition (3.120), we
can present it in the alternative (expanded) form

2.2..2
w? (14 4cot? ) = - 471 iy (3.121)
—an a

Ifn=np.= i and thus ¢ = @nax, the angular velocity of the star
would be w = oo which is non-sense. Therefore, we conclude that n < i
for all real stars including the Sun. With n < i, we obtain the upper
boundary of the numerical value for the scalar electromagnetic potential
possessed by a real star

02 2 1/2 1/2
Y = m < 1.74x10 [%} . (3122)

With the condition (3.120), the stationary vortex-free electromag-
netic field satisfies Einstein’s equations and the metric of the internal

space of a regular rotating star. In other words, with this condition
(3.120), a stationary rotating regular star is a permanent magnet.
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Because n=const in the stationary electromagnetic field (wherein
p =const, q; = const), the above condition (3.120) allows us to express
the characteristics of the electromagnetic field through the geometric
and physical characteristics of the space. In other words, in this partic-
ular case, we can geometrize the electromagnetic field.

Substitute the obtained formulae for the gravitational inertial force,
and for the angular velocity of space rotation into the physically observ-
able components (3.111-3.113) of the electromagnetic field tensor Fyg.
By taking the relations (3.117) and (3.119) into account, we obtain the
observable components of Fi 5 in the form

2.2.2
n crgr 2 (1 2
R = 4cot?0) ], 3.123
P =57G | 1608 T (4 oo )] (8123)
ne? wr, cotd
J3 = —s 3.124
em 417G a3 sinf’ ( )
2 [ (22,2 1
gl — 1 |~ g 2(2 _cot? 3.125
m =50 G | T6as Y \T @ ’ (3.125)
2 2 t9
2 - ¢ 3.126
em 277G r ( )
2 2722 1
22 = ¢ g 22 _cot?0 3.127
m = 5G| 16a0 T \T T ’ (3.127)
2 272,2 1
i — g 2(2 feot?0)|. (3.128
M 2rGr2sin?6 | 1648 tw 4 +eo ( )
From these equations we obtain, as previously,
Uem = hit U = pem c*. (3.129)

The chr.inv.-Einstein equations (3.123-3.128) can further be simpli-
fied. In the surface layer of a star (r &~ a), the first term in the brackets
is

2r22 (22
g g
16a% ~— 16a%’ (3.130)

Consider the Sun as an example. Its surface layer makes one full rev-
olution with a period of 27 days, which is equivalent to the angular
velocity of rotation wg ~2.7x107% sec™!. Therefore, the second term
in the brackets is

wp =~ 1.8x107"% sec™?. (3.131)

] =
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The first term in the brackets, while taking the Hilbert radius for the
Sun rye =2.9x10° cm, and the Sun’s physical radius ag =7.0x10'% cm
into account, is ten times less:

c2r?

© 13 ..—2
16;% ~2.0x107" sec™”. (3.132)

Therefore, we can neglect the first term in the brackets for even slowly
rotating stars such as the Sun. Thus the chr.inv.-Einstein equations
(3.123-3.128) take the simplified form

2 /1
Pom = % (Z + cot? 9) , (3.133)
nc® wr, cotd
J3 = -2 3.134
em 417G a3 sinf’ ( )
2, .2 1
Ul — fn;ﬂg (Z — cot? 9) , (3.135)
ne? w?cotd
U= =5 (3.136)
2, .2 1
U2 = % 7~ cot? 9) , (3.137)
TGr
nclw? 1
Uegri = m (Z + cot? 9> . (3138)

Nevertheless, the first term in the brackets of the chr.inv.-Einstein
equations (3.123-3.128) can be sufficient in the case of small stars such
as white dwarfs or brown dwarfs. This is because we have a® (the star’s
radius in the 6th power) in the denominator of the term.

8§3.6 Solving Maxwell’s equations in the vortex-free electro-
magnetic field of a regular rotating star

As is known, the electromagnetic field is described by Maxwell’s field
equations. They consist of two groups of equations. The generally
covariant formulation of Maxwell’s equations in the four-dimensional
pseudo-Riemannian space has the form [20]

v, Fho = 4?”]'#, v, e =0, (3.139)

where the first generally covariant equation expresses Group I of Max-
well’s equations, while the second generally covariant equation repre-
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sents Group II. Herein, F*H7 =gt*P [, 5 is the pseudo-tensor which
is dual to the electromagnetic field tensor F,g, while j# is the four-
dimensional current vector.

In terms of the chronometrically invariant formalism of General Rel-
ativity, the generally covariant Maxwell equations (3.139) take the fol-
lowing form (see Chapter 3 of the book [18] for details):

. 1 .
"V BV — EH”“AHC =47p

| I, (3.140)
. 1 . 1 /*OE" . 4 . ’
*Vkszf—Fkszf— +DE’L :_ﬂ-]Z
c2 c\ Ot c
T
*Vz ) 2 - E*zkAik =0
c
- L (3.141)
: 1 . 1 /(*0OH* .
*VkE*zk - FkE*zk = +DH*) =0
c? c ot
Herein, E*** = — ¥ F} is the pseudo-tensor which is dual to the electric

strength tensor E;, H = % ™" H, .. is the pseudo-vector which is dual
to the magnetic strength tensor H,,,, while D =h*D;. is the rate of
space deformation. (See these definitions in formula (3.105) of §3.5).

The physically observable charge density p and the physically ob-
servable current vector j* are the respective chr.inv.-projections of the
four-dimensional current vector j#

:lj_o

: it = ht gr. 3.142
i J 0 J ( )

Because the space of a liquid sphere under consideration is station-
ary (the space metric does not depend on time), and also because we
assume that the electromagnetic field is stationary, all terms containing
the space deformation tensor D, and the time derivatives of the elec-
tromagnetic field strengths vanish. In this particular case, the chr.inv.-
Maxwell equations (3.140-3.141) take the simplified form

. 1 .
VBT — E H* Ay, = 4mp

I (3.143)
. 1 . 4 . ’
*kazk _ _QFksz — _7T jz
C &
* *7 1 *ik
ViH" — = E"™ Ay, =0
¢ I1. (3.144)

. 1 .
*Vk E*zk _ C_2 FkE*zk -0
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Substitute, into the equations (3.143-3.144), the formulae for the
gravitational inertial force F; (3.41) and the angular velocity of space
rotation A, (3.48-3.51) we have obtained in the framework of the space
metric of a regular rotating star (3.28). Also, substitute the formulae
for the electric strength E' and the magnetic strength H** (3.107) of
the stationary vortex-free electromagnetic field we have obtained in the
space. To simplify the algebra, take into account the following terms for
the case if they appear in the brackets commonly with the others. For
the Sun (we ~2.7x107% sec™!, rye =2.9x10° cm, ag =7.0x10' cm),
these terms take the following numerical values:

Tg

19 — 4141076

a

T _ _

a_g =8.5x10728 ¢m~2 , (3.145)
2

Y —8.1x10733 cm 2

C

For other regular stars, these terms take similar numerical values to
within a few orders of magnitude.

As a result, after some algebra we see that the equations of Group II
of the chr.inv.-Maxwell-equations (3.143-3.144) vanish, while the equa-
tions of Group I take the following form:

3prg Ar wcot b

2¢3 P r2sin 6

The obtained Maxwell equations characterize the electromagnetic field

that originates due to the charges and currents (the field sources).

Should the right-hand side of the equations be zero, it would be a source-
free electromagnetic field (existing independently of the sources).

The field sources (the charge density p and the current vector j°)

are connected to each other through the law of conservation of electric
charge. The law has the following general covariant formulation:

V,j°=0. (3.147)

=274 (3.146)

The generally covariant law of conservation of the electric charge (3.147)
is also known as the continuity equation. It means that the charge den-
sity p and the currents j¢, which are two chr.inv.-observable projections
of the four-dimensional current vector j¢ are conserved within the four-
dimensional volume of the field. Maxwell’s equations are connected

by the generally covariant Lorentz condition

V, A% =0, (3.148)
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which means that the scalar electromagnetic potential ¢ and the vec-
torial electromagnetic potential ¢° (the chr.inv.-observable projections
of the four-dimensional potential A% of the electromagnetic field) are
conserved within the four-dimensional volume of the field.

In the general case of an arbitrary electromagnetic field, the conser-
vation law V, j7 =0 (3.147) and the Lorentz condition V,, A7 =0 (3.148)
have the following chronometrically invariant formulation:

*0p ~ . 1 .

D+*V,ji— = Fji=0, 14
5 TPD+ Vit = 5 Fijt=0 (3.149)
1%0¢ ¢ ~ , 1 ,
- ~D+*V,¢ — = F,¢"=0. 3.150
c Ot +c + €= 2% ( )

See Chapter 3 of the book [18] for details. The chr.inv.-differential
operators *V; =*V, — C%Fl and *V; can be found in Notations.
Recall that we are considering a stationary vortex-free electromag-
netic field. This means that the conditions (3.106) should be true
Oy "Ogn 0¢; gk
dxm ’ ot N ( )
In this particular case, and in the space which is free of deformation
(Dix=0), the conservation equation (3.149) and the Lorentz condition
(3.149) are satisfied as identities.

8§3.7 Solving Maxwell’s equations in the vortical electromag-
netic field of a regular rotating star

Consider a regular rotating star whose electromagnetic field is vortical.
This means that the curl g;; of the three-dimensional vectorial chr.inv.-
potential g; of the field is non-zero

_ 0q;  Oqx

Bk = 92k~ 9z
Assume, according to in Chapter 3 of the book [18] where we considered
relativistic electrodynamics, that the four-dimensional electromagnetic
field potential A“ has the form

£0. (3.152)

dx® dz® dzP
A% =p— g ——— = 1. 3.153
g YeB (3.153)
In this case, the chr.inv.-projections of A% have the form
AQ ~ : : (TD' : : dZEz
=p, A'=q¢ ==V, v'= , 3.154
/900 c dr ( )
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where .
=, V=gV (3.155)

v2

c2
is the relativistic scalar potential of the electromagnetic field [18]. We as-
sume that the charges move within the star at small velocities (v < ¢?).
Then ¢ = ¢.
We also assume, according to our consideration of a rotating neutron
star, that ¢ =const and ¢' =¢?>=0. Then the chr.inv.-components of
A® take the form

@ = const, @ = ¥ v, (3.156)
c

where v3 = %, while ¢ is the equatorial coordinate of the spherical
polar coordinates r, 8, ¢. Assuming that the electromagnetic field curl

is due to the angular rotation of the star, we have
do
bk
dr

Then the non-zero components of the three-dimensional vector chr.inv.-
potential g; and its curl g;; have the form

(3.157)

¢ = %, (3.158)
q3 = PY 2 sin? @, (3.159)
&
2
g31 = % = ‘i” rsin®6, (3.160)
0 2
go3 = —% =— ('Zw r?sinf cos . (3.161)

In other words, we consider here only circular motion of the charge
along the equatorial coordinate ¢, which is the geographical longitude
of the star (in spherical polar coordinates r, 6, ¢).

Substitute now the formulae for A;; (3.48-3.51) obtained for the
space metric of a regular rotating star (3.28) into the definition of the
magnetic strength tensor H;, (3.105). We obtain that the non-zero
components of the tensor have the form

2 pwr? sin 0 1 2
Hyy — — 29957 [cos9+ 5 <1 4379 _To" )] , (3.162)
C a

2 3 2
Hyy = =225 [sinQO — cos 0 (1 +2le _To )} : (3.163)

c
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Using the definition of the magnetic strength preudo-vector (3.105)

. 9 .
gimng 7‘P 0, (3.164)

H* = = zmnHmn —
B 9

|~

we have, finally,

2 2 1 2
7 R [(1— T9T3)0059+§ (1+3ﬁ - 3rar )] . (3.165)
a

c 2 4a 2a3
20w T2 3r 3r,r2
*2 g : _ 9 _ g
H* = o {<1 543 > sinf — cot 0 <1 + 1 543 )] , (3.166)

while the covariant (lower-index) versions of the preudo-vector can be
calculated as H,; = h11H*' and H.o = hosH*2. In the framework of
our approximation (with the higher-order terms withheld), we have

2 1
o = f% <cos9 + 5) , (3.167)

20w

H*? = (sinf — cot 0). (3.168)

Concerning the chr.inv.-Maxwell equations: in the stationary elec-
tromagnetic field, they have the form (3.143-3.144)

. 1 .
VBT — - H* Ay = 4mp

I (3.169)
. 1 . 4 ) ’
*kazk _ _2Fksz _ _7T jz
C C
V,H* — = E*F Ay =0
¢ II. (3.170)

. 1 .
*Vk E*zk _ c_2 FkE*zk =0

Substitute, into the equations, the obtained formula for the magnetic
field strength, and also the formula for the electric field strength (3.105),
which holds for the stationary electromagnetic field, has the form

Erib — _ kg E=-2p=%Ye 3171
c ’ c? 2a3 ( )
Equations of Group II (3.170) are satisfied identically. Equations of
Group I (3.170) take the form

3pry
_— :4 0 —_—_— =
2a3 e r2sin 0

(3.172)
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where p and 33 are the charge density and the current of the vortical
electromagnetic field.

As is easy to see, these solutions are identical to the solutions (3.146)
obtained in the vortex-free electromagnetic field. It is easy to obtain
that the conservation equation V,, j7=0 (3.147) and the Lorentz condi-
tion V, A7=0 (3.148), whose chronometrically invariant formulations
are (3.149) and (3.149) respectively, are satisfied as identities.

This means that all the results obtained earlier in the vortex-free
electromagnetic field of a regular rotating star are as well true in the
present case where the electromagnetic field of the star is vortical.

This happens because all the terms that appear in the equations due
to the electromagnetic field curl vanish in the framework of the second-
order approximation. In the parlance of physics proper, this means that
the presence of a curl in the electromagnetic field does not change the
field sources of a regular rotating star. The vortical electromagnetic field
can be meaningful only in the case of exotic stars, whose characteristics
differ from those of regular stars. We will see the difference in Chapter 5
when considering rapidly rotating neutron stars (pulsars).

§3.8 Geometrization of the electromagnetic field for a regular
rotating star

Using the geometric formula for the scalar electromagnetic potential
p=c" /= (3.173)

that follows from (3.119), we write down the non-vanishing chr.inv.-
Maxwell equations (3.146), or (3.172) which is the same as

g 30 Tg / /n

p= = 87ad 87ra2 (3.174)

vz .3 we?  [n coth

= = 3.175

J J 272\ G sind’ ( )
. . 2 cot 0
J=7=Vhajij* = Vhsz3° = we covr , (3.176)

2mr G

where p is the charge density and j is the current of the vortical elec-
tromagnetic field, while p and ;2 imply the vortex-free field. The di-
mensionless numerical coefficient n = %ﬁﬁ (3.119) is within the range
0<n<i. Tosee why 1, see formula (3.118).
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The electromagnetic field sources are expressed herein through only
the geometric characteristics of the star’s space and the fundamental
constants. This means that we have completely geometrized the sources
of the stationary electromagnetic field of a regular rotating star.

Now, express the electric and magnetic field strengths through the
geometric formula for the scalar electromagnetic potential ¢ (3.173).
Using the formulae for the non-zero components Fy, H*!, and H*?
obtained in the stationary electromagnetic field of a regular rotating
star, we thus obtain

2
E'=F =,/= 2 1
! G 2a3 "’ (3.177)

n 1 n N
—2wc’/5 (cos@—i— 5) = —20’/5 (weosh+Q*), (3.178)

2 / in 0
o2 = =€ %(Sin97c0t9):20 g<wsm Q*2>,(3-179)

H*l

T r
H. = hy H = H* (3.180)
H.o = hog H** = r2 H*?. (3.181)

Here, according to our calculation (3.109-3.110) made in the framework
of the space metric of a regular rotating star (3.28),

t 6
al=Q,, = %, 02 = Y@ ,  Que=wrcotd, (3.182)
r
. 1
0,09 = w? (Z + cot? 9> . (3.183)

Hence forth, we express the field density g, and the flow of momen-
tum jg’m of the vortical electromagnetic field, which are the physically
observable projections of the energy-momentum tensor of the field (see
Einstein’s equations). Using their general formulation made for any
electromagnetic field, (3.102) and (3.103), we obtain

n 1 . . w? n
joo=— ([ —FF+Q,.Q% o
Pem 271G (4c2 IR ) + 27 G
w?n
= pem + 2 3.184
Pem + on G ( )
o Aror n fwsind Arow n
J3 = 7__ — -2 ) =J3 9~ — . (3.185
M 4ma3sind G( r em 4rad G ( )
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As we can see, the observable characteristics of the electromagnetic
field are expressed herein through only the geometric characteristics of
the star’s space and the fundamental constants. This concerns both
the vortical field and the vortex-free field. In the sense of mathematics,
this means that the electromagnetic field of a regular rotating star is
completely geometrized.

So, in the case of a regular rotating star, both Maxwell’s equations
and Einstein’s field equations are satisfied with the inclusion of the elec-
tromagnetic field. This means that they consist a self-consistent system
of the Einstein-Maxwell equations that completely describes both grav-
itational and electromagnetic phenomena inside regular rotating stars.

Finally, we can conclude something pretty interesting for astro-
physics by first writing the formula for the charge density p (3.174)
in the form 502

c Tg
P=5cm VnG 2. (3.186)
The first multiplier herein coincides with the formula for the “critical
density” of substance in the Universe
3c? 3H?

