ABOUT THE SMARANDACHE COMPLEMENTARY CUBIC FUNCTION

bv Marcela Popescu and Mariana Nicolescu

DEFINITION. Let g:N" — N be a numerical function defined by g(n) =k, where k is
the smallest natural number such that nk is a perfect cube: nk = $>,seN.

Examples: 1) g(7)=49 because 49 is the smallest natural number such that
7.49=7.7°=7%
2) g(12)=18 because 18 is the smallest natural number such that
12-18= (2°.3).(2-3%)=23.3 = (2-3)°;
3) g2 =g =1
1) g(54)=g(2-3°) =2 =g(2).

PROPERTY 1. For everv n eN g(n3) =1 and for everv prime p we have g(p) = p:.

PROPERTY 2. Let n be a composite natural number and nzps k -pf?z pf i
O<pi <Pi, < <Pi, & :Qi»--0rlly eN’ its prime factorization. Then
g(n)= p:w“) -pi(%) ----- pg(a"), where ai is the remainder of the division of @ bv 3 and

d:{0.1.2} > {0,1.2} ss the‘numericalﬁmction defined by d(0) = 0,d(1) =2 and d(2)= 1.
If we take into account of the above definition of the function g, it is easy to prove the
above properties.

OBSERVATION: d(g; )=3-¢ , for every o =N, and in the sequel we use this
writing for its simplicity.

REMARK 1. Let me N~ be a fixed natural number. If we consider now the numerical
function N - N" defined by 8(n) = k. where k is the smallest natural number such that
nk =s™,s =N then we can observe that § generalize the function g. and we also have:

- g m-a -
g(n™)=1, vn=N. g(p)zpm_l, Yp prime and g(rx):pf1 a'».piﬂ I Pim % where

>4 [>4

n-= pla .pif ..... pi_l‘

is the prime factorization of n and Z is the remainder of the division of
a; by m. therefore the both above properties holds for g , too.

- N - 1 .
REMARK 2. Because 1< g(n)=n*, jur every neN . we have: —= <n, thus
n n
n |
gn) is a divergent serie.
n

AN
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In u similar wav, using that we have 1< g(n)< n™! for everv n eN’. it resuits that

g(n) . .
D 3 o aiso divergent.
nx1

PROPERTY 3. The function g N> N s multiplicatve: g(x-y)=g(x)-3(¥) Jor
every X.v =N with (x,¥) = L

Proof For x=1=v¥ we havc (x,y)=1 and g(1-1)=g(1)-g(1). Let

X= p1 pl ------ p,a' and vy ~q1 qJ q’z s be the prime factorization of X and YV,

repectively, so that X-y =1.
Because (x,v)=1wehave p; =q; . foreverv h= Lrand k=1r-.

>a  Fu 3a 3pp BB
Then g(x-3)=p, -, TeoBy Ced,ea, T =008

REMARK 3. The propertv holds also for the function :3(X-V)= 8(x)-g(v). where
(x,y)=1

PROPERTY 4. I[f(x.v)= 1. X and v are not perfect cubes and x.y>1. then the equation
g(x) = g(¥) has not natural solutions.

T s . _
Proof. Let x= Hpi‘fh and v= qu“‘ (where p, =q;,vh=1rk=1s, because
k:l [ 2
3a 37
(x.y)=1) be theirr prime factorizations. Then g(x)= HP » and g(v)= Hq * and

h=1 k=1
there cxist at least o;, =0 and ﬂjk =0 (because x and v arc not perfect cubes), thercfore

3a 38
1= p, %= q; < =1, so g(x) = g(¥).

1

s

CONSEQUENCE 1. The eguation g(x)=g(x~1) has not natural solutions because
for x =1, x and x| are not both perfect cubes and (X,Xx -1) = L

REMARK 4. The property and the consequence is also true for the function
g if (x.v)=1, x> 1, y>1, and it does not exist 2. beN" sothat x=2a™. v=">b" (where m is
fixed and has the above significance), then the equation §(x)=8(y) has not natural
solutions; the equation g(x) = g(x+1), x 21 has not natural solutions. to0.

It is easv 10 see that the proofs are similarv, but in this case we denote by aq =y

(mod m) and we replace 3- Zz_‘_ by m —Zz;_.

PROPERTY 5. We have g(x-ys') = g(X), for everv X,y eN.

Proof. If (x,y)=1, then (x,y>)=1 and using property 1 and property 3, we have:
(x-¥%) = g(x)-g(y”) = &(%).

