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Abstract: A Smarandache multi-spacetime is such a union spacetime CJ S; of spacetimes
S1,S2,---,8, for an integer n > 1. In this article, we will be deducze:d1 the geodesics of
space-time, i.e., a Smarandache multi-spacetime with n = 1 by using Lagrangian equations.
The deformation retract of space-time onto itself and into a geodesics will be achieved. The
concept of retraction and folding of zero dimension space-time will be obtained.The relation

between limit of folding and retraction presented.
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§81. Introduction

The folding of a manifold was, firstly introduced by Robertson in [1977] [14]. Since then many
authers have studied the folding of manifolds such as in [4,6,12,13]. The deformation retracts of
the manifolds defined and discussed in [5,7]. In this paper, we will discuss the folding restricted
by a minimal retract and geodesic. We may also mention that folding has many important
technical applications, for instance, in the engineering problems of buckling and post-buckling
of elastic and elastoplastic shells [1]. More studies and applications are discussed in [4], [8], [9],
[10], [13].

§2. Definitions

1. A subset A of a topological space X is called a retract of X, if there exists a continuous map
r: X — A such that ([2]):

(i) X is open;
(ii)r(a) = a, Ya € A.

2. A subset A of atopological space X is said to be a deformation retract if there exists a
retraction r : X — A, and a homotopy f : X x I — X such that([2]):

f(z,0)==V,zeX;
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f(z,1) =r(z),Vor € X;

f(a,t) =a,Va € At €]0,1].
3. Let M and N be two smooth manifolds of dimensions m and n respectively. A map
f M — N is said to be an isometric folding of M into N if and only if for every piecewise
geodesic path v : J — M the induced path fo~vy:J — N is a piecewise geodesic and of the
same length as v ([14]). If fdoes not preserve the lengths, it is called topological folding.

4. Let M be an m-dimensional manifold. M is said to be minimal m-dimensional manifold if
the mean curvature vanishes everywhere, i.e., H(o.p) =0 for all p € M ([3]).

5. A subset A of a minimal manifold M is a minimal retraction of M, if there exists a continuous

map r : M — Asuch that ([12]):
)M is open;
i)r(M) = A;

ili)r(a) = a,Va € A4;
r

(
(
(
(

iv)r(M)is minimal manifold.

83. Main Results
Using the Neugebaure-Bcklund transformation, the space-time T take the form [11]

ds®> = dt* —dp? — d2* — p*d ¢? (1)

Using the relationship between the cylindrical and spherical coordinates, the metric be-

comes

ds’ = r2 (sin? @y — cos? 92)@5 — r2sin? 92@? + (cos? By — sin® 92)%2

—r? sin? 6, sin® 92d7<p2 — 47 sin 05 cos OB2dO2dr.

The coordinates of space-time T are:

Yy = \/cl(r, 02) — r2 sin? 0,602

y2 = V4rZ cos20; + k1

Y3 = /12 cos 205 + c3(02)

Yy = \/04(7‘, 01, 6) — 2 sin? 0 sin? fo 2

where c1, k1, c3, ¢4 are the constant of integrations. Applying the transformation

af =y} — a(r,62),
a3 = y3 — ki,

23 = y3 — c3(62),

22 = y2 — c4(r,01,02)

Then, the coordinates of space-time T becomes:
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xq = irsinfa60,

xo = 2r+/cos 20,

x5 = 7v/c0s 202

x, = ir sinf; sin f2¢.

Now, we apply Lagrangian equations

4. or,_ or
ds ' 0G,’  0G;

to find a geodesic which is a subset of the space-time T . Since

=0,i=1,23,4.

1
T = 5{—7’2 08 20205 — 12 sin? 0202 + cos 20572 — 12 sin” 6, sin? fy¢"?

—27 sin 260,041"}

then, the Lagrangian equations for space-time 7" are:

d /

d—( 2sin? 020') + (% sin 6 cos 6y sin” f2¢ 2) = 0 (4)
s

4 (12 cos 20204 + rsin Oar’) + (r? sin 20208 + 12 sin 05 cos 661!

+8in 2057"2 + 72 sin? 6 sin Oy cos H2¢'? + 21 cos 20,051") = 0

4 (cos205r" — rsin260504) + (1 cos 20205 + rsin® 62072+
rsin® 0; sin? 0,02 + sin 205057") = 0
d 2 1.2 102 !
— (r® sin” 61 sin” 03¢") = 0. (7)
ds
From equation (7) we obtain 72 sin? 6 sin® o = constant p. If ;u = 0, we obtain the following

cases:

(i) If r = 0, hence we get the coordinates of space-time T3, which are defined as

Tr1 = 0,%2 = 0,%3 = 0,x4 = 0,
which is a hypersphere Ty, 23 — 23 — 23 — 2% = 0 on the null cone since the distance between
any two different points equal zero, it is a minimal retraction and geodesic.

(ii) If sin26; = 0, we get

z; = 0,25 = 2ry/cos 20y, x4 = r\/cos20y, 2, = 0.

Thus, 2 +3+ 22+ 23=5r% cos 205, which is a hypersphere S; in space-time T’ with z; = 24 = 0.
It is a geodesic and retraction.

(i) If sin® @2 = 0 , then @ = 0 we obtain the following geodesic retraction
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=0,y =2r,23 =7, =0, 23+ a3+ 23— 2 =517
which is the hypersphere So C T with 1 = 24 = 0.
(iv) If ¢’ = 0 this yields the coordinate of T C T given by

r1 = irsinfq01, xo = 2r\/cos 20,5, x3 = ry/cos 205, x4 = 0.

It is worth nothing that x4 = 0 is a hypersurface 75 C T. Hence, we can formulate the following

theorem.