- (3.187)

Per = 87 Ga2 ~ 872G’

known from observational cosmology. Herein, H = g is the Hubble con-
stant, while a is the radius of the observable Universe. In analogy to the
Universe, the critical density can be formally introduced for any liquid
star. Thus, we can express the charge density p of the electromagnetic
field of the star as

p=paVnG %" , (3.188)

where n < i and, numerically, VG=2.6x10"% cnr13/2/g1ranr11/2 sec.

If the charge density is p = per VR G, the physical radius of the star
coincides with the Hilbert radius a=r,. Because ry < a for regular
stars, we conclude that the charge density of the electromagnetic field
inside any regular rotating star is much less than pe vnG, i.e.

p < perVnG. (3.189)

A few words should be said at the end. As is known, the General
Theory of Relativity is the geometric theory of space-time-matter. Its
primary task is to express all physical phenomena as the manifestations
of space (space-time) geometry. The gravitational field was initially



§3.9 CONCLUSION 95

geometrized by Einstein, due to Einstein’s field equations. However,
the electromagnetic field was not geometrized: as was shown by Ein-
stein, mathematically this problem in a general case is very non-trivial.
Nevertheless, it is possible to solve this problem in a particular case
where some particular conditions simplify the mathematics. Thus, as
was shown above, we have completely geometrized the electromagnetic
field in the internal field of a regular rotating star.

83.9 Conclusion

This Chapter is complementary to the previous Chapter 2, wherein we
considered regular stars including the Sun. Three primary tasks were
achieved in this Chapter.

First. In Chapter 2, when considering the internal space metric of
a liquid star, we followed the historical path as Schwarzschild did when
introducing the metric. Namely, — even when we introduced the com-
plete form of the internal space metric of a liquid sphere (which contains
singularities), we used the Schwarzschild notation. This notation comes
from the general form of a spherically symmetric metric, and thus con-
tains the coefficients e” and e* which are the functions of » and t. This
is the common method for writing any spherically symmetric metric.
But when we calculate the physically observable characteristics directly
on the basis of the metric, we obtain them in the firm expressed through
e’ and e* which are unknown. Therefore, we obtain the physically ob-
servable characteristics of the space in the incomplete form that needs
further calculation of the coefficients e and e*. This makes a huge
additional trouble when solving particular problems in the framework
of the space metric. Therefore, in this Chapter, we initially introduced
the internal space metric of a liquid sphere in the final form, where the
coefficients e” and e* are already expressed through the main charac-
teristics of the sphere such as its physical radius and the Hilbert radius,
and through the radial coordinate r and time t. As a result, we have
obtained all the components of the fundamental metric tensor in ex-
plicit form, without unknown coefficients. It was the subject of §3.1
and §3.2. Therefore, once we (or someone else) further solve problems
in the framework of the internal space metric of a regular liquid star,
we initially will have implicit formulae for all the physically observable
characteristics of its internal space.

Second. We considered the space metric of a non-rotating liquid
sphere. Nevertheless we know that the majority of stars rotate. Most
probably, even all stars rotate, but many of them rotate slowly so that
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the Doppler splitting of the spectral lines that is due to the rotation
cannot be registered by modern methods of spectroscopy. In any case,
as a matter of fact if we target a liquid star possessing an electromag-
netic field, we should consider the internal space metric of a rotating
liquid sphere. This metric was introduced in §3.3, then we subsequently
introduced Einstein’s field equations and Maxwell’s equations in the
form satisfying the metric. We showed that the electric component of
the field primarily originates due to the gravitational field of the star,
while the magnetic field component is primarily due to the field rota-
tion. Also, we found that the vortical character of the electromagnetic
field does not play a significant role in regular rotating stars.

Third. Concerning the most important achievement of this Chap-
ter: in §3.8 we showed that, in the case of the internal space metric of a
rotating liquid star, all the physically observable characteristics of the
electromagnetic field are expressed through only the geometric charac-
teristics of the star’s space and the fundamental constants. This fact
means that, in the internal field of a rotating liquid star, the electro-
magnetic field is completely geometrized.




Chapter 4

Stellar Wind

8§4.1 Finding the escape velocity condition for a star

A flow of the particles of the stellar substance is permanently erupted
from the surface of any star. A fraction of the flow consists of so rapid
particles that they leave the gravitational field of the star forever, for the
outer cosmos, thus producing a stellar wind* In terms of our mathemat-
ical theory of liquid stars, this means that the particles of the surface
layer of the star are faster than the escape velocity for the star.

Why do the particles of the stellar substance leave the surface of a
star? Can this process be likened to the boiling of water in a kettle,
or is it entirely something else? Finding the answer to this question
constitutes our research task for this Chapter.

To answer this question we should study the motion of the particles
of the stellar substance inside a star. To do it, we shall first find the
formula for the escape velocity, expressed through the components of
the space metric of a liquid star. Then we shall deduce the equations
of motion of the particles of the stellar substance inside the star. Thus
we shall obtain the physical conditions under which the particles of the
surface layer are faster than the escape velocity for the star. Afterwards,
we will be able to solve the equations of motion of the particles of the
stellar substance.

The said escape velocity, known also as the second cosmic velocity
v, is the velocity at which a test-particle can “leave”, forever, the
gravitational field of the massive body

Let us assume that the particles of the stellar substance travel, radi-
ally, from within of the star onto its surface. Let the particles reach the
surface then leave the star, forever, for the outer cosmos, thus forming
stellar wind. We therefore refer to the formula for the velocity of the
particles of the stellar substance, which is expressed through the escape
velocity for the star, to as the escape velocity condition.

*Wolf-Rayet stars differ from all the regular stars only by an extremely huge
stellar wind: the flow is so powerful that a Wolf-Rayet star loses a substantial part
of its mass with the stellar wind.

TThis is analogous to the first cosmic velocity, known also as the orbital velocity,
which allows the test-particle to be orbiting the massive body without falling down
onto its surface.
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Thus, for a spherically symmetric body whose mass is M, the escape
velocity at the distance r from its center is

2GM
= . 4.1
Vi , (4.1)
This formula comes from the mass-point metric (1.1),
2 "9\ 242 dr? 2 (102 | in20 742
ds? = (1-22) Par® — — 2 (d0? +sin20de?),  (4.2)
r 1-1s
where rg= QC;M, while M is the mass of the body (the field’s source).

As was shown in Chapter 2, the field of any liquid star has two pri-
mary regions. They are described by two different metrics. The metric
of a liquid sphere is valid from the center of the star (r =0) to its surface
(r=a). The mass-point metric is valid from the surface of the star to
the outer cosmos. In other words, the particles of the stellar substance
travel inside the star along those trajectories which are in accordance
with the metric of a liquid sphere. If the particles leave the star (in
the case that their velocity exceeds the escape velocity), they travel in
the cosmos along those trajectories which are in accordance with the
mass-point metric.

Therefore, the velocity of the particles of the stellar substance trav-
elling from the surface of the star for the outer cosmos results as the
solution of the equations of motion of a mass-bearing particle accord-
ing to the mass-point metric. Being expressed in terms of the escape
velocity, it is the escape velocity condition for the star.

We derive this formula as a solution of the chr.inv.-equations of non-
isotropic geodesics [18,19]

dm m ;o m ik
E—C—2F‘ZV +C—2DikVV =0
. , (4.3)
d (mv') i Gy ok i i ongk
T—i—Qm( B AV —mF + mAL vV =0
-

which are the equations of observable motion of a mass-bearing particle
travelling at the observable velocity vi. The equations result as the
observable projections of the well-known generally covariant equations
of non-isotropic geodesics (see [18,19] for detail).

We solve the equations (4.3) for a particle of the stellar substance,
which travels only along the radial direction r. Therefore,

d
vi=% o,  2=vi=o. (4.4)
dr
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To solve these equations (4.3), we need to formulate the charac-
teristics of the space of the mass-point metric (4.2). As is seen from
the metric (4.2), the space is free of rotation and deformation (A;;=0,
D;1=0). Ounly the gravitational inertial force F; and the Christoffel
symbols A:’Lk remain non-zero. Calculating these quantities, and also
the components of the chr.inv.-metric tensor h;; according to their def-
initions given in §1.3, we obtain, for the metric (4.2),

2 1 2

Fl:f%l,z’ Flzf%, (4.5)
hu:%: 77"79, hQQ:%:r{ h33:%:r2sin29, (4.6)
A}lz—%l 1T_g, A§2=S§1%539=—r(1—i—9), (4.7)
A2, = A3, = % , A2, = —sinfcos¥, A3, = cot 0. (4.8)

With these, we obtain that the chr.inv.-equations of motion (4.3) in
the space of the mass-point metric have the form

Ldm 1y 1 dr

N Te dT
T

Ld (AN oy 1 (drY e |
mdr dr 27’21 re \ dT1 2r2

mdr 272 1 —
(4.9)

T

_ mo . dr
m= —17 T’ZT , =
c2(177‘q)

Here, denoting the relativistic mass of the particle on the surface (r =a)
of the star as mg) (this is the “start-mass” of the particle when leaving
the star), and denoting the observable velocity of the particle when it
leaves the star as 79, we have

where
(4.10)

(4.11)
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Proceed to solve the chr.inv.-equations of motion (4.9). Substituting
the scalar equation into the vectorial equation, we obtain the vectorial
equation of motion written with respect to the radial distance r

22 2
. g T c°ry
- = — =0. 4.12
" 1_Ts 212 (4.12)
Denote 7 =1y, then
ey, oy =
) dT )
and the equation (4.12) takes the form
2
, Tg Y c°ry
- = — =0. 4.13
4 2y _Ts 272 (4.13)
Assuming u(r) = y?, we reduce it to the linear differential equation
2r U cAr
- =2 —f = 4.14
T2 1 Ty T2 0 ( )
This equation has the following exact solution:
u=e ¥ (uo +/ g(r) eFdr) , ug = yg =rq, (4.15)
where
@ 2r 1 c?r
Foy = [0y f0) =T e = 410
Integrating the function f(r), we obtain
1-7\? _ra\?
F(r)=In “, ef =
1

T

, (4.17)
1-1s
a c2rg (17T—9)2d7’ 1-=
/ = <1 - %") 1-—2 ). (418)
()

Substituting (4.16-4.18) into (4.15), and neglecting the high powers
of the term =2 (this ratio is tiny for regular stars), we obtain

72 = 2 (1+2ﬁ—ﬁ)+c2(r—g—r—g).
a T a

r

(4.19)
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From here, we obtain the formula for the radial velocity of the particle
of the stellar substance, which leaves the star with stellar wind. Since
v (4.1) on the surface of the star (r =a) takes the form

Vi = \/W \/7 = c\/7 (4.20)

dr 7"8 + vﬁ Tg 27"3 VIQI c2rg
A — - g4 (A __9) 4.21
" dr C\/ c? r + 2 \ ¢? r ( )

This is the escape velocity condition we were looking for. If 7o =0, the
equation (4.21) manifests the obvious condition

we obtain

2

% =\/vZ — % < vy (4.22)

According to this condition, the particle of the stellar substance cannot

leave the gravitational field of the star, if its start-velocity on the surface

of the star is zero. Therefore, when further considering stellar wind, we
always assume 79 # 0 in all the equations of the theory.

Let us obtain the final simplification of the escape velocity condi-

tion (4.21). Compare the estimated numerical values of all the terms

contained in the radicand. We denote the last term of the radicand as

27*(2) VI21 CQTg
=——=-—=]). 4.23
=22 (%-% (4.23)

For the Sun, which is a typical regular star, we have: v;; = 617 km/sec,
rg =2.9 km, 79 = 750 km/sec*, and a =7.0x10° km. Since ¢=0by r=a,
assume r > a as for stellar wind. We obtain, after some algebra,

73 +v2

021075, < 414107%, g <5310 (4.24)
T

c
For a typical star of the Wolf-Rayet family (see Table 1.1), we have:
v = 982 km/sec, ry =150 km, 7o = 2200 km/sec, and a=1.4x107 km.
Therefore, for a typical Wolf-Rayet star, we obtain

-2 2
o +V _ r _ _
L ~64x107°, £ <11x107°, ¢<1.2x107°. (4.25)
C r
*ro >~ 750 km/sec is typical for the particles of the fast component of the solar

wind, whose composition is that of the photosphere. In contrast, the slow component
of the solar wind has a composition close to that of the corona. Its particles travel
from the Sun at a velocity of about 400 km/sec.
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As is seen, the term ¢ has so small a numerical value (four orders less
than the other terms in the formula) that can be neglected for stellar
wind, which comes from both a regular star and a Wolf-Rayet star.
Therefore, the final formula for the escape velocity condition has the
form

dr 7 VA Ty

— = — . 4.26

ar Ve T 2 r (4.26)

As follows from the final formula, on the surface of the star (r =a)

the velocity of the particle of the stellar substance is 7.

§4.2 Light-like (massless) particles inside a regular star

We now consider how particles of the stellar substance and particles of
light behave inside the star. (Stars are filled not only with substance
but also with light.)

First, consider light-like (massless) particles inside a regular star.
Such particles travel along isotropic geodesic lines. The chr.inv.-equa-
tions of isotropic geodesics have the form [18,19]

dv w ;W ik
E—C—QFlC +C—2Dikcc =0
. (4.27)
d(wcz)
d—+2 w(Dh+ AfL) " —wF' + wAL, """ =0
-

These are the equations of observable motion of a light-like particle —
a photon whose frequency is w, — which travels with the observable
velocity of light ¢!. These chr.inv.-equations emerge as the observable
projections of the well-known generally covariant equations of isotropic
geodesics (see [18,19] for details).

As previously, we assume that regular stars do not rotate or deform
(A;x=0, D;;=0). Also, we consider only a photon which travels radi-
ally (along the direction x!=r) from the center of the star to its surface.
Therefore, the isotropic geodesic equations (4.27) inside a regular star
take the particular form

dw w 1
Ef—QFlc =
, (4.28)
d(wcl) 1
g WwF' +wAL ctel =0
-

dr
where the observable (light) velocity of the photon is ¢' = -,
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Consider the scalar geodesic equation of (4.28). Substituting Fy
(3.6), obtained for the metric of a liquid sphere, we have

_ r dr

wdr ad (3\/1_2_\/1_ )\/1_rgzz dr’
a a

Re-write this equation in the following form, which can easily be inte-

grated:
d’:s\/1—r—9— R
a a’

dlnw = — = =
ENEE

=dln

1 dw Tg

(4.29)

2
TgT
a3

(4.30)

1
Tg rgr?
3\/1—;—\/1— ol

We study only the photons inside the star. We therefore will look for
the solution for the interval 4 <r < a. We obtain, after integration,

B
w= =,
Wi\ 1-

where B is the integration constant.
Assume that the photons originate from the Hilbert surface (rg =1g).

Then .
_ / T'g / Ty

where wy is the initial value of the photon’s frequency (on the Hilbert
surface of the star). Since ry < a for regular stars, we neglect the high-
power terms of %9 Finally, the solution of the scalar geodesic equation,
which manifests the photon’s frequency (4.31), takes the form

wo <3\/1%1)
T

Now, consider the vectorial geodesic equation of (4.28). With our
assumption of the radial motion of the photon, it has the form

2 1 2
@ Ldwdr | Al (@) _Fl=0. (4.34)

(4.31)

(4.33)

dr? " wdrdr " T \dr



104 CHAPTER 4 STELLAR WIND

Denote 7= % and 7= 4C. Substitute L9 (4.29), A{, (3.8), and F'
(3.7). Thus the vectorial geodesic equation (4.34) transforms into the
non-linear differential equation of the second order with respect to r

2 rgr2+
\/1_ a3
2
ror 12 cr \/1_
+ 39 ==0. (4.35)
1o ¢ 3\/1———\/1—Tg’“
a

In this form the equation is simply non-solvable. Therefore, we simplify

it by the formula for 72 taken from the obvious relation h;cic? = c?,

which in the present case has the form

-2
T__ - (4.36)
1 _

2
TgT

a3

As a result, the initial equation (4.35) takes the form

~0. (4.37)

This is the equation of harmonic oscillation with the frequency

_C o J2GM (4.38)
a a a a

which is obviously dependent on the escape velocity calculated for the
star, vy (4.20).

In general, the frequency Q (4.38) only depends on the mass M
and radius a, which are the integral characteristics of the star. We
therefore refer to it as the proper frequency of the star. Table 3.1 gives
the numerical values of the proper frequency € for the typical members
of the known families of stars.

The proper frequency reaches its ultimate-high magnitude 2,,x = g
by ¢ = a. This is the case of gravitational collapsars (black holes), which
is also applicable to the Universe as a whole. According to observational
estimates, the Universe’s radius is a =1.3x10%% cm, and it is the same
as its Hilbert radius r4: the Universe is a huge gravitational collapsar.
Therefore, the proper frequency of the Universe is

O = — = 2.3x107% sec ™! (4.39)
a
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Object Mass M, Radius Proper frequency
gram a, cm Q, sec™?
Wolf-Rayet stars 1.0x10% 1.4x10" 7.0x107°
Red super-giant™ 4.0 x10%* 7.0x10"3 1.6x1077
White super-giant® 3.4x10% 4.8x10*2 6.4x1076
Sun 2.0x10% 7.0x10"° 8.8x107*
Jupiter (proto-star) 1.9x10% 7.1x10° 8.4x10™*
Red dwarfs 6.7x10% 2.3x10'° 2.7x1073
Brown dwarf* 4.1x10% 7.0 x10° 7.4x1073
White dwarf® 2.0x10% 6.4x10° 1.0
Universe 8.8x10%° 1.3x10%8 2.3x10718

*Betelgeuse. Rigel. *Corot-Exo-3. ¥Sirius B.

