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1. INTRODUCTION AND RESULTS

As usual, the Lucas sequence {L,} and the Fibonacci sequence {F,} (n =

0, 1,A2, ..., ) are defined by the second-order linear recurrence sequences
Lpyo=Lpny1+ L, and Fopo=Fap1+ F,

forn >0, Ly =2,L; =1, Fy =0 and F; = 1. These sequences play a very impor-
tant role in the studies of the theory and application of mathemai:ics. Therefore, the
various properties of L,, and F,, were investigated by many authors. For example,
R. L. Duncan {1] and L. Kuipers [2] proved that (log F},) is uniformly distributed
mod 1. H.London and R.Finkelstein [3] studied the Fibonacci and Lucas numbers
which are perfect powers. The author [4] obtained some identities involving the
Fibonacci numbers.

In this paper, we introduce a new counting function a(m) related to the Lucas
numbers, then use élemenfa.ry methods to give an exact calculating formula for
its mean value. First we consider the Smarandache’s generalized base, Professor
F.Smarandach defined over the set of natural numbers the following infinite gener-
alized base: 1 =go < g1 <--- <gi <--- . He proved that every positive integer N
may be uniquely written in the Smarandache Generalized Base as:

L 5 41— 1
N = E a;gi, with 0<aq; < [gli—}
: g:

=0
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(integer part) for ¢ = 0,1,--- ,n. and of course @, > 1, in the following way: if
gn SN < gny1, then N =gn +71;if g <71 < g1, thenry = g + 10, m < n;
and so on untill one obtains a rest r; = 0.

This base is important for partitions. If we take the g; as the Lucas sequence,
then we can get a particular base, for convenience, we refer to it as a Smaran-
dache Lucas base. Then any positive integer m may be uniquely written in the
Smarandache Lucas base as:

n
m = Za;Li, with alla; =0o0r 1, (1)
i=1
That is, any positive integer may be written as a sum of Lucas numbers. Now for
n
an integer m = Z a;L;, we define the counting function alm)=a;+ay+---+a,.
The main purpoiszlof this paper is to study the distribution properties of a(m), and
present a calculating formula for the mean value
A(N)= ) a'(n), r=1, 2. (2)
n<N .

That is, we prove the following two main conclusions:

Theorem 1. For any positive integer k, we have the calculating formulae

ALy = ) a(n) = kFiq

n<L;

and

Ag(Ly) = Z[(k = 1)(k —2)Le—z + 5(k — 1) F_p + T(k — 1)Fi_3 + 3F_,] .

1
5

Theorem 2. For any positive integer N, let N = Ly, + Lg, + --- + Lg, with

ki > ko > -+ >k, under the Smarandache Lucas base. Then we have
Ai(N)=A1(Lg, )+ N — L, + A(N — Ly,)

and

A(N) = Ag(»Lkl-) +N —-L; + Ao (N — Ly )+24, (N - L))
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Further,

A1(N) =} [k + (6~ 1)Ly

=1
For any positive integer r > 3, using our methods we can also give an exact

calculating formula for Ar(Li). But in these cases, the computations are more

complex.

2. PROOF OF THE "THEOREMS

In this section, we complete the proof of the Theorems. F irst we prove Theorem
1 by induction. For k = 1, 2, we have Ai(Ly) = A;1(1) = 0, Ai(Lz) = 41(3) =2
and Fy =0, 2F; = 2. So that the identity

A(Le)= " a(n) = kFy_, (3)
n<Lg

holds for k = 1 and 2. Assume (3) is true for all k <'m — 1. Then by the inductive
assumption we have

Alm)= Y am+ Y )

n<Lm_1 Lm-1_<,n<Lm

=A1(Lm-y) + Z a(n+ Lm_1)
0Sn<Lm_2

=Ai(Lm-1)+ Y (a(n)+1)

OSTI(Lm_g
=AiLm-1)+Lmat Y aln)

n<Lly,_»

=A1(Lpm—1) + 4, (Lm—2)+ Ly_s
=(m—-1)Fn_,+ (m—-2)F,_; + L
=m(Fm—o+ Frno3) — Fp_y — 2Fn_3+ Lm_»
=mFp_ . —Fp_y — Fp_s + Ly |
= mFm—]v
where we have used the identity Fipooy + Fp_3 = Lin—3. That is, (3) is true for

k = m. This proves the first part of Theorem 1.
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Now we prove the second part ‘of Theorem 1. For k = y 2, note that 1 = F} =

s+ F_;or F_; =1, we have Ag(Ll) = .4.2(1) =0, A‘_)(LZ) = A2(3) =2 and

0, ifk=1;