55



S Il

If (x.v)=1 we can write: x= le Hd‘ and y:qu*'H \©  where
h=l ' h '

—_— _— —_ n
Pi, :dL_,qjk :dl,-Pih :qjk,‘vhzl,r,kzl,s . t=1n. We have g(x- v")—a(Hp1 »I]d :"-
h— t=1

ﬁ . a, + ™ G+3ﬂ
H ) Hd, >-g<HP I’I«” Td)= g(le qu )g(Hd’

=t =1

36 3a- L 3a,
RER I Caii s OIS s e —g(l‘[p ) o(Hd, )=
’ t=1 " h=1 "~ =1 S "

(1

F‘:Ju

P
[

d“") g(x).

i
I

[0} :'_‘_j;s

r s n -
We used that (Hp ' Hd *)=1 and (Hpia‘h-nq?ak_ndla“ 3“*):1 and the

h—‘t1' k=1 =t ]
above properties.

REMARK 5. [t is easv to see that we also have 3(x-v™) = §(X). for everv X,y eN".

3

OBSERVATION . [f 2. u7 where 2 is a simplified fraction. then g(x}j=g(v). It is
v \%

easv to prove this because x = kn" and v =", and using the above property we have:
g(x)=g(k-u) =g(k)=g(k-v) =g(y)
x u™ u . _ . )
OBSERVATION. If —= W where — is a simplified fraction, then, using remark 35,
y v
we have g(x)=g(y), too.

CONSEQUENCE 2. For every X eN and neN,

1. if n=3k;
g(x") ={g(x), fn=3k -1
g=(x), if n=3k+2, keN,

where 8°(x) = g(g(x)).
Proof. K n=3k then x" is a perfect cube, therefore g(x")=1.

If n=3k~1. then g(x") = g(x:’k-x) = g(x3k)-g(x) =g(x).

If n=3k-2. then g(x") = g(x™*-x7) = g(x™*)-g(x7) = g(x°).
PROPERTY 6. g(x?) = g2(x), for every xeN .

T
Proof. Let x= pr’5 be the prime factorizaion of x. Then

I 2 I 3-2a 4 33a_ L.
g(x2)=g(pr“‘“)=Hpi “ and gz(X)=g(g(X))=g(Hp “‘) Hp *, but it is
h=1 " h=1 ° het s
easy to observe that 3-E= 3—3—a—,h, because for :
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@.=0 3-2a_=3-0=0 and 3-3-a, =3-3-0=3-0=0

a =1 3-

@,=2 3-2¢ =3-4=3-1=2and3-3-¢ =3-3-2=3-1=2,

therefore g(xz) = g:(x).

REMARK 6. For the function § is not true that §(x?) = §*(x), Yx =N . For example.
for m=5 and x=3". §(x7) = §(3')=3 while 3(3(3°)) = §(3°) = 3°.

More generallv g(xk) = gk(x). vx 2N is not true. But for particular values of m.k and x
the above equality 1s pessivle i be true. For example for m=6, x=2" and

k=2:8(x)=§(2")=2" and F(v)=§EQ*)) = 2" =22

REMARK 6'. a) g(x™") =g (x) for every x =N iff m is an odd number, because we

have m—(m-1)a; =m-m-...— m-a; . forevery a; €N.
5 = "
m-1 tumes

Exampie: For m=35, g(x*)=g*(x), for everv x cN".
b) g(x"1)=g"(x). for everv x eN" iff m is an even number, because we

have m—(m-a; =m-m-...~ m—a: , for every a, eN.

Example: For m= 4. 3(x*) =g*(x). for everv x =N".

PROPERTY 7. For every x e N~ we have g>(x) = g(x).

. I a . o . I 3a
Frogl et X = th"’ be the prime factorization of x. We saw that g(x)=[] p, ™ and
h=l = h=1 "

2 A I 33-g 7 3-3-3-qa
g2(x)=g(e" (=N =g([]p,
h=1 " h=1

But 3-a_=3-3-3-a_, forevery ¢; <N. because for:

@ =0 3a =0 and 3-3-3-¢ =3-3-

a,_-b=1 3-a =2 and 3-3-3-a =3-3-3-1=3-3-2=31=2

-

@ =2 3-a =1and 33-3-a =3-3-3

o
]
(1.:
1]
]
[\S)
I

therefore gB(.\:) = g(x), for every x eN".



REMARK 7. For every x eN" we have 3°(x) = §(x) because m—?q_hzm—m—m—aTh,
for every ¢, eN. For a—,,‘:ae{L...,m—l}:A, we have m-al_-hzm—aeA, therefore

m—m-a;hzm-(m—a)=5=a, so that m—m—m-al_}‘:m—a:m—a:, which is also true

for a_ = 0, therefore it is true for every a; eN”
2 A

PROPERTY 8. For every x,y eN" we have g(x-y)= gz(g(x)-g(y)).