Table 3.1: The proper frequency €2 for the typical members of the known
families of stars, and for the Universe.

which matches the numerical value of the Hubble constant, which is
H=2<=(2.3%0.3)x10""® sec™!. In this case, the integral mass of the
Universe should be, according to (4.38),

023
2G

which coincides with the observed range of the average density of sub-
stance in the Universe, which is from 10728 to 1073! gram/cm?.

Let us return to the vectorial equation of motion of the light-like
particles inside liquid stars.

The vectorial geodesic equation in its final form (4.37) solves as

rBlcos<,/r—9 £>+Bgsin <,/T—9 f), (4.41)
a a a a

where By and By are the integration constants. Assuming 7 and 7 at
the initial moment of time 79 =0 to be ro=r, and 79p=c, we obtain

Bi=r,, Ba=a /Tﬁ. (4.42)
g

As a result, we obtain the final solution for r, which is

M = = 8.8x10%° gram (4.40)

T'g

r:rgcosQT—i-a‘/isinQT, a="< = (4.43)
Tg

a a
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i.e. the harmonic oscillation equation r = Ay cos Q7+ As sin Q7. Differ-
entiating (4.43), we obtain the oscillation velocity of the photon
F=ceosQr — “ L sinQr, Q=<,/22 . (4.44)
a al\ a
As is seen from the solution (4.43), the light-like matter of each
single star oscillates at the frequency 2 (4.38) depending on the mass
and radius of the star, and with two primary amplitudes:

a) The oscillation with the amplitude A;=r,. In fact this means
that the surface of the Hilbert core of the star, wherein the stellar
energy is released, oscillates at the proper frequency of the star.
Thus the released light-like matter oscillates at the same frequency
and amplitude as its source (the Hilbert core);

b) The oscillation with the amplitude Ay =+/a3/r,, which coincides
with the outer space breaking of the star’s field (see Chapter 2 for
details). The space breaking is located outside the star, in the cos-
mos. For the Sun (a=7.0x101% cm, Tg= 2.9x10° ¢cm), we obtain
Ay =3.4x10"% cm=2.3 AU which is the distance from the Sun
to the maximal concentration of asteroids (in the asteroid strip).
This means that the spherical surface the outer space breaking of
the field of each single star oscillates at the proper frequency of
the star, as well as the Hilbert core.

Hence, we arrive at the following fundamental conclusions:

1. The surfaces of both the inner space breaking and the outer space
breaking of the star’s field oscillate at the same frequency €2, which
is the proper frequency of the star;

2. This frequency and the amplitudes thereof only depend on the
mass M and radius a of the star;

3. In fact, this common oscillation of light-like matter comprising the
star is due to the gravitational field of the star (originating in the
star’s mass M).

How does this oscillation affect the photon’s frequency? To answer
this question, consider the obtained solution for the photon’s frequency
w (4.33) in the framework of the two ultimate cases which correspond
to two oscillation amplitudes: r=A; =7, and r=As=+/a3/r,. Thus
the frequency takes the following numerical values:

31—+
r=A1=ry: w=wy—F——m""=wo, (4.45)
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r=Ay=—: w=wy———2n—. (4.46)

As is seen from these formulae, the primary oscillation of the gravita-
tional field of the star does not affect photons which are close to the
Hilbert core (at the center of the star). The oscillation affects only
photons at large distances from the Hilbert core.

§4.3 Particles of the stellar substance inside a regular star

Such particles travel along non-isotropic geodesics. The chr.inv.-equa-
tions of non-isotropic geodesics (see [18,19]) have the form (4.3):

dm m ;om ik
E—C—QFlV +c—2DikVV =0
, (4.47)
d(mv') i iy k i i onk
7 +2m (D}, + A ) vE = mF + mAL vV =0
-

We assume a regular star to be a liquid sphere, which is free of rota-
tion and deformation (A;; =0, D;;=0). For a particle of the stellar
substance, which travels inside the star radially from the center to the
surface, the observable velocity is v' = 4= while v2=v*=0. In this case,
the chr.inv.-equations of non-isotropic geodesics (4.47) take the form

dm m 1
ar e =
2(m) (4.48)
7 —mF' +mA; vivi =0
-

They have the same structure as the chr.inv.-equations of isotropic
geodesics (4.28). They solve in the same way. But mass-bearing par-
ticles do not possess the light speed condition hgycick=c? (4.36) we
have used for the isotropic geodesic equations. Therefore, the chr.inv.-
equations of non-isotropic geodesics (4.48) will have another solution
than that which we have obtained for the chr.inv.-equations of isotropic
geodesics (4.28).

Substitute, into the scalar equation of (4.48), F; (3.6) which we have
obtained for the metric of a liquid sphere. We thus obtain the scalar
geodesic equation in the form

—— =L o
m dr a (3\/1_%_\/1 222) \/1_7«222 dr

(4.49)

1 dm Tg r dr
T
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This equation can be re-written in the form

i

dlnm = — =

s
=dln 1
N

which is easy to integrate. With ry <r <a (we study only the particles
inside the star) we obtain, after integration,

B
m = T
N L

where B is the integration constant.
Let the particles start from the Hilbert surface (rg =r4). Then

0)(\/1— 1——), (4.52)

(4.53)

. (4.50)

(4.51)

where

mo) =

is the initial value of the relativistic mass of the particle on the Hilbert
surface of the star. Since ry <« a for regular stars, we neglect the high-
power terms of %g With all these taken into account, the solution of
the scalar geodesic equation, which is (4.51), takes the form

(4.54)

G
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where
mo

mg) = (4.55)

52
_ T

C2
in the framework of our approximation mentioned above.
Now, consider the vectorial geodesic equation of (4.48). With our

assumption that the particle of the stellar substance travels radially,
from the center of the star to its surface, the equation has the form

d*>r 1 dmdr dr\Y
—+———+AL (=) -F'=0. 4.56
dr? + m dr dr ton <d7'> (4:56)

With 142 (429) Al, (3.8), and F! (3.7) substituted, and with the
2
notations ¥ = % and 7= %, this equation transforms into the non-

linear differential equation of the second order with respect to r

. TgT 72
iy 5 > T
a Tg Tgr TgT
(3\/1 o B \/1 T ad > \/1 T
2
TgT
.0 2 _ 9
rgT r C'TgT 1 a3

_ =0, (457)

L +
a3 rgr? as T rgT
R

It is identical to the equation (4.35) we have obtained for the photon,
and is non-solvable as well. To simplify the equation, we express 7
from the obvious relation ki1 77 =72, which takes the form

2 2
9 T mg\ .o
c (1 3 ) ( — —2) =7, (4.58)

where
m= (4.59)
It follows, from (4.54), that
I e e
o _ ) (4.60)

m 341 -2 1

a
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Therefore, from (4.58), we obtain
< rg rgr? . e
3 1f—f\/1f , )( f—)
2 a a3 2
e (1) 1
a3 2
<3\/1% - 1>

Substituting this formula for 72 into the initial differential equation
(4.57), and neglecting the high-power terms of %g, we obtain the vecto-
rial geodesic equation (4.57) in the solvable form

. (02 + 7‘8) TgT
r 4+ T - 0 (462)

This is the equation of harmonic oscillation with the frequency

(02 + 7‘3) Ty
2a3 '
It concerns the particles of the stellar substance. As is easy to see, this
formula transforms into the formula for the photon’s frequency 2 (4.38)
by the ultimate condition 7 =c.
The vectorial geodesic equation (4.62) solves as

r=Q1co8sQT + Q2 sin Q7 (4.64)

Q= (4.63)

where the integration constant ()1 and Q)2 results from the conditions
ro=rg and 7o at the initial moment of time 79 =0. We obtain

roavaa

Qi=rg, Q2= . 4.65
I o
Therefore, the final solution for r has the form
foay 2
r =14 cos QT + MSiHQT, (4.66)

(2 +78) g
which is the harmonic oscillation equation r = A; cos Q7+ Ay sin Q7.
Differentiating (4.66), we obtain the velocity of the particle

C2 + 7;2 7,3
r=— (2% sin Q7 4 79 cos Q. (4.67)
The obtained solution (4.66) manifests that the liquid substance of
each single star oscillates at the frequency € (4.63) depending on the
mass and radius of the star, and with two primary amplitudes:
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a) The amplitude A; =7y, which is the same as that for photons (see
above). The Hilbert core of the star, consisting of liquid substance,
oscillates at the proper frequency of the star;

b) The amplitude
roavaa

Ay = .
It depends on the initial velocity of the particles of the stellar
substance, 7o. If 7o=¢, As=+/a3/rq,which coincides with the
amplitude of stellar photons (see above). According to (4.68),
the initial velocity for the particles whose oscillation amplitude
reaches the surface of the star (As =a) is

c\/T 2GM
VT - Yu Y vip=+4{/——, (4.69)

:\/2(1,77’9 \/277-_9 \/5’ a

where vy; (4.20) is the escape velocity for the star (with which the
particle leaves the gravitational field of the star forever). Thus,
by the condition As >a in (4.68), we obtain the velocity which
is necessary for a particle of the stellar substance in order to be
erupted from the surface of the star

GM

o =\ — . 4.70
70 - (4.70)

(4.68)

T

Let us transform the obtained formula for the proper frequency 2
(4.63) in order to express it through the orbital velocity v, for the star*

c |r 72 v 72 v 72
Q=—y/Z\/1+2 =" 1+ 2="4/1+2. @471
a\ 2a * 2 a2 + c? a + c? ( )

Using this formula, we express r (4.66) in the form

r=rgcos QT + fod = sin Q7 (4.72)

viy/ 1+ Z—g
which is r = A1 cos Q7+ A5 sin Q7. So we have

7;0(1

Ay =rg, Ay = —. (4.73)
VI\/l—i—Z—g

*The orbital velocity vi, known also as the first cosmic velocity, allows the test-
particle to be orbiting the massive body without falling down onto its surface.
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Thus, 7 (4.67) transforms to

2
f:——rgvlwl—i—r—gsinQT—i—r'OcosQT. (4.74)
a c

Consider now the amplitude Ay (4.73) for some particular cases,
where it has different numerical values:

1)

If 79=0, we have A3 =0 according to the definition of Ay (4.73).
Hence the particles of the stellar substance oscillate at the ampli-
tude 4. In other words, if 7o=0, the particles cannot leave the
surface of the star;

If 7o = vy, the particles also cannot leave the star. This is because

they oscillate at an amplitude less than the physical radius of the

star
a

Jird

If 79 =vy, then the particles leave the star. This is because in the
case of 79 =v;; we have

D) 2
=2 n (1o ) oB Vi (4T
1+ 2

If Ao=a: the amplitude equals the physical radius of the star.
Then we obtain, from the definition of Ay (4.73), that

Ag = <a; (4.75)

1

2
v
Fo = I 2:(1_22)VI<V1.
J1+3 ¢

The particles are a little slower than the orbital velocity for the
star. This means that, if the amplitude equals the physical radius
of the star (Aa=a), the particles may jump up from the surface
of the star and yet they do not leave the star for the orbit (they
always fall back down on the star).

(4.77)

Thus, the new mathematical theory of liquid stars provides a solid
theoretical ground to stellar wind as that consisting of two components.
One is a little slower than the orbital velocity for the star, while the
other travels faster than the escape velocity. This conclusion matches
observational data. For example, the solar wind consists of two compo-
nents. The slow solar wind travels at a velocity of about 400 km/sec that
is slower than the orbital velocity for the Sun, which is v; =440 km//sec.
The fast solar wind travels with a velocity of about 750 km/sec, which
exceeds the escape velocity, vi; =617 km/sec.
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§4.4 Conclusion

Let us summarize the main conclusions which we have obtained on the
origin of stellar wind. The conclusions are as follows:

1. Given any star, the light-like matter that fills it oscillates at the

frequency
c |rg Vg 12GM
Q = — —_ = — = .
al\ a a a3

Each single star has its own frequency €2 according to its mass M
and radius a. Therefore, it is the proper frequency of the star;

2. The oscillation occurs with two primary amplitudes. The am-
plitude A; =7, coincides with the surface of the Hilbert core of
the star, wherein the stellar energy is released. The amplitude
As=+/a3/ry coincides with the surface of the outer space break-
ing of the star’s field, which is located in the cosmos. For the Sun,
Ay =3.4x10"3 ¢cn = 2.3 AU coincides with the maximal concentra-
tion of asteroids (in the asteroid strip). This common oscillation
of the light-like matter of the star is due to the gravitational field
of the star (its source is the star’s mass M). In other words, it is
the own “breathing” of the star;

3. Particles of the stellar substance oscillate at the frequency

A+ 2 -2
Y NG LR Y R Y P
2a av/?2 ¢ a c

and with two primary amplitudes. The frequency depends on the
initial velocity of the particles, 79, and can be expressed through
the escape velocity vi; and the orbital velocity v; for the star;

4. The amplitude A; =7, is the same as that for photons. This
means that the physical surface of the Hilbert core oscillates at
the frequency 2 that above. The other amplitude A depends on
the initial velocity of the particles

roav2a roa

Ay = % = =
V(E2+7E)r, v, /1+7C"_g

5. Stars emit light (photons) and erupt the particles of the stellar
substance (stellar wind) not by the order of special physical condi-
tions, but automatically. The equations of motion of the particles
(both the photons and the substance), which travel radially inside
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a liquid star, are the harmonic free-oscillation equation

2F cAr
Q=0 Q*=-L=-2L
r a
2
where Fy = — 524" is the linearized form (in the sense of ry < a)

of the force of g?avity acting inside any liquid star. This is a non-
Newtonian gravitation (the force is proportional to the distance),
which is the cause of the oscillation of both the stellar light-like
matter and the stellar substance. Once the oscillation amplitude
exceeds the physical radius of the star, the particles come out the
star for the cosmos. Therefore, the cause of the emission of stars
is the internal structure of these self-gravitating bodies, which are
the liquid spheres in the weightless state in the cosmos;

According to the theory, stellar wind should consist of two com-
ponents: slow stellar wind and fast stellar wind. Particles whose
oscillation amplitude reaches the star’s surface (A2 =a) have the
initial velocity

2
T'OZL: 1— L v, <v;.
vI2 202

I+ =

which does not exceed the orbital velocity v, for the star. Particles
which are as fast as the escape velocity for the star (79 =vy;) have
the oscillation amplitude

2 2
AQZLZ ST aVvV?2~av2>a.
v12I 262
I+2

This means that slow stellar wind is composed of particles whose
oscillation amplitude is in the range of a < As < av/2. These par-
ticles leave the surface of the star, but not forever. They always
fall back down on the star. Fast stellar wind is composed of par-
ticles whose oscillation amplitude is A > a+/2. Particles of fast
stellar wind leave the gravitational field of the star, forever, for the
outer cosmos. Naturally, solar wind consists of slow solar wind,
which travels at ~400 km/sec (slower than v,, =440 km/sec),
and of fast solar wind travelling at ~ 750 km/sec (faster than
Ve =617 km/sec).




Chapter 5

Neutron Stars and Pulsars

§5.1 Introducing the space metric of a rotating neutron star

This Chapter is most short, and most complicate in the math among
the other Chapters of this book. We will apply our model of liquid stars
to neutron stars and pulsars. The high level of complexity is due to the
fact that, once we introduce, in the space metric, the rotation around
even a single coordinate axis, the further calculations become highly
problematic. Anyhow, let us begin.

Neutron stars and pulsars are attributed to Type II of our classifica-
tion of stars according to the General Theory of Relativity (see Table 1.1
in §1.2). This means that the physical radius a of such a star is a little
larger than its Hilbert radius r4: the star is almost a collapsar, but still
has a possibility to shine as a regular star. In §1.2 we showed that the
space metric of a liquid sphere transforms into de Sitter’s metric of a
vacuum sphere under the condition of gravitational collapse (a =1y, i.e.
the liquid sphere is a collapsar). The metric has the form (1.16)

2 _ 1 N 50 dr? 2 (102 .2 2
ds —<1¥)cdt - — T (d6* + sin’6 d¢?) . (5.1)
-2

The physical parameters of neutron stars and pulsars are close to the
parameters of collapsars, but are not the same (see Table 1.1). Therefore
the metric (5.1), which includes the collapse condition, is close to the
true metric of a neutron star or a pulsar, but is not.

How to modify the space metric of a collapsar, (5.1), in order to
obtain the metric of a neutron star or a pulsar? To leave the collapse
condition, but be near it in the same time. Easy.

Remind, the particular condition of gravitational collapse (goo=0)
comes from the general condition of gravitational collapse according to
which the physical observable time 7 (1.30) stops on the surface of the
object g

02 i
dr Mdt+cmdz 0. (5.2)
If the local space of the object does not rotate (all go;=0), the afore-
mentioned particular condition of collapse (goo=0) occurs.
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Once the object rotates (at least one of all three quantities go; is non-
zero), the condition ggo =0 can remain true on the surface of the object
but does not mean gravitational collapse. This is due to the second
term of the complete condition of collapse (5.2) which is non-zero in this
case. Therefore, once the rotation is introduced into the metric (5.1),
the metric describes the sphere which is out the state of gravitational
collapse. The faster the sphere rotates, the more its state differs from
the state of a collapsed sphere.

If we will find, in addition to the modified metric which contains the
rotation, Einstein’s field equations in the form containing the strong
magnetic field and also, in the same time, satisfying this metric, we will
have the complete description of a neutron star or a pulsar. This is our
research plan for this Chapter.