1
= (k= 1)(k = 2)Lr—a +5(k — 1)Fe—s + T(k — 1)Fp_s + 3F_1] =1 . ]
5 _ 2, k=2

So that the identity
1 (
) As(Ly) = 5 (k= 1)k =2)Lr—a +5(k — 1)Fr_g + 7(k — 1)Fr_3 + 3Fi-1]  (4)

holds for k = 1, 2. Assume (4) is true for all ¥ < m — 1. Then by the inductive
assumption, the first part of Theorem 1 and note that L,,_; + 2Lp—9 = 5Fn_;

and Fi,_y + 2F,,—92 = L,,_1, we have

A(ln)= Y d@)+ > d(n)

n<Ly_1 Lm—lsn<Lm
=As(Lm-1)+ Y. d*(n+Lmy)
0<n<Lm_»
=4(Lm-1)+ Y, (a(n)+1)
’ OSn<Lm_z
=4s(Im1)+ D (a*(n) +2a(n) +1)
0<n<Lm_2

= As(Lm-1) + Z a*(n) +2 Z a(n) + Lm—2
n<Lm_2 n<Lm_2
= AZ(Lm—l) + A2(Lm—-2) + 2A1(Lm—2) + Lm—2
= -;; [(m — 2)(m — 3)Lom_s + 5(m — 2) Fr_s + T(m — 2) Fin—s + 3Fm_3)]
+ 2 [6m — 3)(m ~ ) Lns + 5(m = 3) s + T — 3)Fr_s + 3Fom_s]
+ 2(1’71 - 2)Fm—3 + Lm——2

[(m = 1)(m = 2)Lm—3 + 5(m — 1) Fom_s + T(m — 1)Fr_s + 3Fm ]

[ F

+ % (m—=1)(m—=2)Lm_y +5(m —1)Fp_y +7(m — 1)Fm—s + 3F 3]
- é 2(m —1)Lp_3 +(4m —10)L iy +5Fm—3 + TFm—y + 10Fm_4
+ 14F 5] +2(m —2)Fn 34+ Lm_y

[(m—=1)m~-2)Ln2+5(m—1)Fn-2 +7(m—1)Fpn_3 +3Fn,_1]

|
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1
- '5 [2(771 - 2)(me3 + 2Lm—4) - 2Lm—4 + S(Fm—3 + 2 m—4)

+ T(Fm—4 + 2Fm—-5)] + 2(771 - Q)Fm—(! + Lm-—2

[(m—=1)m —=2)Lm-s+5(m = 1)Fm_2 + 7(m — 1)Fp_3 + 3F -]

1
- -5-' [10(771 —_ Q)Fm__;; had 2Lm——4 + 5Lm—3 -+ 7Lm—4]

U]

+2(m = 2)Fn34 Ln_s

1
=z [(m=1)(m = 2)Lm—; +5(m ~ 1)Fn—2 + 7(m — 1)Fin—3 + 3Fm_i].
That is, (4) is true for k¥ = m. This completes the proof of Theorem 1.

Proof of Theorem 2. Note that N = Ly, 4+ Lg, +---+ Ly, , applying Theorem 1 we

have

Ai(N) = Z a(n) + Z a(n)

n<Lk1 Lkl <n<N

=)+ S an)

Lk’_ <n<N

=AiIi)+ Y, a(n+Ly)
0Sn<N—Lkl

=4i(Le)+ Y, (a(n)+1)

0<n<N—Ly,
= A1(Le,)+ A1(N =Ly, )+ N — Ly, .

As(N) = z a*(n) + Z a*(n)

0<n<L; L;. <n<N
1 1=

=Ao(Le)+ Y, a’(n+Ly)
0$n<N—Lk1

=A(Le)+ Y (a(n)+2a(n) +1)
) OSrL<N---L;cl

= Ao(Lp, )+ N — Ly, + Ay(N — L) + 24:(N — Ly,).

This proves the first part of Theorem 2.
The final formula in Theorem 2 can be proved using induction on s and the

recursion formulae. This completes the proof of Theorem 2.
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