
ABOUT THE SMARANDACHE CCNPLEMENTARY CUBIC FUNCTION 

by :\'Iarcela Popescu and Mariana ~icolescu 

DEFL"lTIOX Let g:~- ~ ~- be a numericalfuncrion defined by g(n) =: k, where k IS 

the smallest natural number such that nk is ~1 per/ecr cube: nk =: s3, S E !'I(. 

Er:amples: 1) g(7)=49 because 49 is the smallest natural number such that 

7·49= 7·7:= 73: 

2) g(12) = 18 because 18 is the smallest natural numhcr su.;h that 

12 ·18 = (22. 3). (2.32 ) = 23 .33 = (2·3)3 ; 

3) g(27) = g(33
) = 1: 

-t) g( 54 ) = g(l· 33 
) = 22 = g(2) . 

- ~ ~ PROPERTY 1. For ew.''}' n <:: N , g( n-) = 1 and for every prime p we have g( p) = p-. 

PROPERnr 2. Let n be a composire natural number and n = pIX' . pa" ..... p~' , 
1: 12 1,-

0< Pi: < Pi: < ... < Pi, ' ll;.: ' ll;.: ' ... , ll;., E ~- its prime factOrIzation. Then 

g( n) = pt ~I ) • p~(~2) ..... p~(alf) , where ~i is the remainder of the division of aiJ by 3 and 

d:{O.1,2} ~ {O,l. 2} is the numericalfimction defined by d(O) = O,d(l) = 2 and d(2) = 1. 

If we take into account of the above definition of the function g, it is easy to prove the 
above properties. 

OBSERVATION: d(lli )=3-lli , tor every C1j. <::N-, and in the sequel we use this 
• J J 

writing for its simplicity. 

RE.MARK 1. Let m E ~- be a fIXed natural number. fr we consider now the numerical 

function g:2\'- ~ ~- defined by g(n) = k. "'~'here k is the smallest namral number such that 

nk = sm,s <::N-, then we can obserw that g generali=e the jimction g, and we also hCl':e: 

-( m 1 '\.7- -( m-J w . d -( rn-a. m-a." rn-a. h g n')= , "'7nEl'f. g p)=p ,'/P prIme an g n)=pi
l 

>·Pi
2 

...... Pi
f 

Of, were 

n = p~: . p~: .... 'P~ is the prime jactori=ation oj 11 and ai. is the remainder of the division of 
. - . 

a by m. thereJore the both abm'e properties holds for g , too. 1. 

RE~:lARK 2. Because 1:;; g(n).:. n2 • J'(jJ ,,"very n E~-. we have: 

,g(n) is a divergent serie. 
~1 n 
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1 / g(n). 
- :0 -- ::, n. thus 
n n 



in ... szmzlar way. usmg that we have Is. g(n) s nm- 1 Jar every n ~N-. it results that 

'" g(n) is also divergent. 
fl21 n 

PROPERTI' 3. The function g:~-.~~. is multiplicatIVe: g(x·y) = g(x)·g(y) for 

eWl}: X. y ~ ~- with (x, Y) = 1. 

Proof For X= 1= Y we have (x,y)= 1 and g(I·I) = g(I)· g(I). 
• a., a,. 0;. X = p ... p ....... p . 

L 1: 1. 
and y = qP.: . q.B.: ..... qA be the prime factorization of x and y, 

J; J: J, 

repectively, so that X· Y = 1. 

Because (x, y) = 1 we have Pih == qjk' for eve!!' h = 1. r and ~: = 1.". 

3--a 3--(.( 3-u 3-j3 3-p 3-p 
Theng(x,.v)=p ':.p .. 2 ..... p "'q"q 12 ..... q )'=g(x).g(y). 

L 1: 1, .1- J: J. 

REMARK 3. The property holds also for the function g:g(x·y)=g(X)·g(y). where 
(x.y) = 1. 