First, we add the space rotation to the metric (5.1), according to the
theory of chronometric invariant: see formulae (1.45) of §1.3. Assume
that the object — the liquid sphere of the radius a — rotates, with an
angular speed w, along its equatorial axis (the axis ¢ in the spherical
coordinates 7, 6, ¢). In this case, the initially metric of the collapsed
liquid sphere (5.1) takes the following form

(
1 2 2wr? cos

ds® = < (1 = r_2> Adt? + =27 cdrdg —
4 a c

dr? 2 (102 | 2 2
— — 1% (d#® +sin’0d¢®),  (5.3)
1—-=

a2

which means that the sphere is not a collapsar (due to the rotation, see
the explanation above).

The linear velocity of such a rotation is determined by gg; of the
space metric according to the general formula (1.45). In the present
case of the metric (5.3), it has the form

2war? cos b

e (5.4)

vy =102 =0, U3 =
a

—r
The ultimate magnitude of the rotation speed of the neutron stars,
registered in the astronomical observations, is about 1,000 km/sec. We
therefore neglect the terms Z—j, where v =h"*v;u;, < ¢?. The condition
v? < ¢? also means that the rotating body remains to be a sphere.
The three-dimensional observable chr.inv.-metric tensor h;, (1.34)
of the space, whose metric is (5.3), has the components
1 a? 1 9

BT 220 hoy =25 =17, hsz=

hll = h22

1
= =r?sin?0, (5.5)
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while the determinant of the chr.inv.-metric tensor h;, and its non-zero
logarithmic derivatives along the spatial coordinates are

a?r* sin0
h=det||hir| = —5—5—, (5.6)
*31nvh _ 2a% —r2 (5.7)
or r (a2 —1r2)’ '
*0lnvh
% = cot 0. (5.8)

Also, due to the assumed condition v? < ¢? (the non-relativistic ro-
tation of the object), the chr.inv.-differential operator along the spatial
coordinates (1.41) coincides with the regular differential operator.

With goo and go; of the metric (5.3), we now deduce the formulae
for the chr.inv.-vector of the gravitational inertial force F; acting in the
space, and for the chr.inv.-tensor of the angular rotation of the space,
Aik. According to the definitions of these quantities which come from
the chronometrically invariant formalism (see §1.3), we obtain

2 2

cr cr
=3 Fl:?’ (5.9
Aow = 2wa3r cost 413 _ 2wacosf
SRR e Va2 —r2 sin%0 (5.10)
Ay — war?sing 423 _ wa '

VaZ—r2 '’ r2v/a? —r2 sin

Two other chronometrically invariant (physical observable) quanti-
ties will be needed for our further calculations of Einstein’s field equa-
tions. These are the chr.inv.-Christoffel symbols of the second kind A}
and the chr.inv.-curvature tensor Cjz;;. After some algebra according to
the general formulae of these quantities (see §1.3 for detail), we obtain
that, in the space of the metric (5.3), the chr.inv.-Christoffel symbols

¢, have the following non-zero components

1 r 1 _ r(a2 _7"2)
All - a2 — 7’2 ) A22 - _T’ (511)
2 2
— 1
Al = fLﬂ sin20, A2 = A3, = — (5.12)
a T

A3, = —sinf cosf, A3s = cot ), (5.13)
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while the non-zero components of the chr.inv.-curvature tensor Cjy;; are

2
Ci212 = 2 (5.14)
r? 5
Ciz13 = 5 S0 9, (5.15)
A
02323 = 7@ Sin29 . (516)

Respectively, the contraction Cir, =h™"Cipmkn (the chr.inv.-analogy of
Ricci’s tensor) has the following non-zero components

2 27?2 22 . 9
a2 _ 2’ Cp=-——, CUp= —2 Sin 0. (5.17)

Cii=—

With these characteristics of the space of the metric (5.3), we are

able to deduce Einstein’s field equations in the form satisfying the metric
(that is the next step of our research of neutron stars and pulsars).

§5.2 Einstein’s field equations and the conservation law equa-
tions satisfying the metric

Consider the chr.inv.-Einstein equations in the general form (1.85-1.87).
In a stationary space (that means that the space is free of deformations),
such as the space of the metric (5.3) that we suggest to neutron stars
and pulsars, the chr.inv.-Einstein equations take the simplified form

1

A A 4 (*Vj -3 Fj) Fi = ,g (p® +U) + A, (5.18)

92 y 3 .
5 B AT =V AT =], (5.19)

o] 1
QAUAkJ + 5 (*ViFk + *VkFZ) ) FiFk - C2Cik =
C
ya

5 (pchik + 2Ui — Uhig) + Ac*hi. (5.20)

Herein, p, J?, and U’ are the chr.inv.-projections (1.84) of the energy-
momentum tensor of the continuous matter that fills the space. These
are the observable density of mass, the observable density of momentum,
and the observable stress-tensor, respectively. While U = h**Uy;, is the
trace of the observable stress-tensor. Note that the energy-momentum
tensor has now an arbitrary form. So, the sort of the distributed matter
is not specified for yet.
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Substitute, into the equations, the chr.inv.-characteristics of the met-
ric (5.3). While doing so we should take into account the fact that the
initially (non-rotating) metric (5.1) was deduced under the conditions
a?=3%>0and A>0 (see §1.2 for detail). As a result, we transform the
chr.inv.-Einstein equations (5.18-5.20) to the form

Sw?atcot?d  2w?a?

X, 2
(a2 —712)2 Z_r2 9 (pc”+U), (5.21)
2wa cot

S L — ] 5.22
r2v/a? —7r2 siné ( )
8w?atcot?0  x, 32Uy1 (a® —1?)
W—g(m _U):Ta (5.23)
4w?a*r cot @
W = —%Ulg, (524)
2w2a® x4 32Uz
aa g —U)=—35=, (5.25)
2w2a®  8w?atcot?d sk, »Usg
02 _ 2 @—r2)2 2 (pc” = U) = 220 (5.26)

By the calculation of U =h*U;, =h' U1 +h?2Uss+h33Uss from
the three respective tensorial equations of these, we obtain the relation
which connects the quantities p and U

(3pc? —U). (5.27)

16w2a* cot20 N dw?a®
(a2 —712)2 @2_r2 9
Summarizing (5.21) and (5.27), we obtain the formula for the density

of the distributed matter that fills the space
12w?a* cot?0  3w?a?
(a2 —712)2 a2 _ 12

= xpct. (5.28)
Multiplying (5.21) by 3, then subtracting (5.27) from the obtained
product, we obtain the formula for U

4w?a* cot?d w?a?
(a2—7r2)? a2 _r2

Comparing the obtained formulae (5.28) and (5.29), we see that p
and U of the distributed matter which fills the space of the metric (5.3)
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are connected to each other by the relation

U= %ch. (5.30)

Finally, we transform the four tensorial equations of the obtained

chr.inv.-Einstein equations (5.21-5.26) so that they express the non-

zero contravariant components of the stress-tensor: Ul =h'mh"U,,,.,

Ul2=h'mn2"0,,,, U?2=h?>"h2"U,,,, U33=h>"h3"U,,,. Taking the

obtained relation U = % pc? (5.30) and also the obtained formula for p
(5.28) into account, we obtain

_ 8w?a®cot?d  xpc?(a®—1?)

11
»U g 302 : (5.31)
4w?a® cot 0
12 _
1 [2w?a?  »pc?
22 _
»U™ = 2 [aQ—TQ -3 ] , (5.33)
188 _ 1 2w?a? 8w?a’ xpc? 534
> T r2sin20 (a2 —12 ' (a2 —12)2 T3 (5.34)

Now, we have to check whether the obtained chr.inv.-Einstein equa-
tions (i.e. the given particular type of the distributed matter) satisfying
the metric (5.3) or not.

How to do it? The terms consisting Einstein’s field equations are of
two sorts. These are the characteristics of the particular space and the
characteristics of the matter which fills the space (the latter are the com-
ponents of the energy-momentum tensor of the matter). Suppose that
we have received, in another way, the formulae for the components of
the energy-momentum tensor of the given matter as expressed through
the characteristics of the given space. Then, substituting one into the
other, we will see: if the equations become identities, they satisfy the
particular space; however if not, then not.

To find how p, J?, and U of the obtained chr.inv.-Einstein equa-
tions are expressed through the geometric characteristics of the space,
we consider the conservation law equations (1.89-1.90). The equations
are the extended chr.inv.-notation of the conservation law V,T*° =0
for the energy-momentum tensor of the distributed matter.

In the space, which is free of deformations, such as the space of the
metric (5.3) we suggested to neutron stars and pulsars, the conservation
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law equations (1.89-1.90) take the simplified form

D e 1

atp+*viJ1—c—2FiJ1:0, (5.35)
*a‘]k -k 71 * ik k

24T U = pPF =0, (5.36)

where *61 =*V; — C%FZ (see Notations). According to the obtained
chr.inv.-Einstein equations, we have only J2#0 of all the three compo-
nents J* of the observable density of momentum in the rotating liquid
sphere. Also, as was shown in §4.2, only Fj #0 therein. Therefore,
concerning the scalar conservation law equation (5.35), we have

o D 1
Vil = S FJ ="V — S Fy )P =
C &
0.J° o1 1
= ( 9 +J3A§30—2F3J3) 70—2F3J3:0. (5.37)

As a result, the scalar conservation law equation (5.35) transforms into
the condition

ot
which means that the observable density of the matter (the liquid sub-
stance and the fields) that fills the sphere is stationary.
Of the three vectorial conservation law equations (5.36), the equation
with the index k=3 vanishes. The rest two vectorial equations (with
k=1,2) take the form, respectively

O s (a2 — 72 11 12 1
s1(a®—r )J3 n ou ou (8 n\/ﬁ> o2

0, (5.38)

a2 a0 90

dlnvh 1

+ AL U + AU + <A}1 t—5 —Z F1> UM = pF', (5.39)

2A32 3 8U12 8U22 o0 ln\/ﬁ 29
A T, ag ) U T

dInvh

A2 U33 2A2
+ A33 + T2+ or

1 12
-3 F1> U™ =0. (5.40)
Consider these two conservation law equations (5.39, 5.40) which
remain non-vanished for yet. Substitute, into the equations, the charac-
teristics of the space of the rotating liquid sphere and the characteristics
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of the matter which fills it. The formulae for U* (5.31-5.34) and the
formula for J3 (5.22) which come from the chr.inv.-Einstein equations.
The formulae for the logarithmic derivatives (5.7, 5.8). The obtained
formula for p (5.28). The formulae for the acting gravitational inertial
force Fy (5.9) and for the non-zero components A3, Aas of the tensor
of the angular rotation of the space (5.10). When all the formulae have
been substituted into the remaining conservation law equations (5.39,
5.40), after some algebra we see that the equations vanish as well.

So, the common solution of Einstein’s field equations and the con-
servation law equations in the space of the rotating liquid sphere showed
that the suggested equations are valid in the space. In other words, the
space metric (5.3) we have suggested to neutron stars or pulsars satisfies
Einstein’s field equations (and vice versa).

§5.3 Introducing the electromagnetic field

As is known, every neutron star or pulsar bears the strong magnetic
field. Therefore, we go to the next stage in this research. We need to
introduce such an energy-momentum tensor that describes the electro-
magnetic field and satisfies the relation U = pc? (5.30) which follows
from the obtained chr.inv.-Einstein equations. The energy-momentum
tensor which satisfies the relation U = %pc2, satisfies the space metric
we suggested to neutron stars and pulsars. Once the energy-momentum
tensor will be obtained, the equations of the electromagnetic field will
be able to be deduced. Then we conclude how the electromagnetic field
is distributed inside a neutron star or a pulsar, according to our theory.
This is our plan for now.

The energy-momentum tensor of an arbitrary electromagnetic field
has the following general form

af _
Tem = 4mc?

1
(—FgFB" +3 gaﬂFWFW) : (5.41)

where Fi, 5 is the electromagnetic field tensor (the Maxwell tensor). It
is the curl of the four-dimensional electromagnetic potential A

04 04,
0z 9B
The physical observable chr.inv.-projections of the vector A® are the

scalar potential ¢ and the vector potential ¢’ of the electromagnetic
field

Fop=VyaAg— Vg A, (5.42)

0= g = A (5.43)




§5.3 INTRODUCING THE ELECTROMAGNETIC FIELD 123

The theory of the electromagnetic field expressed in terms of the
chronometrically invariant formalism is well developed in our book [18].
(See Chapter 3 therein.) So forth we follow with the theory, and refer
everyone who is curious in the details to the book.

The physical observable components of the electromagnetic field ten-
sor Fpg (5.42) have the form

Too E;E'+ H,H*

Pem = % Src2 5 (544)
. Ti 1 .

Ji = Cg(?o = """ EyHum, (5.45)
. . . 1 . .

Uk = 2T = po?hit — — (E'EF 4+ H* H*F). (5.46)

4

Herein, E* and H*' are, respectively, the three-dimensional chr.inv.-
vector and chr.inv.-pseudo-vector of the electric and magnetic strengthes
of the field, while ™" is the unit completely antisymmetric three-
dimensional chr.inv.-pseudo-tensor. They are expressed as [18]

_ 0o 170qn o

E*ik _ 7€iknE E =
" T 9xn e Ot 2"

5 5 (5.47)
1 O "0qn  2¢
H" =~ Z’mnI{nLn; Hpp =

2 c ox™ ox™ c

We see that the observable electric and magnetic strengthes depend
on not only the electromagnetic field itself (the scalar and vectorial
potentials, ¢ and ¢*), but also on the acting gravitational inertial force
F; and the angular velocity of the space rotation, A;.

Pulsars are the massive objects which possess the strong electro-
magnetic field and the rapid rotation. Therefore, the factors of F; and
A, are significant in our study. We will, however, neglect the temporal
variations and spatial non-uniformities of the electromagnetic poten-
tials by assuming ¢ =const and ¢; =const. With these assumptions,
the observable electric and magnetic strengthes take the form

E=--YF, HY- _2P g (5.48)
c c
where 2*? is the three-dimensional chr.inv.-pseudo-vector of the angular
velocity that the star rotates
1

1.
Q= e A, Qi = 5 i A (5.49)
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The components of the chr.inv.-tensor of the angular speed of the space
rotation, A;i, are determined by the metric of the space of the rotating
star. They, calculated for the metric of a neutron star or a pulsar, are
presented in formula (5.10).

Note. The formulae for the electric strength and the magnetic
strength (5.48) which we finally suggest to neutron stars and pulsars,
manifest that the electromagnetic field of such a star is due to its grav-
itation and rotation. Namely, — the electric strength E° of the field
is manifested only due to the gravitational field of the star (even if the
electromagnetic field potential ¢ is presented in the star). The magnetic
strength H* is manifested only if the star rotates.

Using these formulae for E* and H** (5.48), and all the aforemen-
tioned assumptions we suggested to neutron stars and pulsars, we trans-
form the physical observable components of the electromagnetic field
tensor Fpp (5.44-5.45) to the form

) ,
b i *j
o = 0,09, .
P 2met < 4c? T (5:50)
2
i Y _ikm
_ P mpq. 51

Jom 271'045 k (5.51)

w92 (EF? Q.. | pik p* (F'F* ik

= ST B - 2 (T i 52
Uem 2mc? < 42 T > e < 1zt ) , (5:52)

which corresponds to the vortex-free electromagnetic field of a neutron
star or a pulsar. From here, we obtain the formula for Ugy, = hyg Ugfn

2 F.FI :
Uem = 50 ( e +Q*jQ*J) = pemc®. (5.53)

As is seen from this formula, (5.53), in the framework of the assumed
conditions of the particular electromagnetic field, we have U = pc2.
However, as we obtained earlier for the space metric of a liquid neu-
tron star or a liquid pulsar, there should be U = %ch (5.30). In other
words, according to the metric, we should have

1
Uern = g pem027 (554)
where 0. 0¥ 0. Q¥
%3 *J 3 i *]
U = =222 pp = (5.55)
V1 »cC

Therefore, our task now is to find such a physical condition under which
the electromagnetic field satisfies (5.55), and hence (5.54).
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Let us find the condition. With the use of the obtained relationship
Uem = pem ¢’ (5.53), we re-write the (desirable) formula Uey, = %Q*jQ*j
(5.55) in the form

0 . i
"2} Fj FJ 7 Q*jQ J
0,07 ) = ——— | 5.56
2 c? < 4c? R P (5:56)
or, because » = SZQG , in the equivalent notation
Gy?
2 j 4 j

0, QY = °72 F;F7. (5.57)

1_ 4G

04
Note that the quantity GfZ is dimensionless. The scalar electromagnetic

C
potential is constant, ¢ = const, according to our initially assumptions.

Therefore, and because the magnetic strength is H*'=—22Q* (5.48),
the stationary rotating star is a permanent magnet.
Denote
Gp?
=n

: (5.58)

4
c
where n < i, while ¢ and G are the fundamental constants. Therefore,

02

. 2 1/2 1/2
o= o5 < L1410 o Zem 2 (5.59)
Having the scalar electromagnetic potential ¢ within this scale of the
magnitudes, the electromagnetic field satisfies the space metric of a
neutron star or a pulsar.

As a result, we re-write the obtained formula (5.57) in the form

n - 1
E;F* < —. 5.60
T—dan " "5 (5.60)
With this particular condition, which connects the acting force of gravi-
tation and the angular velocity of rotation of the space, the electromag-
netic field satisfies the space metric and Einstein’s field equations which
we suggested to neutron stars or pulsars.