T n S n
Proof. Let x= Hp{:‘" -de“ and y= Hqﬁ’* de" be the prime factorization of x
h=1 t=1 k=1 t=l

and y, respectively, where P, #dj.qj #dj.pi, #q;,Vh=1rk=15t=Tn. Of course

I o S n T 3¢ S 37 N Wy o
X-y= HPZ*'qu"-de'%‘ » S0 gxey)=Tlp - [a; ﬂ’*-HdL @) 0on the
h=t ° k=17 =1 " h=1 * k=1 t=1 "
I 3 N 3 s 38 n 3
oher  hand, g(x)=[Ip, *-[]/ * and sm=TTa; * I, so that
h=1 t=1

—

r 3
Pih

22@(x)-8(y) =g []
h=1

_— e——— r —
t =
t

a S 35 n 3o o 3-3-3-a 2
s ﬂ’*-I_Id1 %A, 15 “TIla a |
k=1 ki ’ k=1

n 3 —_— — r 17— s ? n -——
3(3-a +3-8) 3a 3 B, _I—Id?-(a:,'*'ﬂ») = g(x-y), because

'Hdl f % =Hpi u,HqJ
=1 " = D = |

3-3-3-2=3-2 and 3-3-(3-3+3-b)=3-(a+b),va,beN.

1

REMARK 8. In the case when (%,Y)=1 we obtain more simply the same result
Because (x,y)=1= (g(x),g(y))=1= (g2(x), 22(y)) =1 so we have:

£(2(x)-8)) = 8EE(X) &) = 2(8(e()) -&(y))) =g(g*(x)-g%(y)) =
=2(8° () 2@ () = £(0)-8(¥) =g(x)-8(y) = g(x-).

REMARK 9. If (,Y) =1, then g(xy2) = g*(2(xy)-8(2)) =8*(e(X)e(y)2(2)) and this
property can be extended for a finite number of factors, therefore if

n n
(X1 X2) = (X3,X3) == (X 5,y 1) =1, then g Ix)= gz(Hg(xi))-
1=1

1=1
PROPERTY 9. The function g has not fixed points x = 1.

Proof- We must prove that the equation g(x) = x has not solutions x>1.
Let x= p:" -p;fz -----p:”,aij >Lj=1r be the prime factorization of x. Then

I 3-a —_— J—
g(x)= l'Ipi % implies that ¢y =3-; ,Vjelr which is not possible.
J=1 1 1 1 .
REMARK 10. The function § has fixed points only in the case m= 2k, k cN". These
points are x = pz.k . pik pik , Where Pi,Jj= 1L,r are prime numbers.
1 2 14
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PROPERTY 10. If ( ad ,y)zl and ( >4 ,x)=1 then we have
(x,3) (x,y)

g((x,y)) = (g(x),8(Y)), where we denote by (x,y) the greatest common divisor of x and v.

Proof. Because ( x ,y)=1 and ( 24 ,x)=1, we have ( al ,(x,y))=1 and
(x,») (x,») (x,»)

ﬁ,(x, y)) 1, then x and y have the following prime factorization; x = Hp Hda"
»y h=1 t=1

s j— —
and y= qu:k Hdah H plh ® dlt.qjk ® dll’ plh = qjk: Vh=1,r,k=1,5,t=1,n. Then

n a, n 3-(1
(x,v)= Hdlx“ , therefore g((x,y))= Hd * | On the other hand

n

3—a .
(8(x),.g(y) = (HP % Hdl, I_[d1 ) I—Id1 and the assertion
t= k-1
follows.

REMARK 11. In the same conditions, §((x,¥)) = (&(x),&(y)), Vx,y eN".

(x,»)
gdx,yD =[g(x),g(y)], where (x,3) has the above significance and [X,y] is the least
common multiple of x and y.

PROPERTY 11. If ((—’),y)=1 and (-”-,::):1 then we have:
X,y

Proof. We have the prime factorization of x and v used in the proof of the above
property, therefore:

elx-y) = g(Hp,“ [T -TTa%)= le % n "-ﬁdf_a and
t=

k=1 t=1

(8(x).8()]= Ex HdL th o lﬂl‘ﬁ }

t=

I 3¢ S 38 N 3~
, in th x .Hdl, o, ,
h=1 k=1 t=1
so we have g([x,y]) = [g(x), 8()].

REMARK 12. In the same conditions, gdx,yD =[8(x),&(¥)] VX,y eN".

(x,»

CONSEQUENCE 4. If ( )—1 and (L,x)ﬂ. then g(x)-g(y)=

(x,)’
=g((X,y))-g((x,y] for every x,y eN".