PROPERTI' 4. If(x.y)= 1. X andy are not perfect cubes andx.y>l. then the equation 

g(x) = g(y) has not natural solutions. 

r 
Proof Let x = TI p~~ and 

~l ~ 
y= riq~k (where Pi~ ;z:qiJ.,'ih=1,r,k=1,s, because 

k=l 

(x,y) = 1) be their prime factorizations. 
r 3-a 5 3-P 

Then g(x) = Dtih 'b and g(y) = D qjk Jk and 

there exist at least ai == 0 and /lJ' ;z: 0 
• k 

(because x and y are not perfect cubes), therefore 

3-a 3-j3 
1;Z:Pi~ 'b ==q.it )k ;z:1, sog(x);z:g(y). 

CONSEQl.J~NCE 1. The equation g(x) = g(x '"" 1) has not natural solutions because 

for x 2: 1. x and x~ I are not both perfect cubes and (x, x ..,..1) = 1. 

RE~L\RK 4. The property and the consequence is also true for the function 

g: if (x.y) = 1, X> 1, y:> 1. and it does not exist :l, bEN- so that x = am. y = bm (where m is 
fixed and has lhe above signijicance). then the equation g(x) = g(y) has not natural 

solutIOns; the equation g(x) = g(x ~1), x 2= 1 has not natural solutions. too. 

It is easy to see that the proofs are simi/aT'}" but m this case we denote by aij:= all 

(mod m) and we replace 3- a by rn - a . 
1, :! 

PROPERTY 5. We have g(x·y':) = g(x).for every x,y EN-. 

Proof If (x, y) = 1, then (x, y3) = 1 and using property 1 and property 3, we have: 

g(x, y3) = g(x). g(y3) = g(x). 
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r n 
If (x.y);:: 1 we can write: x = TIp~:o . TI dt' and where 

h=l !=l' 

- - - • r (I n u: 
Pi

b 
:::: d~ ,qj. = d~. Pi., ;: qj. ,'7h = Lr,k = L5 , t = Ln. We have g(x,y')= g<TIPi.,'h . TI d1t :

t . 
h=! . t=1 

5 '13 n 3ft's n r s 3{3 n 3{J. 
. TI qj" < • TI dL : ) = g(f1 p:~" . f1 '/'::' . f1 dt· +)f,. ) = g( TIP~': . TI qj,:i<) 'g(TI dt'... .:) = 
k=! 1=1 ;'=1 ... =1 t=1 h=! k=! t=1 

r 3-a s 3-3/3 n 3-a. T3/3.. r 3-a r 3-a ran a. 
=TIPic '!'TIq; ·'·TId!. ':'=f1Pi ... f1dz .; =g(f1Pi~)·g(f1dl.t)= 

h=1" koo1' t=1' 17=1' t=l' 17=1'· t=l' 
r n 

= g(TIP~': . TId~t) = g(x). 
h=1 h t=1 

ran a 
We used that (TIpi 'b. TI dl.·t 

) = 1 and 
h=; h t=1 . 

above properties. 

r a S 3fJ n a -3f? (TIp. 'b·TIg Jlc.TId·' 1"1')=1 
lb lit 1. 

11=1 1;=1 - t=1' 

and the 

RE1VIARK 5. It is easy to see that we <.llso have g(x·ym) = g(x). for every x,y E I"-. 

OBSERVATION. {f" ~ = u:. where ~ is a simp/tfiedjraction. then g(xj=g(l~. It is 
v v v 

easy to prove lhis because x = 1m3 and y = lv3
. and using lhe above property we have: 

g(x) = g(k· u3
) = g(k) = g(k·~) = g(y) 

OBSERVATIO~. If 
X um 

U y = vn where ~ is a simplified fraction, then, using remark 5. 

we have g(x) = g(y), too. 

CONSEQUE~CE 2. For every X EN- and n EN. 