02 Q*jﬂ*] =

8§5.4 The distribution of the magnetic strength

To find how the magnetic strength is distributed along the surface of a
neutron star or a pulsar, we consider Maxwell’s equations. The general
formulation of the two groups of Maxwell’s equations is

4
V, P = Zn Y, P =), (5.61)
C
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where F*ho = ghoaf F,p is the pseudo-tensor which is dual to the elec-
tromagnetic field tensor Fi,g, while j# is the four-dimensional current
vector.

This formulation of Maxwell’s equations means an arbitrary elec-
tromagnetic field. Transform it with taking into account our assump-
tions which are particular to neutron stars and pulsars. As previously,
we neglect the temporal variations and spatial non-uniformities of the
electromagnetic potentials by assuming ¢ = const and g¢; = const. With
these assumptions, the current vector is zero (j#=0) thus Maxwell’s
equations (5.61) take the particular form

V,FH =0,  V,F*" =0, (5.62)

Write down the particular Maxwell equations (5.62) according to the
chronometrically invariant formalism. The chr.inv.-Maxwell equations
have the form (see Chapter 3 of the book [18] for detail)

1
VB - - H*Ay, =0

; I (5.63)
. 1 . 1 /(*OE" . ’
Ve H* — = FLH* — = ( + DEl) =0
c c \ Ot
* *7 1 *ik
ViH" ——FE"" A, =0
¢ . I, (5.64)
- 1 . 1 /(*0H* : ’ '
A V/ Sy A 5 +DH*) =0
c2 c ot
where E*%* = — ¢ £ is the pseudo-tensor which is dual to the electric

strength tensor Fj;, while D =h** D is the rate of the deformation of
the space. Because the space of the rotating liquid sphere which is under
our consideration does not deform, and also, according to our initially
assumptions, the electric and magnetic strengthes are stationary, the
chr.inv.-Maxwell equations take the simplified form

. 1 .
VB - —H%Ay =0
¢ ) I, (5.65)
*VkHik _ c_2 Fksz =0

) 1 )
*Vi H* — = E*zkAik -0
¢ ) I1. (5.66)
*Vk E*zk _ C_Q FkE*zk -0
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Substitute, into the chr.inv.-Maxwell equation (5.65, 5.66) which
are already adapted to the space metric of a neutron star or a pul-
sar, the respective formulae for E* and H** (5.48) (and those for their
dual preudo-tensors), and also the respective characteristics of the space
which we have obtained in §4.1.

The first (scalar) equation of Group I (5.65) takes the form

c? 3a?—2r? .

g = 40,97 (5.67)
Two of the vectorial equations of Group I vanish, while the third vec-
torial equation takes the form

2wa® cotf 0
3 (a2 —12) /a2 _r2 sinf

where w, according to the space metric of the star (5.3), is the angular
speed of the rotation of the star along the equatorial axis ¢. Both the
scalar and vectorial equations of Group IT (5.66). Therefore, the dry rest
which we have from the chr.inv.-Maxwell equations adapted to neutron
stars and pulsars, are only the equations (5.67) and (5.68).

Due to the obvious assumption that stars are not point-like objects
(so, a>0), and that the radial coordinate is positive (r > 0), we arrive
at the solely valid solution of the equation (5.68):

(5.68)

0=+, (5.69)
2
The solution means that the vectorial equation of Group I of the chr.inv.-
Maxwell equations is applicable only to the poles of a neutron star or a
pulsar.

The vectorial equation of Group I describes the chr.inv.-function
*V H*, which means the observable three-dimensional distribution
of the magnetic strength H* of the electromagnetic field of the star.
Therefore, the solution (5.69) we have obtained means that the mag-
netic field of a neutron star or a pulsar manifests itself only at the South
Pole and North Pole of the star.

Calculate the magnetic strength H*' = — 27“0 0* (5.48) for this case.
The components of the unit antisymmentric chr.inv.-pseudo-tensor £#™
are explained in detail in Chapter 2 of the book [18]. Thus, after algebra
we obtain the components of the angular velocity chr.inv.-pseudo-vector
0¥ (5.49) of the star

2
Q*l —_ =w, Q*l _ AQB\/E — G;J—LI 742 , (570)

SlE
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_ Az _ 2wa? cot f Qe A= 2wa?r cot 0 .
Vvh o r(a?—1?) a?—r2
According to the obtained solution of the chr.inv.-Maxwell equa-

tions, which is § =+ 7 (5.69), we have cot @ =0 in the case. Therefore,

0*2=Q,5=0. This means that the magnetic field of a neutron star or

a pulsar has the solely non-zero components H*! =— 22 Q*! which thus

is the radial r-components directed from the centre of the star to its

South Pole and North Pole, then — to the respective polar directions

from the star into the outer cosmos.

This result, in common with the solution # =47, were obtained on
the basis of our mathematical theory of the liquid neutron stars and
pulsars. These purely theoretical results completely coincide with the
well-known observational data about the pulsars.

Q2 (5.71)

§5.5 The frequency and the magnetic strength of a pulsar

The electromagnetic radiation of a pulsar (rapidly rotating neutron star)
is the same as the rotational frequency of the star itself. Let us calculate,
on the basis of our theory of the liquid neutron stars and pulsars, the
frequency of the electromagnetic radiation of a typical pulsar.

Calculate Q*jﬂ*j at the South Pole and North Pole of a rotating
neutron star (a pulsar), where § =+7. We obtain

w?a?

2

Q.07 = Q0 = (5.72)

a2 —r2’

Then the condition (5.60), which connects the angular velocity of rota-
tion of the space and the force of gravity acting in it, takes the form

w2a2 n 027“2

- . (5.73)

2_p2 1—4n a?(a®—12)

a

The magnetic strength of the electromagnetic field of a neutron star
or a pulsar is expressed as H*'=— 22 (** (5.48). It is due to the rotation
of the star. Therefore, studying of the obtained relation (5.73), we can
make a conclusion about the electromagnetic radiation of the star.

The relation (5.73) has a breaking at the surface of the star (r=a).
We therefore assume 7 # a. The relation (5.73) thus takes the form

2 4
2o ldnwa (5.74)

n c?

where r, with taking the previous solution § =475 (5.69) into account,
is the radial distance along the polar axis of the rotation of the star.
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If the electromagnetic radiation is produced near the surface of the
star, inside the surface layer, we have r ~a. Thus, after some trivial
transformations, we obtain the formula for the frequency of the oscilla-
tion of the magnetic field of the star

[ n c
W= w0y [T wo =, (5.75)

where wy is the ultimate high rotational frequency of the star, at which
the star rotates with the light speed.

Assume a=10%cm which is the typical radius of a neutron star.
With this radius, we obtain

wo = 3x10% sec™!. (5.76)

It follows, from (5.75), that n is expressed as

w2

= 7. 5.77

" wi + 4w? (5.77)

The observed frequencies of the radio-pulsars are in the range between

Winin=0.53 and wyax = 448.57 sec”!. This means that w? < wg. We
therefore can neglect w in the denominator of (5.77). We obtain

w
n="y= . (5.78)

Therefore, for the real radio-pulsars, the number n lies in the range
3.1x1071 < n < 2.2x107% (5.79)

Also, according to formula (5.58) deduced in the framework of our
theory, the scalar potential of the electromagnetic field of a pulsar is
5 M

v=c\G- (5.80)

Consequently, for the real radio-pulsars, we have

6.1x10" < ¢ < 5.2x10%, (5.81)

1/2 o 1/2

in [gram!/2cm!/2sec™t]. This interval of the magnitudes of ¢ satisfies
the upper theoretical limitation on the potential, which, according to
our theory, is ¢ < 1.74x10%* gram'/2cm?/?sec™! (5.59).

Finally, we now will calculate, on the basis of our theory, the ex-
pected range of the magnitudes for the magnetic field strength H** of
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the pulsars. According to our theory of the liquid neutron stars and
pulsars, H*!=— 22 (** (5.48). With the calculated range of the magni-
tudes of the scalar electromagnetic potential ¢, and with the esteemed
range of the rotational frequencies w of the pulsars, we obtain

2.1x10% < H*' < 1.5x10"°, (5.82)

1/2 1/2

in [gram!/2ecm™1/2sec™!]. This range of the numerical values very cor-
responds to the magnitudes of the magnetic field of the radio-pulsars,
which are known due to the radio-astronomical observations.

§5.6 Solving Maxwell’s equations in the stationary vortex-
free magnetic field of a neutron star

Previously, in §5.4-85.5, we studied Maxwell’s equations in the elec-
tromagnetic field of a neutron star or a pulsar under the assumption
that the four-dimensional current vector j* was zero within the field
(j*=0). See (5.62) and so forth. In other words, we assumed that the
electromagnetic field was free of currents.

Further, this assumption generates the following problem. Look at
the formula for the observable momentum of the electromagnetic field
Ji (5.51), which is the Poynting vector of the field. It has the form

) 1 . 2
Jt :_EzkmEkH*m: ¥

ikm
Fr Qo - .
M e 2mct c k (5.83)

By the current-free assumption j*=0 made in §5.4, we obtained that
only the component H*!=—22Q*! of the magnetic field strength H*!
was non-zero at the South Pole and North Pole of the star. In this case
the circular momentum of the field, J3 . which should generate the mag-
netic component H*!, would have been zero: ng = ﬁ 312 H,o=0.
This causes some trouble, because a model that satisfies astronomical
observations of the pulsars should obviously show H*!'= f%@ Q=0
and J3, = ;- e32E 1 H,p #0.

Recall that we previously arrived at the difficulty that H*! 0 but
J2,=0 as a result of our assumption according to which the electro-
magnetic field was free of currents (7% =0). Therefore, we now will solve
Maxwell’s equations in common with the condition j¢ #0.

First, we will resolve this problem in the vortex-free electromagnetic
field. In §5.7, this problem will be solved in the vortical field.

The space (space-time) metric of the rotating neutron star has the
form (5.3). This metric means that the liquid sphere is not a collapsar

due to its rotation (see the necessary explanation in the beginning of
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this Chapter). Physical and geometric characteristics of the space were
calculated and presented in §5.1. In addition to these, we only should
add that the pseudo-vector of the angular velocity of space rotation,
Q" =1c"™"4,,,, has the following components

2

Ol =w, Q=
a?—r
5.84
02 2wa? cot O Qo — 2wa’r cot O (5.84)
r(a? —1r?)’ 2T g g2

Respectively, the square of the pseudo-vector of the angular velocity is

‘ 2,2 4a2 cot?
Q00 = 0 (1+ a_cot 9). (5.85)

a?—r a? —r?

Assume now that the scalar electromagnetic potential of the field re-
mains unchanged, ¢ = const, while the vectorial electromagnetic poten-
tial g; is vortex-free. Then the components of the electric and magnetic
field strengths (5.47) take the form

B =-LF E=-2F

C C

) ) (5.86)
H*i i EimnHmn, Hy = 7_(,0 Amn

2 c

Herein, using the definition of Q*!, which is Q* = 1™ A, we rewrite

1
’ 2
the formula for H** in the form

. 2 . 2
H = -220%  H,=-22q,. (5.87)
C C

Using the formula for Fy (5.9), then calculating 2*! and Q*2 from (5.84),
we obtain the substantial components of E* and H*!. They are

pr pr

— 1 _

El —_ﬂ, E ——?, (588)

2pwa? 1 20w

Hy=—"7—7, H* =— , 5.89

! c(a? —1r?) c (5:89)
dpwa?rcot 9 dpwa®cotd

Hyp = 220 707 g2 ZP%0 2007 5.90

2 c(a? —1r?) cr(a? —r?) (5.90)

Let us find how the magnetic strength is distributed along the surface
of the sphere. Consider Maxwell’s equations in their full form (5.61)

4
V, P = Zgn Y, P =), (5.91)
C
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which implies the presence of the field current (j*#0). According to
the chronometrically invariant formalism, their physically observable
(chronometrically invariant) projections — the chr.inv.-Maxwell equa-
tions — have the form (see Chapter 3 of the book [18] for detail)

1.
VB -~ H™* Ay, = 4mp

; I (5.92)
. 1 - 1 (*0OF" - 47 ’
*kazk__QFkH’Lk__( +DE’L):_7sz
c c\ Ot c
. 1 .
*Vi H* — = E*zkAik =0
c
: II.  (5.93)
. 1 . 1 (*0OH* -
*VkE*Zk _ _2 FkE*Zk I + DH*’L — 0
c c ot
Herein, E*** = — ¢ F} is the pseudo-tensor which is dual to the electric

strength tensor F;, while D= hik D, is the rate of space deformation.
Because the space of the rotating liquid sphere which we consider does
not deform, and also, according to our initial assumptions, the electric
and magnetic strengths are stationary, the chr.inv.-Maxwell equations
take the simplified form

1.
*V; BV — - H* Ay = 4mp

I (5.94)
. 1 . 4 . ’
*kazk _ _2Fksz _ _7T jz
C (&
V,H* — ~E** A =0
¢ II. (5.95)

. 1 .
*Vk E*zk _ c_2 FkE*zk =0

The first equation of Group I (5.94) takes the form

4 2 2 42 t29 2722
pua <1+ @0 )‘P(?’a ") _drp. (5.96)

2 (a2 _ 7"2) a2 —r2 a2 (a2 _ T2)

It follows from the second equation of Group I that j!=j2=0 in the
framework of our model, while the equation for ;3 takes the form

3
pwa cotf 3

r2(a? —12) /a2 — 12 sinf -

(5.97)
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and the absolute value of the chr.inv.-current vector j° is

3
. — pwa? cot 6
J=Viki*= —. (5.98)

mr(a® —r?)va? —r

Equations of Group IT (5.95) satisfy themselves as identities. So, these
formulae for p, j3, and j (5.96-5.98) are the exact solutions to the
Maxwell equations we have just considered.

So, we have obtained the exact solutions to Maxwell’s equations in
the internal electromagnetic field of a neutron star or a pulsar, where
the field originates due to its sources: the distributed charges p and the
currents j°.

The conservation law of the electric charges and the currents sets
up a connexion between the sources of the electromagnetic field. The
generally covariant form of the conservation law, which is also known
as the continuity equation, has the form

V, 7 =0. (5.99)

It means that the distributed charges p and the currents 5%, which are
the respective physically observable (chronometrically invariant) pro-
jections of the four-dimensional current vector j%, are conserved within
the four-dimensional volume of the field. Also, Maxwell’s equations are
connected by the Lorenz condition

V, A7 =0, (5.100)

which is imposed on the four-dimensional electromagnetic potential A%.

In a general case, the conservation law V, j7=0 and the Lorentz
condition V, A% =0 written in terms of the chronometrically invariant
formalism, have the form (see Chapter 3 of the book [18]), respectively,

*Op ~ . 1 .

D+*V;j' — = Fj' =0, 5.101
5 TPD+ Vi = S ( )
L0% e p - L Fg =0 (5.102)
c Ot c i c? ¢ =" '

where *@ =*V;— C%FZ (see Notations for definition of *V;).

It is easy to show that, under the particular conditions of the prob-
lem we are considering, the chr.inv.-continuity equations (5.101) and
the chr.inv.-Lorentz conditions (5.102) are satisfied as identities.

Now, on the basis of the obtained exact solutions (5.96-5.98) of the
Maxwell equations, we look for the Poynting vector J¢  that is the
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observable momentum of the electromagnetic field. We need to know
how the Poynting vector is distributed along the surface of the sphere,
which is the surface of a neutron star or a pulsar.

The Poynting vector Ji  is the second of the three physically ob-
servable projections of the electromagnetic field tensor Fyg (5.42), which
are pem (5.44), Ji, (5.45), and U¥ (5.46). We look for the Poynting
vector J¢, (5.45) in the framework of the particular conditions accord-
ing to which the scalar potential ¢ of the electromagnetic field remains
constant, while the vectorial potential ¢; of the field is vortex-free, i.e.
0qi  Oqi

dxk O

Substituting, into (5.44-5.46), the substantial (non-zero) compo-
nents of the electric strength E? and the magnetic strength H*?, which
are (5.88-5.90), we obtain

@ = const,

) 4
02 (F;F g
em — Q* Q) =
P 2met ( 4c? R
B 2 w?a? 4w?a* cot? 0 c?r? (5.103)
27t a2 —r? (a2 —r2)2  4a2(a?2—1r2)|"
2 2F Q*
Jsmi 504 “cmFQ*mi(P 1 2:
2me 2mctvh
2
pwa cotd
= 5.104
nc? (a2 —1r2)3/2 sinf’ ( )
warcotl
Jom = ‘ ENER ’ o = (5.105)

Looking at these equations, we can conclude something about the
neutron stars and pulsars whose electromagnetic field is vortex-free (the
case of the §5.6). So, we see that the electromagnetic field density pem
is due to the gravitational inertial force, which is the non-Newtonian
force of repulsion F; acting within the sphere, and due to the sphere’s
rotation. The electromagnetic field density pen can be non-zero by the
separate condition F; #0 or A, #0, and the common condition F; # 0
and A;r #0. The density of the field momentum J! is non-zero only
by the common condition F; #0 and A # 0.

As follows from (5.103), the density pem of the vortex-free electro-
magnetic field of a rotating neutron star (a pulsar) is zero at the equator
of the star (§=0). Then the field density pen increases with the geo-
graphic latitude 6 to the South Pole and North Pole, where 6 =2
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the density of the vortex-free electromagnetic field takes the ultimately
high magnitude pem = (Pem )max- _

Contrarily, the density of the electromagnetic field momentum J¢ |
(5.105) is ultimately high at the equator, where # =0. Then the magni-
tude of the field momentum J! , falls down with the geographic latitude
0 to the South Pole and North Pole, where it is Ji, =0.