Theorem 1 The retractions of space-time is null geodesic, geodesic hyperspher and hypersur-

face.
Lemma 1 In space-time the minimal retraction induces null-geodesic.
Lemma 2 A minimal geodesic in space-time is a necessary condition for minimal retration.

The deformation retract of the space-time T is defined as

p:TxI—-T

where T is the space-time and I is the closed interval [0,1]. The retraction of the space-time T

is defined as

R:T— Tl,TQ, Sl and Sg.

The deformation retract of space-time T into a geodesic 77 C T is defined by

p(m,t) = (1 —t){ir sinby6;,2r\/cos 26y, 7/cos 205,
irsin 6y sin 626} 4+ t{0,0,0,0}.

where p(m,0) = {irsin 6261, 2r\/cos 205, 7\/cos 202, ir sin 0y sin O2¢}, p(m, 1) = {0,0,0,0}.

The deformation retract of space-time T into a geodesic To C T is defined as

p(m,t) = (1 —t){irsinbq6,, 2r\/cos 205, r\/cos 205, ir sin 0y sin 020}
+ t{irsinﬁgﬁl,2T\/cos292,r\/cos292,0}.

The deformation retract of space-time T into a geodesic S; C T is defined by

p(m,t) = (1 —t){irsinba6y,2r\/cos 20z, 7\/cos 205, ir sin 0, sin Oy}
+ t{O,2r\/605292,r\/605292,0}.
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The deformation retract of space-time 7T into a geodesic Sy C T is defined as

p(m,t) = (1 — t){ir sin 6261, 2r\/cos 205, 7/ cos 205, ir sin 0, sin B¢} + {0, 2r, r, 0}.

Now we are going to discuss the folding & of the space-time T'. Let & : T — T, where

s(331,3?2,3?3%4) = ($1,$2,$3,|$4|) (8)

An isometric folding of the space-time T into itself may be defined as

S {irsin 020, , 2r\/cos 205, r\/cos 203, ir sin 0y sin ¢}
—  {irsinfy6,, 2r\/cos 265, r\/cos 205, |ir sin 0y sin O2¢| }.

The deformation retract of the folded space-time 7" into the folded geodesic T} is

s {irsin 6201, 27“\/(305 205, r\/cos 205, |ir sin 0y sin 62|} x T
— {irsin 661, 2r\/cos 205, 7/ cos 20, |ir sin 0 sin O] }

with

ps(m,t) = (1 — t){irsin 6261, 2r\/cos 205, 7/ cos 205, |ir sin 0y sin B2¢|} + £{0,0, 0, 0}.

The deformation retract of the folded space-time 7" into the folded geodesicTs is

ps(m,t) = (1 —t){irsinfa0y,2r\/cos 20, r+/cos 20, |ir sin 6, sin O]}
+ t{irsin9291,2T\/cos292,r\/cos292,0}.

The deformation retract of the folded space-time 7" into the folded geodesic S is

ps(m,t) = (1 —t){irsinby0y,2r\/cos 20, r\/cos 20, |ir sin ; sin O¢|}
+ t{O,2r\/605292,r\/605292,0}.

The deformation retract of the folded space-time T into the folded geodesic S5 is

ps(m,t) = (1 —t){irsinby0y,2r\/cos 20, r\/cos 20, |ir sin ; sin O¢|}
+ t{0,2r,r,0}

Then, the following theorem has been proved.

Theorem 2 Under the defined folding, the deformation retract of the folded space-time into

the folded geodesics is the same as the deformation retract of space-time into the geodesics.
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Now, let the folding be defined as:

Q" (21, 22,23, 24) = (2, |22|, T3, T4). 9)

The isometric folded space-time $(T') is

R = {irsin 6,0, }QT\/COS 202} .7/ cos 20, ir sin 0, sin 50}

Hence, we can formulate the following theorem.

Theorem 3 The deformation retract of the folded space-time ,i.e., p<S*(T') is different from
the deformation retract of space-time under condition (9).

Now let & : T™ — T™,

o S (T") — S9(T™),

Sz 1 32(Su(T7)) — 2 (Sa(TT)), -+

Sn t Sn-1(Sn—2.(S1(T7)).)) = Sn—1(Sn—2...(S21(T7))...)),
nlirr;ogn,l(gn,g. (31(T™))...)) = n — 1 dimensional space-time 7" 1.

Let hy : TP~ — 771,

h by (T™1) — hy(T7),

hs : ha(hy(T"1)) — ho(hy (T 1), ...,

B = Bt (Bon—s (B (T71)).22)) = Bt (Ayn—s (A1 (T 1))...),

im Ay (R 2 hn—1 (hm—2 .. (h1 (T~ 1))...)) = n — 2 dimensional space-time T"~2.

Consequently, lim lim lim ..ks(hn,(3,(T"))) = O-dimensional space-time. Hence, we

S§—00M—00N—00

can formulate the following theorem.

Theorem 4 The end of the limits of the folding of space-time T™ is a 0-dimensional geodesic,

it 1s a minimal retraction.

Now let f; be the foldings and r; be the retractions. then we have

1 1 s el
lim f;
" L)Tln LTQ" — T m J "1,
r% 'r% limri1 _1
™m—1r =13 — - T | — T
2 2 se2
lim f;
R e i
1 2 -
r T lim r;
Tn—1 1 T"_l 2, T"_l Y A gorn=2 ..
1 2 n—1 ) )
T > lim f
T! f_1>T11 f_2,T21 — T m 70,

r r lim f*
y AL R S it o )

Then the end of the limits of foldings = the limit of retractions = 0-dimensional space-time.
Whence, the following theorem has been proved.
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Theorem 5 In space-time the end of the limits of foldings of T™ into itself coincides with the
minimal retraction.
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