{

L tf"n = 3k; 

g(xn) = g(x), ifn = 3k ..... 1; 

g:(x), if n = 3k+ 2, kEN, 
'"' where g-'"(x) = g(g(x». 

Proof If n=3k, then xn is a perfect cube, therefore g(xn) = 1. 

Ifn=3k .... L then g(xn) = g(x3k . x) = g(x3k). g(x) =. g(x). 

Ifn=3kT2. then g(xn) = g(x3k . x:) = g(x3k )_g(x:) = g(x:). 

PROPERTY 6. g(~) = g2(x), for every x E N*. 

r 
Proof Let x = TI p~h be the prime factorization of x. Then 

h=l .. 

r 2£1. r 3-2a r 3-a r 3-3-a 
g(~) = I!( TIp· 'b) = TIp· Ib and a2(x) = I!(g(x)) = a( TIp· 'h) = TIp· lb. but it is 

,- 1.' 1. ::> " - ' , '::: 1 1.' 
h=1" h=1 - h=1 ~ h=1 .. 

easy to observe that 3- 2a" = 3- 3- a", because for: 
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-
ar, = 0 3 - 2 a. = 3 - 0 = 0 ~d 3-3-a~=3-3-0=3-0=O 

a. = 1 3-2u:.=3-2=1 ~d 3-3-a =3-3-1=3-2=1 
I. 

-
a ,• = 2 3 - 2 u = 3 - 4 = 3 - 1 = 2 ~d 3 - 3 - u = 3 - 3 - 2 = 3 - 1 = 2, 

I~ l~ 

,., 2 -RE::'vIARK 6. For the function g is not tme that g(:'~-) = g (x), 'ix '=~ . For example. 
~ ""),...,..J ""'.... "'" 

for m=5 and x = 3-. g(X-) = g(.j )=3 while g(g(J'» = g(3"') = 3-. 

ivlore generally g( xk) = gk( x). 1ix -= N- is not true. But for particular valu~s of tn.k and x 

the above equality is p()~~ji·!..: .0 be true. For example for m = 6, x = ::: and 

k=2: g(x:)=g(24)=22 ~d g2(X) =g(g(:2» = g(24) = 22. 

RD-l<\RK 6'. a) g(.1:,",-I) =g",,-l(X) jor every! x ~~' iffm is an odd number. because we 

have m-(m-l)ai = m-m-... - m- ai ,jor every ai ENo " ~ :, 
+ 

m-l tunes 
Example: For m = 5, g(X4) =g4(x),jor every x E~'. 

b) g(.·e"-l) =g'''(x).jor ewry x E~' tlfm is an even number. because we 

have m-(m-l)aj =m-m-... - m-aj ,joreveryu, E~o " ~ ~ . 
m times 

Example: For m= 4. §(x3
) =g4(x).jor every x EN'. 

PROPERTY 7. For every x E~· we have g3(X) = g(x). 

r r ~~ 
;:,0,)6/ Let x = I1p~;;, be the prime factorization ofx. \Ve saw that g(x) = I1Pi 1~ and 

h=l - h=1 h 

... " r 3-~~ r 3-3-3-~ 
g"(X)=g(g~(x»=g(DPi - ")=Dpi ". 

h=l • h=l • 

But 3-a = 3-3-3-a, for every eLi E:\'. because for: . .. " 

Ui =1 
h 

- - - --
~a =0 ~d 3-3-3-a =3-3-3-0=3-3-0=3-0=0 

~ " 

3-;- = 2 ~d 3-3-3-~ = 3-3-3-1 = 3-3-2 = 3-1 = 2 
·il '" 

therefore g}CX) = g(x), for every x E~t. 
57 



REMARK 7. For every X EN- we have g\x) = g(x) because m - a;. = m - m - m - a;. , 
h h 

for :!'.·..:ry ~ EN. For a; = a E {l, ... ,m -I} = A, we have m - a;. = m - a eA, therefore ~ ~ h 

m - m- a;. = m -em -a) = a = a, so that m- m-m- n· = m- a = m- n· , which is also true h 'b'h 

for a:~ = 0, therefore it is true for every ai eN·. 
~ 

PROPER1Y 8. For every x,y EN- we have g(x·y) = g2(g(X).g(y». 