In addition to these, we can also conclude something about the
charge density p and the currents j° within the vortex-free electromag-
netic field of a neutron star or a pulsar.

We can initially re-write the respective formulae for the charge den-
sity p (5.96) and the current j3 (5.97), obtained from Group I of the
chr.inv.-Maxwell equations, as follows:

p= 2 (2,09 -1 wm), (5106)
3

3 ® wa cot d

_ ¥ 1
J mr2(a?2 —1r2)3/2 sinf’ (5.107)

where 20 o 9
. 3a“ —2
A R Gt L Ba” =2r7) (5.108)

a2 (a2 _ 7"2)

3
. —— _ ywa’cotd
J= }\/ h33jgmjgm‘ = (a2 (5.109)

As a result, we see that the electromagnetic charge density within a
neutron star or a pulsar is positive p >0 (that should be according to
the physical sense of a physical field) if

1 _
Q0% > 2V, FY. (5.110)

Now re-write this inequality with the formula for p (5.96). We obtain the
following condition which is necessary according to the physical sense:

4w?a? (1+ 4cot29) - 3a? — 272

5 T - (5.111)

a a

Compare the formulae for the electromagnetic field current 52 (5.107)
and its power j (5.109) to the obtained formulae for the density of
the electromagnetic field momentum J3 (5.104) and the power of the
momentum Jep, (5.105). We have

2 2
per- . per- .
CQJSm = —a—2 33’ C2Jem = a—2 J- (5112)
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Taking (5.57) into account, we express the scalar electromagnetic
field potential ¢ (which is ¢ = const, according to our initial assump-
2
tions) through the dimensionless constant n = %f— (5.58) (the constant
isn< i, see in the end of §5.3, for detail). So, we have

4
5 /M 5 NC 1
_ 2 /n _ e = 5.113
p=\g Y= 1<y (5.113)
With these, we obtain
pom = —— (@0 4 L p (5.114)
oG J 4¢2 7 ’
E.H., 4nc® wa cot 6
J3 = = 5.115
o Vh G (a? —1r2)3/2sinf’ ( )
1 /n | .
== /2 (Quei — 2V, Fi 11
P T G ( J 4 V] ) ’ (5 6)
3
3 5 M wa cot §
= — — 5.117
J “Va r2(a? — r2)3/2 sinf’ ( )

drric [n
J3 = = 53 5.118
em a2 G -7 ( )

We see that the greater the scalar electromagnetic potential ¢ (5.113)
of a neutron star or a pulsar, the stronger the three-dimensional circu-
lar current j2 and the three-dimensional circular momentum J3 , of the
electromagnetic field. Moreover, the current and momentum flow of
the electromagnetic field exist in the star only if the star rotates on
the equatorial plane (z!,2?%), i.e. only if Q.5 #0. If the neutron star
does not rotate (2,;22*7 =0), the electric charge density of its internal
electromagnetic field would be negative (p <0).

So, we have arrived at a non-satisfactory result. Both the circu-
lar electromagnetic field current j3 (the current j° that goes along the
longitude coordinate ¢) and the electromagnetic field momentum J3
(that is the Poynting vector of the field) are zero at the South Pole and
North Pole of the star, where the geographical latitude is § = 5, and
reach the ultimate power at the equator (6 = 0).

Herein, we have assumed that the electromagnetic field of the ro-
tating neutron star is vortex-free. The final feat to match with the
observational data will be done with the vortical electromagnetic field
of a rotating neutron star (a pulsar). We will do it next, in §5.7.
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§5.7 Solving Maxwell’s equations in the stationary vortical
magnetic field of a neutron star

In analogy to §3.7, consider a rotating neutron star (a pulsar) whose
electromagnetic field is vortical. The curl ¢;; of the three-dimensional
vectorial chr.inv.-potential g; of the field is non-zero

_ "0q;  *Oqx

ik = — - . A1
Tk = 92k~ i 70 (5.119)

The four-dimensional electromagnetic field potential

dz® dz® dzP
A% = p— wg — — = 1. 5.120
g YeB o ( )

has two chr.inv.-projections

AQ ~ : : (TD' : : dZEi
= SD’ Al = ql = — Vl, V1 = 5 5121
/900 c dr ( )
where
V2= hpvivk, Vi<, =7 (5.122)

— =0,
v2
VT e

According to our initial assumptions, ¢ = const and ¢' = ¢? =0 in the
field. Thus v3= % =w, and the non-zero components of the vectorial
electromagnetic potential ¢* and the field curl g;; have the form

¢ = %7 (5.123)
qs = oY 2 sin? 6, (5.124)
(&
2
g31 = % = == rsind, (5.125)
0 2
g2z = —% =— ('Zw r?sinf cos . (5.126)

Using the definition of the field strengths (5.47), we calculate the
non-zero components of the magnetic strength of the vortical field

2pwr?sinf
Hyy — 22w sn ( 2“ 2—1—0059), (5.127)
a?—r

c

2
H31 = ﬂ [sin29
C

243 cos §
@ o8 ] (5.128)
— 2

(a2 _ T2) a2
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Using the relation

1 1 . 20 ..
H*l — mn Amn — mn mn — —— Q*Z , . 12
5 € 5€q - (5.129)

we re-write the components Has (5.127) and Hsy (5.128) in the form

2 2 _ 2
7 A e (1 + % cos9> , (5.130)

c

H*? (5.131)

2

20w (\/a2 — 72 ¢inf 2a200t9>

cr a a2 —r?

while their covariant (lower-index) versions can be calculated as follows:
H*l = h11 I{*1 and H*Q = h22 H*Q.

Let us then find the solution to the chr.inv.-Maxwell equations.
In the case where the electromagnetic field is stationary, the chr.inv.-
Maxwell equations have the form (5.94-5.95)

1.
VB - - H* Ay = 4mp

I (5.132)
*Vksz o _2Fksz — _7T jz
C Cc
V,H" — = EFR Ay =0
¢ IL. (5.133)

*Vk E*zk _ C_2 FkE*'Lk -0

After substituting the electric and magnetic strengths of the vortical
electromagnetic field, we see that equations of Group II (5.133) are
satisfied as identities. Equations of Group II take the form

4pw? [ a® <1+ 4a200t29> acosd ]
a2 2 a -

02 _ a2 _ T2 ag — r2
<p(3a2 —2r2) 5
—_——— =4 5.134
3 3 t6 y
S Lt e (5.135)

2 a? 72 (a2 — 742)\/0,2 —r2 sin 6 N

where p and 33 are the change density and the current of the vortical
electromagnetic field. The physical sense of these equations readily looks
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more understandable when re-written in the form

o ® P | - pw? acosl
- X (.0 _-vpi)_ 2L 4507 1
P 7T02 < J 4 VJ > 7T02 a2 — 7"2 ) (5 36)
3
. pwa cotd 3Bpw (5.137)

7r2(a? —r2)3/2sinf  2ma?’

where w=Q*'. Express now the charge density g and the current j3
of the vortical electromagnetic field through the same characteristics p
(5.106) and j* (5.107) we have calculated in the vortex-free field

2
. pwacosb

=p - ——F—, 5.138
P =P (5.138)
v . 3pw
3 3

=j° - . 5.139
PER e ( )

As is seen from the equations (5.138) and (5.139), given a rotating
neutron star (a pulsar) whose electromagnetic field is vortical, the charge
density and currents of the field differ from those of the vortex-free
electromagnetic field by those terms depending on the star’s rotation.

Respectively, the field density pem (5.44) and the circular momentum
flow J3, (5.45) of the vortical electromagnetic field have the form

p? (1 : :
o = g (g B 40007 ) +

2 2 2 2
® 9 rsin” 6 aw” cosd
1— — .14
t5 g {w ( e ) = 7’2:| ; (5.140)

2 3
9 % 2wa cot 6
Jo = —wl. 5.141
m o 2mc?a? [ (a? —1r?)3/2 sin 6 w] ( )

Or, in the other notation,

2 2 12 2
. %) 9 r<sin” 6 w*a cosf
= Dem _ 1— — ] - =, 5.142
Pem = P +27TC4 [w ( e ) a2—r2] ( )

2
Jso—gs £ (5.143)

2mc2a?’
To understand the meaning of these resulting formulae, recall that,
as follows from the formulae for As; (5.10)
2wa’r cos 6 2wa cot §

A3l = 57y A’ =

(a2 —r2)3/2”7 Va2 —r2 sinf’ (5.144)
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this component and hence the pseudo-vector 2*2 = %52311431 depend on
the geographical latitude 6, while Q*! = 1£'?3 493 =w does not.

The obtained formulae for the current vector 7% (5.139) and the
Poynting vector J3, (5.143) of the vortical electromagnetic field contain
that very term which does not depend on the geographical latitude of
the star that possesses the field. This means that, contrary to the
vortex-free electromagnetic field, the current vector 73 and the flow of
momentum J3, of the vortical electromagnetic field are non-zero at the
South Pole and North Pole of the star.

The obtained result, J3 #0 at the South Pole and North Pole,
means that a rotating neutron star whose electromagnetic field is vor-
tical can emit electromagnetic radiation along its polar axis, while that
possessing a vortex-free electromagnetic field — cannot.

Also, we have to make one more important conclusion in the frame-
work of our mathematical theory of pulsars. Look at the definition of
the magnetic field strength H*'=§ ™" H,,,,, (5.47), which is

1, Ogm  "Ogn 2
H* = Z gimn _—__Amn —

2 c ( ox™ ox™ c

= —£ —_ _—— =
2 ox™ ox™ c
1 . 2p .

_ L imng 20 i 5.145
5" ; (5.145)

As is seen from this definition, the pseudo-vector of the magnetic field
strength H** is the sum of the pseudo-vector of the electromagnetic field
curl ¢** = % ™" ¢, and the pseudo-vector *' of the angular velocity of
the star’s rotation. The magnetic field strength H** coincides with the
pseudo-vector of the star’s rotation, 2*, only if the electromagnetic field
curl @, is zero. If gy, #0 which is true in a vortical electromagnetic
field, H*' deviates £2**. The stronger the curl g,,, of the electromagnetic
field is, the more the magnetic axis deviates from the axis of the star’s
rotation.

Astronomers inform us that the electromagnetic field of observed
pulsars is very strong. They imply that electromagnetic radiation can
leave such a star only at the polar regions, where the latitudinal and
longitudinal electromagnetic field components are not so strong as at
the equatorial latitudes. Also, according to the oscillating behavior of
the signal registered from pulsars, astronomers conclude that the axis
of emission and the axis of rotation of the pulsar does not coincide. All
these facts from observational astronomy match with our theoretical
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results about pulsars.
As a result, our mathematical theory of pulsars leads us to the fol-
lowing conclusions that match observational data:

e A rotating neutron star can be a pulsar only if its electromagnetic
field is vortical. Moreover, the curl of the electromagnetic field
means that the magnetic axis does not coincide with the axis of
the star’s rotation. Otherwise, in the neutron star whose electro-
magnetic field is vortex-free, electromagnetic radiation does not
come from the South Pole and North Pole of the star.

All these theoretical results have been obtained in the framework
of our assumption that the scalar and vectorial electromagnetic field
potentials of the star do not depend on time. Of course, some temporal
variations of the potentials should pose an effect on the Poynting vector
(the flow of momentum) of the field, and thus on the electromagnetic
radiation emitted by the pulsar. But now we neglect these effects.

§5.8 Geometrization of the vortical electromagnetic field of
a neutron star

Geometrization of the electromagnetic field is one of the primary tasks
in the General Theory of Relativity. As was shown already by Ein-
stein, this problem in a general case is very non-trivial from the side of
mathematics. So, it is still not resolved in general. Nevertheless, ge-
ometrization of the electromagnetic field is possible in particular cases,
under some particular conditions that simplify the mathematics.

We now show that in the particular case of a pulsar the electromag-
netic field is geometrized. In the language of mathematics this means
that once we have Einstein’s field equations and Maxwell’s equations,
the characteristics of the electromagnetic field can be expressed through
only the geometric characteristics of the space.

Consider Einstein’s field equations (5.18-5.20) and Maxwell’s equa-
tions (5.132-5.133) we have obtained in the internal field of a rotating
neutron star. Note that in the case of the de Sitter-like metric we have
derived for neutron stars, the A-term describes physical vacuum in the
state of inflation A=rp (see Chapter 1 for detail). Also, as we showed
in §5.2, this form of Einstein’s equations satisfies the equations of con-
servation in the space.

We will consider the vortical electromagnetic field. This is because
we have shown that only the vortical field gives the result that matches
with astronomical observations of pulsars, i.e. the fact that a pulsar
emits electromagnetic radiation from only its polar regions.
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We have the scalar electromagnetic field potential ¢ (which remains
unchanged for each particular star, according to our initial assump-
tion) expressed through the fundamental constants as ¢ = ¢* /% (5.58),
where n < 1 (see in the end of §5.3). With it, we obtain the electric and
magnetic strengths of the vortical field (see §5.7) in the form

2
Bl=_, /2 14
yiay (5.146)

/n 027"
E1 = h11 El = — E ﬂ, (5147)

PR)
H* = —2wc1/% (1 + ucos@) =
a
n wva? —1r?
=—2¢cy/= [+ Z=——cosh 5.148
e\l G ( + - cos ) , ( )
2we [n a? —r? 2a? cot
H*2 — - 3 _ —
r G < a sin 6 a? —r? )
n wva? —r?
— oe P [ WYY T 5.149
c\la < o sin ) , ( )
1 a? 1
Ho = hyH = =2 B, (5.150)
H.o = hog H** = r? H*2. (5.151)

Herein, according to the internal space metric of a rotating neutron star
or a pulsar, we have Q*! (5.70), Q*? (5.71), Q.,;Q*7 (5.85):

A23 wa2
ol=228_ oy = ABVh = —— (5.152)
\/E ) a2 _ 7.2 ’
A 2wa? cot f 2wa’rcot
Q2 = 23 ZWTCOMT ) 31y = 2RO s 53
Vh r(a?—r?) a? —r?
y w?a? 4a? cot? 0
Q07 = o <1 + ) . (5.154)

As is seen from these formulae, both the electric and magnetic field
strengths are expressed here through only the geometric characteristics
of the internal space of the pulsar.
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Also, in the same way, the charge density p (5.136) and the current
vector 72 (5.137) of the vortical electromagnetic field from Maxwell’s
equations are expressed as:

1 /n 1] . 1 [n w?acosf
j= = (0.0 v ) -2 2T
p 7T G( J 4VJ ) 7T G \/0,2—7"2

1 [n w?acosh
=p— —| = — 5.155
NG Tz (159

v c? n wa? cotd 3w no_
A NE (a2 —r2)3/2sinf 242 | G
3w [n
.3
= — . 5.156
7t 2a? | G ( )

Respectively, the density p.,, (5.140) and the flow of momentum
J3, (5.141) of the vortical electromagnetic field — the characteristics
that come from Einstein’s equations — are expressed as:

} n 1 . y

Pom = 532G (r F B 50 > *
LA B 177"2511129 _aw’cosf]
2nG a? 2 —r2 |

L 2 (4 r? sin® 0 aw? cos 6
= m —_— w — J—
pe 2rG a? 2

v3 nc? [ 2wa®  cotd } 3 nctw

J = _ - =
M 27Ga? | (a2 —12)3/2sind w em o 27rGa?

] . (5.157)

a? —r?

. (5.158)

We see that all the characteristics of the vortical magnetic field are
uniquely expressed through only the geometric characteristics of the
space inside the pulsar. Therefore, the vortical electromagnetic field of
a rotating neutron star (a pulsar) is hereby geometrized.

This fact also means that the system of Einstein’s equations and
Maxwell’s equations in the internal space of a pulsar is a self-consistent
system of equations. This self-consistent system of Einstein-Maxwell
equations completely describes both gravitational and electromagnetic
phenomena inside the pulsar.

However, if the electromagnetic field of a rotating neutron star is
vortex-free, Einstein’s equations and Maxwell’s equations do not com-
prise a self-consistent system. The electromagnetic field is not geometr-
ized inside the star as such. As was shown in §5.7, such a neutron star
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cannot emit electromagnetic radiation from its polar regions. Therefore,
it cannot be a pulsar.

§5.9 Boundaries of the physical space a pulsar

Consider an observer whose reference frame is connected to the internal
space of a star. Where, from his point of view, does the observable
physical space of the star end? At which distance from the star?

These questions are answered in the framework of the theory of
physically observable (chronometrically invariant) quantities in General
Relativity. In terms of physical observables, the real physical space that
is allowed to be registered by an observer “ends” at that distance from
him where the physical observable time stops: dr=0. The physical
observable time 7 is calculated according to the metric of the observer’s
space. Therefore, the real physical boundaries of the observer’s ob-
servable space are determined by the stopped time condition dr =0
according to the space metric.

Let us calculate the boundary of the observable space of a pulsar.
This is the distance from the center of the pulsar at which, according
to the space metric of the pulsar (an observer whose reference frame is
connected with the pulsar), the observable time stops (dr =0).

As follows from the chronometrically invariant formalism, the ob-
servable time interval is formulated as (1.30)

goi ; 1 ;
dT = \/goo dt + dz' = \/goo dt — = v;dx". 5.159
Voo dt + T da’ = g dt = (5.159)
It consists of two terms. The first term is due to the gravitational field
potential w=c? (1—./goo) (1.44). The second term is due to the fact
that the space rotates, and is dependent on the linear velocity of the
1 = 90i

rotation v; = —c¢ 7 (1.45).