Progf. Because [x,y]= d using the last two

Xy g(x )g(y)

ha ,g(y)]= =228

Gy v e Eml= oy
properties we have:

g(x)-g(y) = (g(x),g(y))-[g(x),g(¥)]= g((x,¥))-g([x, YD-

REMARK 13. In the same conditions. we also have g(x)-8(y)=8((x,y))-8(x.¥D
for every x,y eN'.

PROPERTY 13. The sumatory numerical function of the function g is

k ar +3-a
F(n)= H ’(1+p P )+h (@) |

where n= pz’x Py, &, p::’k is the prime factorization of n, and hy N> N is the
1 for =3k
numerical function defined by hy(a)={-p for a=3k+1, where p is a given number.
0 for a=3k+2

Proof. Because the sumatory function of g is defined as F(n)= > g(d) and because

d/n
let") 1 and g is a multiplicative function, we have:
t=2
Fn)=| >g(d)) | > g(d;) | and so on, making a finite number of steps we

d/pg 4 /p..px
. k a.
obtain: F(n) = HF(pi) )
jml

But it is easy to prove that:

—g(1+p+p2)+1 for a=3k:
F(p%) = 9—;—2(1+p+p2)—p for @=3k+1;
-‘13L1(1+p+p2) for =3k, k eN, for every prime p
Using the function h;, we can write F(p“):i;—a(l+p+p2)+ hy(a), therefore we
have the demanded expresion of F(n).

REMARK 14. The expresion of F(n), where F is the sumatory function o g, is
similary, but it is necessary to replace



ail"'3‘; ail-f-m—a_
- by

3 m

L (where El—) is now the remainder of the division of @ by

m=1
m and the sum 1+ p; + pi by T pf ) and to define an adapted function h,,.
' k=0

In the sequel we study some equations which involve the function g.

1. Find the solutions of the equations X-g(X) = a, where X,a eN".
If a is not a perfect cube, then the above equation has not solutions.

If ais a perfect cube, a=b>beN", where b=p{fx-p§z-----p§* is the prime
factorization of b, then, taking into account of the definition of the function g, we have the
solutions X=b3/di,iz.ik where d;; ; can be every product pﬁlpﬁzn.pﬁk where B, B, ... B
take an arbitrary value which belongs of the set {0,1,2}.

In the case when B=p=--=F =0 we find the special solution x=b°, when
B =84 == =1, the solution piﬂl‘lpiﬂz‘l...pka—] and when B =8 =-=f; =2, the

. -2 38 -2
solutmnpiﬂx piﬂ’ 2---piﬂ" .

We find in this way 1+ 2C} +22C}+---+2°C{ = 3° different solutions, where k is the
number of the prime divisors of b.

2. Prove that the following equations have not natural solutions:

xg(X)+yg(y)+ zg(z) = 4 or xg(X) +yg(y) + zg(z) = 5. Give a generalization.

Because xg(x)= a3,yg(y) = b3,zg(z) =¢®>  and the cquations a+b2+c>=4 or
a3+ b + ¢ = 5 have not natural solutions, then the assertion holds.

We can also say thet the equations (xg(x))*+(yR(Y)"+(zm(2)"=4 or
(xgO)™ + (yg(y))* +(zg(2))?=5 have not natural solutions, because the equations
a® b ™ =4 or a™+b>+c¥ =5 have not.

3. Find all solutions of the equation xg(x)-vyg(y)=999.
Because xg(x)=a’ and yg(y)= b> we must give the solutions of the equation
2> — b> = 999, which are (a=10, b=1) and (a=12,b=9).

In the first case: a=10, b=1 we have xa(x)=10>=23.5°
:xoe{1o3,22.53,23.52,2 53285 25225 2 .22 -5}
and vb(y)=1 = y, =1 so we have 9 different solutions (x,,y,)-
In the second case: a=12, b=9 Qc have xa(x) =123=2¢.3
o xp €]25.3,25.33,25.32,2 . 3,26.3 257,20 7,253 243 |
and yb(y)=9°=3 =y, 6{39,38,37} so we have another 9-3=27 different solutions
(X0:¥0)-

4. It is easy to observe that the equation g(x)=1 has an infinite number of solutions: all
perfect cube numbers.
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5. Find the solutions of the of the equation g(x)+ g(y) + g(2) = g(X)g(y)8(2).
The same problem when the function is g.
It is easy to prove that the solutions are, in the first case, the permutations of the sets

{u3,4v3,9t3}, where u,v,t N, and in the second case {um,2m'lvm,3m'ltm}, uv,teN .

Using the same ideea of [1], it is easy to find the solutions of the following equations
which involve the function g:

a) g(x)=kg(y), k eN k>1

b) Ag(x)+Bg(y)+Cg(z)=0, A,B,C YA

¢) Ag(x)+Bg(y)=C, A,B,CeZ", and to find also the solutions of the above equations
when we replace the function g by §.
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