r n s p n • .8. Proof. Let x = IIp:b . 11 drl
, and y = IT qjltit ·11<1'1." be the prime factorization of x 

h=1 t=1 k=1 t=1 

and y, respectively, where Pi. ~dl ,qJ' ~dl,Pi ~qi ,'dh=1,r,k=1,s,t=1,n. Of course h tit th.ll: 

r aSp n ~ +f3.. r 3-a 5 3-p. n 3-( +/J,.) X·y= IIp, 'h. I1q.Jk ·TId t t, SO g(x·y)= IIp, 'h. I1q. lit • TId ~I '1. On the h Jk 1. Ih A 1. h=1 - k=1 t=1' h=1 k=1 t=1 . 
r 3-a n 3-- s 3-p n 3-A other hand, g(x) = ITPi 'h. IT d1 IZtI and g(y) = TI q. "'. IT dl I, so that 

h=1 b t=1 t k=1 JIt t=1 1 

~ r 3-a. s 3-p n 3-1Zt +3-A r 3-3-3-a s 3-3-3-/3 g2(g(X)·g(y»=g-(ITP· 'b. ITq. lk 'ITci~ 1 1)= rIp. to .rIq. 111. Ib .lit 11 1 ) h=1 k=1 t=1 h=1 It k=1 1 

n 3-3-(3-a +3-P) r 3-a s 3-/3 n 3-(~ +/3, ) . IT d 1 Ir ~ = n p. ". IT q. 11. IT d 1 ~ = g(x· y), because I lit Jl I t=1 h=1 k=l t=1 

3- 3-3- a = 3-a and 3- 3-(3- a+3- b) =3-(a+ b), V'a.b eN. 

REMARK 8. In the case when (x,y) = 1 we obtain more simply the same result 
Because (x,y) = 1 ~ (g(x),g(y» = 1 ~ (g2(X),g2(y» = 1 so we have: 

~(g(x). g(y» = g(g(g(x)· g(y») = g(g(g(x»· g(g(y») = g(g2(X) ·i(y» = 
= g(g2(X».g(gl(y»= ~(x).~(y) =g(x)·g(y) = g(x·y). 

REMARK 9.lf (x,y) = I, then g(xyz) = g2(g(xy)·g(z» = i(g(x)g(y)g(z» and this 
property can be extended for a finite number of factors, therefore if 

n 2 n (XI,X2) = (X2,x3) = ... = (xn-2,Xn-l) = 1, then g(l1~) = g (I1g(Xi»' 
i=1 i=l 

PROPERTY 9. Thefunctton g has not fixed points X;lt 1. 

Proof. We must prove that the equation g(x) = x has not solutions x> 1. 
Let x = p~1 . p~2 ..... p~r n· > l,j = If be the prime factorization of x. Then II 12 I,. , ~j - , 

r 3-a _ 
g(x) = ITp' I: implies that C4. = 3- ~, \fj el,r which is not possible. I, 1 1 j=1 

REMARK 10. Thefunctton g has fixed points only in the case m= 2k, k EN-. These 
points are x = p~ . P~ ..... p~, where Pi ,j = 1,r are prime numbers. 11 '2 I, J 
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PROPERTY 10. If (~,y)= 1 and (-Y- X)= 1 then we have l (x,y) (x,y)' 
g«x,y» = (g(x),g(y», where we denote by (x.y) the greatest common divisor ofx andy. 

Proof. Because (_x_,y) = 1 and (-y_,x) = 1, we have (_x_,(X,y») = 1 and 
(x,y) (x,y) (x,y) 

( -y_,(X,y») = 1. then x and y have the following prime factorization: x = frp~h . IT d~11 
(x,y) h-l ~ t=1 . 