Therefore, the condition d7 =0 by which the observable time stops

in the space of a gravitating and rotating body is expressed as

1 .
v/ 900 dt = 0_2 ’UidSCz. (5160)

The space (space-time) metric of a rotating neutron star has the
form (5.3). See §5.1 for details. In the metric,

1 r2
go=73{1=-=5)> (5.161)

o2
2war? cos b

: (5.162)

1)1:1)2:0, V3 =

a? —r?
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In this case, the stopped time condition (5.160) takes the form

1 da3 \’
goo = C_4 (’Ug E) 5 (5163)

where dd—””: = % =w. Substituting the formulae for gop (5.161) and vs
(5.162) into the stopped time condition (5.163), we obtain the formula

for the distance r at which the observable time stops

a

r= . (5.164)
1+ dafwfcost

This formula, (5.164), shows the boundary at which the physical
space of the rotating neutron star ends. As is seen from this formula, the
boundary r is the same as the neutron star’s radius a at the South Pole
and North Pole: the geographical latitude is 6 = 7 therein, so cos =0
and thus r =a according to (5.164). Then the boundary r decreases

near the equator where it takes the ultimately low numerical value

a

Foin = — (5.165)
1+ 4a2w?

c2

which depends only on the neutron star’s radius a and the angular
velocity of its rotation w.

The more rapid the neutron star rotates, the more oblate the phys-
ical space of the star at its equator becomes. According to our formula
(5.165), the oblateness manifests itself only at relativistic speeds of ro-
tation, i.e. in pulsars.

Consider PSR J1748-2446ad, that is the fastest-known pulsar dis-
covered in 2004 [30]. It rotates at a period of 0.00139595482(6) sec
which means the angular velocity w= QT” =4,501 sec™!. Its radius a is
estimated to be less than 16 km. Proceeding from these observational
data, we can calculate the oblateness of the physical space of the pulsar

at its equator:
min 1
[min _ ~ 0.90. (5.166)
a 1+ 4a622w2

§5.10 Conclusion

So, the complete mathematical theory of the liquid neutron stars and
pulsars is presented here, in this Chapter. We now repeat the most im-
portant conclusions we made on the basis of the theory. They are:
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1. As follows from our mathematical theory, the electromagnetic field
of a rotating neutron star (a pulsar) is due to its rotation and grav-
itation. The faster the star rotates, the stronger is the magnetic
strength H** of the field;

2. The magnetic field strength H** of the pulsar is directed strict
along the polar axis of its rotation. Electromagnetic radiation is
emitted only from the poles of the star, then comes into the outer
cosmos strictly along the axis of the rotation of the star;

3. The electric strength E; depends on the spatial distribution of
the scalar potential and on the temporal variation of the vecto-
rial potential of the electromagnetic field. The magnetic strength
H*" depends on the curl of the vector potential the field, and on
the angular velocity of the star. Thus the temporal and spatial
variations of the electromagnetic field potentials should affect the
outcoming electromagnetic impulses emitted by the pulsar;

4. The Poynting vector (the electromagnetic field momentum) is non-
zero at the South Pole and North Pole of a rotating neutron star
only if its electromagnetic field is vortical. Therefore, a rotating
neutron star is a pulsar, thus emitting electromagnetic radiation
from the polar regions, only if possesses a vortical electromagnetic
field. Also, the presence of the field curls means that the magnetic
axis does not coincide with the axis of the star’s rotation. A rotat-
ing neutron star whose electromagnetic field is vortex-free cannot
emit electromagnetic radiation along its polar axis, so it cannot
be a pulsar.

All the conclusions are valid only for a rotating star whose physical

radius is close to its Hilbert radius. These are rotating neutron stars
and pulsars, not the regular stars such as the Sun etc.




Chapter 6

Black Holes

§6.1 Non-rotating liquid collapsars. The main characteristics

Now, we are going to study the collapse condition of a non-rotating
sphere of perfect liquid (that is, a collapsed rotation-free star), in terms
of our new model of liquid stars. At first sight, this problem statement
sounds like non-sense: perfect liquid is incompressible, hence such a
liquid body cannot be compressed. Yes, it would be non-sense, if one
would consider collapse as the process of compression of a liquid cos-
mic body. We do not do it that way: in contrast, we do not discuss
cosmogony. We merely consider a collapsar as an already existing ob-
ject. This amounts to the occurrence of the physical conditions, not the
evolutionary compression of a liquid cosmic body.

Hence, a cosmic body is a collapsar if the parameters of its field on
its physical surface correspond to the condition of gravitational collapse.
Namely, — the field of gravity is so strong on the surface of the body that
light signals cannot leave the body for the outer cosmos. In terms of the
General Theory of Relativity, this means that the physically observable
time stops on the surface.

According to the theory of physically observable quantities (chrono-
metrically invariant formalism), the physically observable time interval
dr (1.30) is formulated in terms of the gravitational potential w and the
linear velocity of space rotation v; as follows:

Joi i
dT = \/goo dt + dz' =
90T

:@_&)ﬁ_éwwé (6.1)

c2

Thus the general condition of gravitational collapse has the form

Joi i
dr = \/goo dt + ——dz' = 0. 6.2
goo c\/gR ( )

In a rotation-free space (wherein v; =0), the general condition of grav-
itational collapse is as simple as

dr = v/ 900 dt =0 (63)
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or merely
w2
oo = (1 - 6—2) —0. (6.4)

Thus, a cosmic object of rotation-free space is a collapsar, if the three-
dimensional gravitational potential w on its surface takes the value

w=c>. (6.5)

Consider the collapse condition in the case of a non-rotating star
consisting of perfect liquid. As is seen from the space metric of such a
liquid star, which is (2.76)

2
1 2 2
=1 G%@%g) 2ap?

dr? 2 2 .2 2
- (d9 + sin qub), (6.6)
1 — Zpor
3

or, in terms of the Hilbert radius r, (2.78),

A

— ———— — 1 (d0® +sin’*0d¢?),  (6.7)

1— Tzry

a3

the collapse condition (goo=0) in this case has the form

poa’ \/ »xpor?
34/1————4/1———=0 6.8
\/ 3 3 ; (6.8)

F T%g = 0. (6.9)

Thus, we obtain the radial coordinate 7, by which a non-rotating liquid
star whose radius is a meets the state of gravitational collapse:

or, similarly,

re=14/9a% — — . (6.10)

Since we keep in mind real cosmic objects, the numerical value of r,
should be real (as well as @ and r4). This requirement is satisfied by
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the following obvious condition:
a<1.1257,. (6.11)

If this condition holds not (a>1.1257y), the non-rotating liquid body
(star) cannot be in the state of gravitational collapse.

The general collapse condition (6.11) includes the particular con-
dition a=r4. Given this particular case of a collapsed non-rotating
liquid star, we see that the physical radius a of the star’s surface, the
Hilbert radius r4 of the star, and the radius of the outer space breaking
ror =+/a3 /74 of the star’s field coincide:

Te =T =Tg=0. (6.12)

The said collapse condition, a =1, is only a particular case of the gen-
eral collapse condition (6.11). The general collapse condition (6.11)
includes three particular cases, concerning the location of the physical
surface of the collapsed liquid star:

1) The collapsed liquid star is larger than the Hilbert radius calcu-
lated for the star (a >ry) but less than 1.1257;

2) The surface of the collapsed liquid star coincides with its Hilbert
radius (a=ry);

3) The collapsed liquid star is completely located within its Hilbert
radius (a <rg).

It is obvious that . is imaginary for r, < a, so the state of gravitational
collapse is impossible for such a star. For example, considering the Sun
(a=7x10" cm, M =2x1033 gram, r, =3x10° cm), we see that 7. (6.10)
takes an imaginary numerical value. The same is as well true for other
regular stars, ranging from super-giants to white dwarfs. Hence, regular
stars cannot collapse.

In fact, the particular collapse condition r.=7y.=r,=a (6.12) for-
mulates the collapse radius 7. as follows™

4.0x1013
Te =a = i = 0 0 cm. (613)

»p0 B v PO
For example, if a collapsed liquid sphere should consist of regular water
(po= 1.0 gram/cm?), its radius would be r,=4.0x10"® cm =3.1 AU, i.e.
be located within the asteroid strip (the asteroids are located, approxi-
mately, from 2.1 AU to 4.3 AU from the Sun).

Fx= % =18.6x10728 cm/gram is Einstein’s constant of gravitation.
C
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One more example: to be a collapsar whose size is that of neutron
stars and pulsars (their radius is a = (8-16) x10% cm = 8-16 km), a liquid
body should have pg=2.5x10'°-6.3x10!* gram/cm?, according to the
obtained formula for r. (6.13).

Hence forth, we can calculate the mass of a non-rotating liquid col-
lapsar, proceeding from the formulae M = %mf’po and a=r.=+/3/po
(6.13). We obtain the following dependencies:

4
M=-"%—68%10"a gram, (6.14)
»
43w 2710
2312 /po VPo
For example, once a collapsed liquid sphere should have the size of

neutron stars and pulsars, a = (8-16) x10% cm = 8-16 km, its mass would
be M = (5.4-11)x1033 gram (i.e. 2.7-5.5 masses of the Sun).

gram. (6.15)

§6.2 The Universe as a huge liquid collapsar

Here is another example: the Universe itself. Astronomers estimate the
average density of substance in the Universe to be in the range of 10728
to 10731 gram/cm?®. Also, according to the observational estimates of
the Hubble constant H = < = (2.340.3) x10718 sec™!, the radius of the
Universe is ¢ =1.3x10% cm. At the upper boundary of the estimated
density pp=10728 gram/cm?, the collapse radius 7. (6.10) meets the
field of real numerical values. Respectively, we obtain, according to
observational estimates,

a 1.3x10%® cm

po = 10728 gram/cm3

M = 9.2x10°¢ gram (6.16)
Ty = 1.4x10%® cm
rpr = 1.3x10%% cm
re = 1.5x10%® cm

This is a reason to suggest that the Universe can be considered as a
sphere of perfect liquid, which is in the state of gravitational collapse.
We will refer to it as the liquid model of the Universe. In this case,
we should have r.=ry,=r,=0a (6.12). Proceeding from this condition
and the numerical value of the radius of the Universe, a = 1.3 x10%8 cm,
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M, gram pg, g/cm3 a, cm Tg, CM  Tp,., CI Te, CM

Astron.
esteems  9.2x10° ~1072  1.3x10%® 1.4x10%® 1.3x10%® 1.5x10%*®

Liquid
model 8.8x10°° 9.6x1073! 1.3x10%® 1.3x10%® 1.3x10%® 1.3x10%

Table 5.1: The model of the observable Universe as a non-rotating liquid
sphere in the state of gravitational collapse. The calculated parameters of
the liquid model are compared to the observational esteems.

obtained from the Hubble constant, we calculate the mass and density
which should be attributed to the Universe in the framework of the
present liquid model (according to a=ry;= QC;M and M = %ngpo). We
obtain

a = 1.3x10%% cm

po = 9.6x1073 gram/cm®
M = 8.8x10%° gram

rg = 1.3x10%® cm

rpr = 1.3x10%® cm

re = 1.3x10%% cm

(6.17)

The obtained numerical values (6.17) are compared to the estimates
of observational astronomy (6.16) in Table 5.1. Since these observa-
tional estimates are known very approximately, we can conclude that
the observable Universe is a huge collapsar, so all the world we observe,
including us, is located within a huge black hole.

In particular, this conclusion meets another made in 1965 by Kyril
Stanyukovich [31]. He neither studied the geometric properties of a
liquid sphere nor introduced a particular space metric. His analysis
was based on the properties of elementary particles. Following this
way, Stanyukovich obtained that the Hilbert radius of the Universe is
the same as the observed event horizon: the observable Universe is a
collapsar. Thus, despite employing another theoretical basis than our
own, he arrived at the same conclusion.

§6.3 Pressure and density inside liquid collapsars

Pressure and density inside non-rotating liquid collapsars... The regular
formula (2.130) we have obtained for the pressure p inside a sphere of
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perfect liquid,

\/1,M,\/1,L0a2
p=poc’ i - i —, (6.18)

»xpoa HpoT

3\/1*T*\/1*T

under the collapse condition a =+/3/pg takes the simplest form

p = —poc® = const, (6.19)

where pg= const by definition inside a sphere filled with perfect liquid.
This formula is the equation of state of the liquid. This state is known as
inflation: at positive density of the substance the pressure is negative,
so the inner pressure of the substance tries to expand the body from
within (despite a liquid body is incompressible).

As is seen, the pressure is constant as well as the density. This means
that the liquid substance, which fills a liquid collapsar, is in the state of
inflation, and has the same pressure and density throughout the entire
volume of the collapsar, from its center to the surface.

8§6.4 The inner forces of gravitation. The inner redshift

The formula for the force of gravitation acting inside a non-rotating lig-
uid collapsar can be found from the formula for the force acting inside
a non-rotating liquid sphere, once the sphere is in the state of gravita-
tional collapse (in this case, its physical radius is a =7, =1/3/2po).

Following this way, on the basis of the obtained formulae of the
covariant component F; (2.123, 2.125) and the contravariant component
F1 (2.124, 2.126) of the gravitational force, we obtain

2 1 2 1
P o= %pgc r _ - C_;_ (6.20)
1— % a” 1 _ =
P Ly (6.21)

3 a?

Since r < a inside the sphere, F} > 0. Therefore, this is a force of repul-
sion. The force increases with distance r, from zero at the center of the
liquid collapsar to its ultimate-high value on the surface.

If the observable Universe is really a huge liquid collapsar (at least
astronomical data evidence it, as was shown above), the repulsive radial
force acting inside the collapsar may cause a frequency shift in travelling
photons. To investigate this problem we consider the chr.inv.-equations
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of isotropic geodesics [18,19]

dv w ;W ik
E*C—QEC +c—2DikCC :0
(i , (6.22)
$+2w( ,iJrA'ki_)ckwaierA;kc”ck:O
-

which are the equations of observable motion of a light-like (massless)
particle which travels with the observable velocity of light ¢* (a photon
whose frequency is w). The equations of isotropic geodesics result as the
observable projections of the well-known generally covariant equations
of isotropic geodesics (see [18,19] for details).

In a rotation-free and non-deforming space (A;r =0, D;;=0), such
as the space of a non-rotating liquid collapsar, the equations (6.22) take
the form

dw w -
—~ X FEc=
dr c? ¢ =0
_ (6.23)
d (wcz)

i WF 4+ wAl c"F =0

Let a photon travel only along the radial direction z'=7r. Consider
the chr.inv.-scalar geodesic equation (equation of energy) of the photon
with the obtained formula for Fy (6.20) substituted. We also take into
account that the photon’s observable velocity is the observable velocity
of light along the radial direction, c'= %. We obtain

1 dw r dr
- = . 6.24
wdr a?-—r?2dr ( )
This equation solves as dInw =— % dIn|a®—7?|, or
dinw = din —— (6.25)
nw=dln ————. .
Va2 — 12
Herefrom we obtain the function
__Q _
w(r) = ) Q = const. (6.26)
2 _ 2

The integration constant @ is found from the obvious boundary condi-
tion w (r=0) =wp. It is Q = a’wp. Finally, we arrive at the solution

wo

w=—— (6.27)

2
Viez
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At distances (of the photon’s travel) small to the physical radius of the
collapsar (r < a), this formula becomes

r2
~ 1+ — . 6.28
wxan (1435 (6.25)

This causes a square redshift (we also refer to it as a parabolic redshift,
due to the parabolic square function)

1
z= = ~1>0 (6.29)
wo 1— f
\/ a2

in the photon’s spectrum: the force of repulsion Fj, acting along the
radial coordinate from the observer (in the observer’s reference frame),
deccelerates photons travelling from a distant object to him. At small
distances, of the photon’s travel (r < a), the redshift is

T2

~— 6.30
i 2a2’ ( )
or, formulating this result through the Hubble constant H = =,

a
H?pr?
2¢2

~

(6.31)

Thus, the observable parameters of the Universe manifest that it is
a huge collapsar. These data match the calculations according to the
theory of non-rotating liquid collapsars presented here.

8§6.5 The state of the collapsed liquid substance

We now discuss the state of the substance that fills non-rotating liquid
collapsars. As easy to see, once a liquid star is in the state of gravi-
tational collapse (ry =a), the space metric of the star (6.7) takes the
form

2 1 Y\ 20 dr? 2 (102 | 2 2
ds =1 1 —— |codt” — — —r? (d0* +sin®0 d¢?) . (6.32)
a 1— T_2
This metric, under the particular condition a? = % >0 (thus A>0), has
the same form as de Sitter’s metric (1.5),
Ar? dr?
ds?® = (1 — %) Adt* — % — 1 (d6® +sin®*0d¢®),  (6.33)
1 _ T

3
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which describes a spherical distribution of physical vacuum (the A-field
in Einstein’s field equations).

This means that liquid collapsars consist of perfect liquid whose state
is similar to the state of physical vacuum. The only difference is that
the liquid that fills the collapsars possesses positive density, while the
density of physical vacuum is negative with A >0 (see §5.2 and §5.3 of
our book [18] for details). Also, regular liquid collapsars have a small
size and high density (in contrast to the Universe as a whole). Therefore,
the liquid that fills the regular (compact) collapsars is in a state similar
to the state of high-density physical vacuum.

What is physical vacuum, known also as the A-field? It is due to the
general formulation of Einstein’s field equations

1
Ropg — B gagR = —2Top + Agagp (6.34)
containing the A-term on the right-hand side. The right-hand side de-
termines distributed matter which fills the space, while the left-hand
side determines the space geometry which is Riemannian according to
the formulation. Re-write the field equations in the form

1 ~
Raﬂ — 5 gaﬂR = _%Ta,@ N (6.35)

where the common energy-momentum tensor Talg =Tus+ Tag charac-
terizes both distributed substance and physical vacuum (A-field).
The energy-momentum tensor of physical vacuum

v A

T =—=ga 6.36
5= Yap (6.36)
has the following physically observable projections
T A
p="2—_2 —const <0, (6.37)
goo x
LTy
Ji=—%L -9, 6.38
v/ 900 ( )
o . o A . .
Uk = 2T = Z 2p't = — pch*. (6.39)

%

which are calculated as well as the observable projections (1.84) of any
energy-momentum tensor.

The scalar chr.inv.-projection p=— 2 = const implies that physical
vacuum is homogeneously distributed in the space, i.e. is a homogeneous

A
P
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medium. The vectorial chr.inv.-projection Ji=0 manifests that the
physical vacuum is free of energy flow, i.e. is a non-emitting medium.

Let us then find the equation of state of physical vacuum. According
to the chronometrically invariant formalism [18, 23], the chr.inv.-stress
tensor U is expressed through the pressure inside a distributed medium
as follows:

Ui = pohir — ciik, = phix — Bk, (6.40)

where pg is the equilibrium pressure known due to the equation of state,
p is the true pressure inside the medium, a;y, is the chr.inv.-viscous stress
tensor, Bk = aux — %ahik is its anisotropic part which reveals itself in
anisotropic deformations, while o= hik ey, is the trace of the viscous
stress-tensor ;. Since a spherically symmetric space is isotropic by
definition, we have B;x=0 in the present case. Also, by the initial as-
sumption, the medium is non-viscous (= 0). Therefore, for physical

vacuum, we have 5
Ui, = phix = — pc’hyy, . (6.41)

Respectively, with the formula of the trace of the observable stress-
tensor U = h**Uj;,, we obtain the equation of state of physical vacuum

p=—pc, (6.42)

which, with negative density p=— % < 0, manifests the state of deflation
(the inner pressure of the medium tries to compress the sphere).

Hence forth, we deduce the covariant and contravariant components
of the force of gravitation acting inside a vacuum (de Sitter) collapsar.
Following the same way of deduction as that for the force acting inside
a liquid collapsar (6.20, 6.21), we obtain

Acir 1 L AT
T3
while for the frequency shift of a photon we obtain
/\2
wL~w0<1+—). (6.44)
1 Ar2 6
3
— 1 by 2
b= L0 122" (6.45)
wo 1— Ar2 6

3
To understand the results, let us recall that we were able to trans-
form the space metric of a collapsed liquid sphere (6.32) to de Sitter’s
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space metric (6.33) only by the particular condition a? = >0. Hence,

we have assumed A > 0. With A > 0 we have obtained a negative density
of physical vacuum p=— % <0 (6.37), the state of inflation p=—pc?
(6.42), the repulsing force Fy >0 (6.43), and the redshift (6.45).

These are the same results as those obtained for a liquid collapsar,
except for the negative density p=— % <0 (and, hence, the positive
pressure  =— pc® >0 which gives the state of deflation).

If we should assume a negative value of the A (i.e. A<0), in order
to obtain a positive density of physical vacuum, the collapsar’s radius
a would be imaginary, which is non-sense for the observed Universe.

However, there is another way to remove this difficulty with respect
to the theory. Consider Einstein’s field equations (6.34) in a modified
form wherein both the energy-momentum tensor of distributed sub-
stance and the A-term are taken with the same sign, i.e.

1

Rag — 5 gagR = 7%Tag — /\gag . (6.46)

In this case, the energy-momentum tensor of physical vacuum is

o A
Tap = — Gas, 6.47
8= 9as (6.47)
while the physically observable projections of it are
Too A
p="2 =2 const >0, (6.48)
goo x
o ci’é
i = =0, 6.49
v/ 900 ( )
o . oy A . )
Uk = 2T = - = 2k = — phik, (6.50)
»

Given this case, physical vacuum (the M-field) is as well in the state
of inflation (= — pc?), however its density is positive p= % > 0. Thus,
the modified form (6.46) of Einstein’s field equations removes the afore-
mentioned contradiction between the theory of liquid collapsars and the
observed positive density of substance in the Universe.

Hence, physical vacuum (the A-field) is a homogeneous, non-viscous,
non-emitting medium in the state of inflation.

Concerning the deduced redshift formula (6.45), it depends only on
the formulation of the force of repulsion which is deduced from ggy of
de Sitter’s metric (6.33). Since we did not change the space metric, the
redshift formula (6.45) remains unchanged as well.
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§6.6 Time flows in the opposite direction inside collapsars

In a rotation-free space such as the space of a non-rotating liquid star,
the observable time interval dr (1.30) has a simplified formulation which
is dT =,/goo dt. Therefore, dr in the field of a non-rotating liquid star,
according to goo of the metric (6.6), has the form

1 »poa? \/ 2 por?
dr =+ - 1————4/1——— | dt. b1
T 5 (3\/ 3 3 (6.51)

Under the particular condition a =ry =+/3/py characterizing the star
in the state of gravitational collapse, this formula transforms to

2 por?
3

We see that the sign of the observable time interval d7 in a liquid
star whose state is regular (out of collapse) is opposite to that in the
star being a collapsar. In other words, the observable time in the field
of regular stars flows in the opposite direction than the observable time
inside a collapsar. Just one illustration: we regularly assume that ob-
servable time flows from the past to the future. If so, the observable
time inside collapsars flows from the future to the past.

1
dr =F54/1 dt. (6.52)

§6.7 The boundary conditions of a liquid collapsar

With the condition a=ry=1/3/xpy characterizing liquid collapsars,
the non-zero components of the Riemann-Christoffel curvature tensor
Ropvs (2.113-2.116) obtained in §2.3 take the form

” 1
Ro101 = —1{;0 = Jaz = const, (6.53)
” r? r? 1
Ri912 = —Ch212 = % o? a2 e (6.54)
|- e -5
xpy r2sin?@ 72 sin?6
Riz13 = —Ciziz = % o? 2 o (6.55)
|- zeort -5
4
R2323 = 702323 = % 7’4 SiIl2 0= T—2 Sin2 0. (656)
a

Since Rg101= % = const and Rp1091 > 0 at the positive density pg >0 of

the liquid, the “inner” space of a liquid collapsar is a four-dimensional
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positive constant curvature space. This is in contrast to our result of
§2.3 where we showed that the space of a liquid sphere has a wvariable
four-curvature which is negative. This means that:

e The state of gravitational collapse is a “bridge” connecting the
world of varying four-dimensional negative curvature (world of
regular stars) and the world of four-dimensional positive constant
curvature (inside those stars in the state of gravitational collapse).

Concerning the three-dimensional observable curvature of the space

inside non-rotating liquid collapsars, we calculate Cy; (2.104), Cao

(2.105), and the observable curvature scalar C' = h**C;;, under the con-
dition a =rgy=+/3/xpo characterizing liquid collapsars. We obtain

22pg 1 2 1

Ciy = —_— =, (6.57)
3 1_ 2por? a?q _ s
Css 2¢por? 272
Cay = =— =—— 6.58
22 sin29 3 a2 ) ( )
6
C=—2xpy = —a = const < 0. (6.59)

It is a three-dimensional negative constant curvature space as well as
the space of regular liquid stars (as a matter of fact that regular stars
are out of the state of collapse).

Hence forth, we express the force of gravitation acting in the “inner”
space of a non-rotating liquid collapsar through the three-dimensional
observable curvature of the “inner” space. From the respective formulae
for Fy (6.20) and F! (6.21), we obtain

2 ) 2
Ph=——2709 Fr=——~00. 6.60
1 5 it oy ©22 (6.60)

we see that both the three-dimensional observable curvature and the
force of gravitation possess space breaking:

Cll — — 00, F1 =— OO (661)
by the boundary condition r =a on the surface of the collapsar. This
result is, however, trivial.

§6.8 Rotating liquid collapsars

We now reveal rotating liquid collapsars. Let us rotate the space metric
of a liquid collapsar (6.32) with an angular velocity w around the line
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orthogonal to the equatorial plane. Among the go;-th components of
JaB, the non-zero component gg3 characterizes the rotation of space
(while go1 = go2=0). It formulates as

2wr? cos 6

= - 6.62
gos - ) ( )

so the linear velocity of space rotation v; (1.45) is

2wr? 0
’UgZLCOS;, 1)1:1)2:0. (663)
-

As a result, we obtain the space metric of a rotating liquid collapsar

1 2 dr?
d32:—(1—r—2>c2dt2— 7“2_
4 a 17;_2

2wr2 cos 0
- P87 cdtde —r® (d62 + sin®0dg?) . (6.64)
C

It is possible to prove that this space metric satisfies Einstein’s field
equations containing the energy-momentum tensor for perfect liquid
(2.4). This means that, once we substitute the particular components
of gap taken from the metric (6.64) into the field equations, the left-
hand side and right-hand side of the equations are the same: the field
equations become identities and are thus satisfied.

The general condition of gravitational collapse means that physical
observable time stops (d7 =0). The definition of dr (1.30),

go

dr = \/goo dt + T dx" = /goo dt — 2 v dz’, (6.65)

c

takes both ggp and gg; into account. Therefore, with v; # 0, the collapse
condition is not d1 =./ggo dt =0 as that for non-rotating collapsars, but
takes, in the present case under consideration, the complete form

1
V900 — 3 vzu’ =0, (6.66)
where u3= % =w. Substituting goo from the metric (6.64), vs (6.63),

and u3=w, we obtain the radius of the collapse surface of a rotating

liquid collapsar
o= ——0  <a, (6.67)
4w2a? cos O



6.9 CONCLUSION 161
§

hence 5 9 0
2
r,_va(l_ wi) — 4 Aa. (6.68)

c2

Assuming w = 102 sec™! and a = 10% cm for example, we obtain Aa ~
22 cosf, i.e. Aa ~ 22 meters at the equator of the star, and Aa = 0 at
the South Pole and North Pole.

We see that the collapse surface matches the sphere’s radius a only
at the poles of the rotation (where the latitude 0 is £%, so we have
cos @ =0). In other words, rotating liquid collapsars are not spheres but
have an elliptic form, which is flattened on the equatorial plane (which
is orthogonal to the axis of rotation).

Once the collapsar does not rotate (w=0), its form is spherically
symmetric (r.=a). Contrarily, at an ultimate relativistic speed of the
rotation, the collapsar’s elliptic form is highly flattened on the equatorial
plane. In the ultimate case, where the collapsar rotates at a speed very
close to the speed of light (w?a?— ¢?), its form is set up by the equation

a
V1+4cosf

The other parameters of rotating liquid collapsars we have obtained
in the framework of the theory do not change the principal results ob-
tained in §5.1 for non-rotating liquid collapsars. The only difference is
that correction for the angular velocity of the collapsar’s rotation w. We
therefore omit these results from consideration.

Te =

(6.69)

§6.9 Conclusion

Finally, let us recall all the theoretical results of liquid collapsars that
have been obtained above:

1. The radial coordinate r. (6.10) by which a non-rotating liquid
sphere of radius a meets gravitational collapse, is

8a3
e =4/ 9a% — — .
Tg
For regular stars, r. is in the range of imaginary numerical values.
Therefore, regular stars ranging from super-giants to dwarfs and
white dwarfs cannot collapse;

2. By the requirement that the collapse radius r. should be real for
real objects, the physical radius a of a collapsar should be

a<11257,.
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If its radius is a >1.1257,, the non-rotating liquid body (star)
cannot be in the state of gravitational collapse.

The density of substance is the primary characteristic of non-
rotating liquid collapsars. The physical radius a of such a collapsar
is reciprocal to the square root of its density po (6.13)

3 4.0x10"

a = _ =

>0 v PO

The mass M of a non-rotating liquid collapsar is proportional to
its physical radius a (6.14)

cm;

4
M=""2_ 6.8x10*"a gram,
»

and is reciprocal to the square root of its density po (6.15)

o 4VBr 2.7x10%
=32\ /po Vo

The observable Universe is completely located inside its collapse
radius. In other words, it is a gravitational collapsar: all the stars
and galaxies, including us, exist within a huge black hole. Its
parameters, calculated according to the liquid model, are

gram;

a = 1.3x10%® cm,
po = 9.6x1073! gram/cm®,
M = 8.8x10% gram;

The liquid which fills the collapsars is in the state of inflation
p= —p002 = const,

i.e. at the positive density of the substance the pressure is nega-
tive, so the inner pressure tries to expand the body from within
(while the collapsar does not expand, because a liquid body is in-
compressible). The pressure and density remain unchanged from
the center of the collapsar to its surface;

The gravitational inertial force acting inside a non-rotating liquid
collapsar is a force of repulsion. It increases with distance, from
zero at the center of the collapsar to its ultimate-high value on
the surface;
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. The inner force of repulsion produces a square (parabolic) redshift

in the photons travelling within the collapsar, to its center;

. The state of the liquid filling regular (compact) collapsars is sim-

ilar to the state of high-density physical vacuum (high-density A-
field), which is a homogeneous, non-viscous, non-emitting medium
in the state of inflation;

The observable time flows in different directions inside and out-
side collapsars: once we assume that the observable time of our
world flows from the past to the future, the observable time inside
collapsars flows from the future to the past;

The state of gravitational collapse is a “bridge” connecting the
world of varying four-dimensional negative curvature (world of
regular stars) and the world of four-dimensional positive constant
curvature inside gravitational collapsars (black holes);

Rotating liquid collapsars are not spheres but possess an elliptic
form which is flattened on the equatorial plane. The radius r.
of a rotating liquid collapsar is formulated through the sphere’s
radius a, the latitude 6, and the angular velocity of the respective

rotation w as a

/1 + 4w2a22c050 ’
c

Te =




Notations

Ordinary differential of a vector:
0A“

= dz?.
azo "

Absolute differential of a contravariant vector:

dA®

DA® = V3 A%z’ = dA* +T'j, A'da”.
Absolute differential of a covariant vector:
DA, = Vg Aadz® = dAg — T, A,da”.

Absolute derivative of a contravariant vector:

DAx  9A~
o _ [e% "
Absolute derivative of a covariant vector:
DA, 0A. "
Vde = gap = gop ~Tasn:

Absolute derivative of a 2nd rank contravariant tensor:

o

OF
Vs Fo% = —— + 1§, Fo" + T, Fo*.

OxP
Absolute derivative of a 2nd rank covariant tensor:
O0F,, L u
Vi Foo = 9P FaB Fou — FUﬂFa# .

Absolute divergence of a vector:
_0A”
- Oz
Chr.inv.-divergence of a chr.inv.-vector:

g ;0IvVh g
T 0w "1 T o T o

Physical chr.inv.-divergence:

Va A® + T A%

*Vi ql

i AJ
—|—qu1..

%

P |
iq'="Vi¢" — 5 Fiq".
C
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D’Alembert’s general covariant operator:
0 =g V,V;s.
Laplace’s ordinary operator:
A=—g¢*VV,.
Chr.inv.-Laplace operator:
A =0V

Chr.inv.-derivative with respect to the time coordinate and that with
respect to the spatial coordinates:

0 1 0 0 0 1 70

o ot or or 2Var

The square of the physically observable velocity:

v2 = v; vl = hy vivE.

The linear velocity of the space rotation:

9oi i 0i k
v =—cC v'=—cg'\/goo, vi=hiyv".

v/ 900 ’

The square of v;. This is the proof: because of goeg”? = gg, then under

a= =0 we have go,g°° = 63 =1, hence v2 = vpv* = *(1 - goo g°°), i.e.:

v? = hypv'oF.
The determinants of the metric tensors g3 and h,g are connected as:

V== Vi Vam.
Derivative with respect to the physically observable time:
i = ? + vk 0 .
dr ot Oxk
The 1st derivative with respect to the space-time interval:

d 1 d

ds [, _wdr’
cyl-z
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The 2nd derivative with respect to the space-time interval:

a0 d
dr 2 Oz™

d? 1 d? N 1 Deryivk 4
—=———— 4 [ Dyv'Vv' +v;
ds? c2—v?dr? (CQ_VQ)2 b

dr’
The chr.inv.-metric tensor:

1 . _
hik:*gikJrc—QUivk, hk = —g'*k  hE=gF.

Zelmanov’s relations between the Christoffel regular symbols and the
chr.inv.-characteristics of the space of reference:

; i c ; gorl§
LA —(rak—“) ,

v/ 900 goo
i kBTm iqgp ks AMm k CQ F]OCO
g g Faﬁihh Aqs’ F:*g—
00

Zelmanov’s 1st identity and 2nd identity:
*0A; 1 (*0F, *OF;
- ( 3 ) .

ot 2\ dxzi  OzF
0Apm  F0An:  T0A; 1

. —(F; Apn + FrApmi + FrnAi) =0.
oxi oz o Jr2( o+ L + k) =0

Derivative from v? with respect to the physically observable time:

—_ = — . g = 2D o — v m 2 —_— .
= (V ) = (hlkv s ) ik VIVT 4 B vV 4 2V, e

The completely antisymmetric chr.inv.-tensor:

" oik eOikm EO'k
TR
e = \/goo BV = —=—,  Eikm = = eoikmVh .
Vvh v/ 900
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