Then 
s~ n and v = IT .lk. ITdlZt. • Jk 1, , 

k=1 t=1 

nan 3-~ 
(x, y) = IT dl I, , therefore gC C x, y» = IT d1 1,. On the other hand 

t=1 I t=1 t 

r 3-a n 3-a s 3-/3 n 3-a. n 3-~ 
(g(x),gCY»=CITpi :h·IT~ 1',ITq· ;;,·ITcii ·')=IT~ 1, and the assertion 

h=1 h t=1 I k=1 A t=1 I t=1 I 

follows. 

REMARK 11. In the same conditions, g«x,y» = (g(x),g(y», Vx,y eN-. 

PROPERTY 11. If (_x ,y)= 1 and (x,y) ( 
y ) -- x -1 

(x,y) , - then we have: 

g([x,y]) = [g(x),g(y)], where (x,y) has the above significance and [x,y] is the least 
common multiple of x andy. 

Proof. We have the prime factorization of x and y used in the proof of the above 
property, therefore: 

r aSp n r 3-a s 3-P n 3--
g([x·YD=gCITpi,,'h. ITql.lk. ITdt') = ITpi" ill. ITq.it ... ITcii: ~ and 

h=1 k=1 t=1 h=1 k=1 t=1 

[g(x),g(y)] = IT Pi ih. IT cii ~', IT q. ik. IT cli. ~I = 
[ 

r 3-a n 3-- s 3-/3 n 3--] 

h=1 ~ t=1 I k=1 Jk t=1· 

r 3-a s 3-/3 n 3-­
= IT Pi 'll. ITq· I< ·ITd ~', 

h=1 Il k=1 A t=1 1. 

so we have g([x,y]) = [g(x),g(y)]. 

REMARK 12. In the same co~ditions, g([x,y]) = [g(x),g(y)l Vx,y eN-. 

CONSEQUENCE 4. If (_x_,y)= 1 and 
(x,y) 

=g«x,y»·g([x,yD for every x,y eN-. 
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(-y_,x)=1. then g(x)·g(y)= (x,y) 



Proof Because [x,y] = ~ we have [g(x),g(y)] = g(x)·g(y) and using the last two 
(x,y) (g(x),g(y» 

properties we have: 

g(x)·g(y) = (g(X),g(y»·[g(X),g(y)]= g«x,y»·g([x,y]). 

REMARK 13. In the same conditions. we also have g(x)·g(y) = g«x,y»·g([x,yD 
for every x, y E N-. 

PROPERlY 13. The sumatory numericalfunction of the function g is 

F(n) = N <Ii, +:- a" (1+p" +~)+hp" (<Ii) l 
where n= p~l .p~: ..... p~ is the prime factorization of n, and h :N ~ N is the 

1 2 t A" 

{

l for a=3k 

numericalfunction defined by l1p(a) = -p for a = 3k + l, where p is a given number. 

o for a=3k+2 

Proof. Because the sumatory fimction of g is defined as F( n) = L g( d) and because 
din 

k 
(p~l, TIp:") = 1 and g is a multiplicative fimction, we have: 

t=2 

F(n) = ( ~~~(dl»).( j ~~g~») and so on, making a finite number of steps we 
II, Pil ~ Pil ···Pit 

k a; 
obtain: F(n) = TIF(Pi i). 

j-l ) 

But it is easy to prove that: 

~ (1+p+p2)+1 for a= 3k 

a+2 2 --(1+p+p )-p for a=3k+1~ 
3 

a+\1+p+p2) for a=3k, kEN, foreveryprimep 
3 

Using the fimction ~, we can write F(pa) = 3-a(l+p+p2)+~(a), therefore we 
. 3 

have the demanded expresion of F(n). 

REMARK 14. The expresion of F(n}. where F is the sumatory function of g. is 

similary, but it is necessary to replace 
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a;. ~3-a a;. -rm-a 
J 3 " by J " (where a;. is now the remainder of the division of ai by 

m 1 1 

m-l 
m and the sum 1 + Pi. + pt by 2: p~) and to define an adapted function hp. 

, , ~o 1 

In the sequel we study some equations which involve the function g. 

1. Find the solutions of the equations x· g(x) = a, where X, a E N-. 
If a is not a perfect cube, then the above equation has not solutions. 

If a is a perfect cube, a = b3, b eN*, where b = p~l .p~2 ..... p~ is the prime 
11 12 lk 

factorization of b, then, taking into account of the definition of the function g, we have the 

solutions x = b3 
/ ~ i ; where ~ i...i can be every product 1/1' IrI!l' 2 ... rI!' where A,/J:., ···,fit 

I 2 --x 12k I 2 1. 

take an arbitrary value which belongs of the set {0,1, 2}. 

In the case when f31 = P2. = ... = 13k = 0 we find the special solution x = b 3, when 

R=R.= ... =R =1, the solution p~PI-lp~A-l ... p~Pk-l and when R=!3,.= ... =R =2, the 
1"1 1'l JJk II 12 1. 1"1. JJk 

solution p~I-2p~-2 ... p~k -2. 
11 l z ~ 

We find in this way 1 + 2C! + 22C! + ... +2c C; = 3c different solutions, where k is the 
number of the prime divisors ofb. 

2. Prove that the following equations have not natural solutions: 
xg(x) + yg(y) + zg(z) = 4 or xg(x)+yg(y)+ zg(z) = 5. Give a generalization. 

Because xg(x) = a3,yg(y) = b3,zg(z) = c3 and the equations a3 + b3 + c3 = 4 or 

a3 + b3 + c3 = 5 have not natural solutions, then the assertion holds. 

We can also say thet the equations (xg(x»n + (yg(y»n + (zg(z)l = 4 or 

(xg(x»n+ (yg(y»n+ (zg(z»n=5 have not natural solutions, because the equations 

a3n + b3n + c3n = 4 or a3n + b3n + c3n = 5 have not 

3. Find all solutions of the equation xg(x)-yg(y) = 999, 

Because xg(x) = a3 and yg(y) = b3 we must give the solutions of the equation 

a3 _ b3 = 999, whlich are (a=1O, b=1) and (a=I2,b=9). 

In the first case: a=10, b=1 we have xa(x)= 103 = 23 .53 

=>"0 E{103,i!.53,;i3.&,2 .53,;i3.5 ,i!.&,i!.5 ,2 .52,2 ·5 } 

and yb(y)=l => Yo = 1 so we have 9 different solutions (Xo,Yo)· 

In the second case: a=l2, b=9 we have xa(x) = 123 = 26 .33 

=> Xo e{ 26 .~,~ .33,26 .32,2" .33,26 .3 ,25.32,24.32,25.3 ,24 .3 } 

and yb(y)=g3 = 39 => Yo e{39 ,jI,37
} so we have another 9·3= 27 different solutions 

(Xo,yo)· 

4. It is easy to observe that the equation g(x)=1 has an infinite number of solutions: all 
perfect cube numbers. 
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s. Find tlui solutions oft~ of the equation g(x)+ g(y) + g(z) = g(x)g(y)g(z). 
The same problem when the function is g. 
It is easy to prove that the solutions are, in the first case, the permutations of the sets 

{u3,4~,9t3}, where U, v,t EN·, and in the second case {um,2~lvM,3~ltm}, U, v,t EN-. 

Using the same ideea of [1 J, it is easy to find the solutions of the following eqU3tions 
which involve the function g: 

a) g(x) = kg(y), k EN-, k > 1 

b) Ag(x)+ Bg(y)+ Cg(z) = 0, A,B,C EZ 
c) Ag(x) + Bg(y) = C, A,B,C EZ·, and to find also the solutions of the above equations 

when we replace the function g by g . 
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