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ABSTRACT. The main purpose of this paper is to study the asymptotic property of 
the the cubic residues and k-power complement numbers (where k 2: 2 is a fixed 
integer), and obtain some interesting asymptotic formulas. 

1. INTRODUCTION AND RESULTS 

Let a natural number n = p~l . p~2 .... p~ r , then a3 (n) := pft . pg2 .... pit is called 
a cubic-power residues number, where f3i := min(2, C¥i), 1 ::; i ::; T; Also let k ~ 2 is 
a fixed integer, if bkCn) is the smallest integer that makes nbk(n) a perfect k-power, 
we call bk(n) as a k-power complement number. In problem 54 and 29 of reference 
[1], Professor F. Srnarandache asked us to study the properties of the cubic residues 
numbers and k-power complement numbers sequences. By theln we can define a 
new number sequences a3(n)bk (n). In this paper, we use the analytic method to 
study the asymptotic properties of this new sequences, and obtain some interesting 
asymptotic formulas., That is, we shall prove the following four Theorems. 

Theorem 1. For any real number x 2: I, we have the asymptotic formula 

5x
k+1 

( 1 ) L a3(n)bk (n) = (k + 1)7[2 R(k + 1) + 0 xk+:r+
e 

, 

n:5x 

where E: denotes any fixed positive number, and 

R(k + 1) = II. (1 + 7 p36 + p ) 
p +p p-1 

p 

if k = 2 and 

( 

k k-j+3 k k-j+3 ) 

R(k + 1) = ~r 1 + ~ (P: l)p(Hl)i + t; (P + 1) (P(k!') (Hi) _ p(k+l)j) 

if k 2.:: 3. 
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Theorem 2. Let r.p( n) is the Euler function. Then for any real number x ?:: 1, we 
have the asymptotic formula 

6Xk +1 
1 ) 

LCP(a3(n)bk (n)) = (k+1)7r 2R*(k+1) +0 (X
k
+2 +e 

n::;x 

where 

R* k + 1 = 1 + P - --( 
2+1 1 ) ( ) IT p6 + 2p5 + 2p4 + 2p3 + 2p2 + 2p + 1 p2 + p 

p 

if k = 2, and 

R*(k+l) = 1] (1 -

if k ;;::: 3. 

P -p p-p 1 k k-J'+3 k-J" +2 k k-J" +3 k-J'+2 ) 

+ p + ~ (p + l)pCk+l)j + ~ (p + l)(pCk+l)Ck+j ) _ pCk+1)j) 

Theorem 3. Let ex> 0, O"a(n) = L da . Then for any real number:;;?:: 1, we have 
din 

the asymptotic formula 

6x
ka

+
1 (1 ) I: O"a(a3(n)bk(n)) = (ka + 1)7r2R(ka + 1) + 0 Xka+:i+

e 
, 

n~x 

where 

( 
p (pa + 1 (p3a _1)p2a+l + p4a - 1 )) 

R(ka + 1) = IT 1 + p + 1 p2a+l + (p3(2a+l) _ p2a+l) (pa _ 1) 
p 

if k = 2, and 

( 

pka+l _ p k p(k-j+3)a+1 p 

R(ket + 1) = 1], 1 + (p + 1) (pa _ l)pka+1 + ~ (p + l)(pa _ l)pCka+l)j 

k p(k-i+3 )a+l _ P ) 

+ ~ (p +- l)(pa - l)(pCk+j)(ka+l) p(ka+1)j) 

if k ?:: 3. 

Theorem 4. Let d( n) denotes Dirichlet divisor function. Then for any real number 
x ?:: 1, we have the asymptotic formula 

L d(a3(n)bk(n)) = :~R(l)' f(logx) + 0 (xt+e) J 

n::;x 

where fry) is a polynomial of y with degree k. and 

R(l) - IT (1 p3 (3P + 4 3 1 )) 
- + (p + 1) 3 p3 + p - p2 - p3 

p 

if k = 2, and 

( 

k (k - J" + 3 (k~l)) pk-i+1 k. ) R 3 k-J+3 1 
(1) = IT 1 + ?= (p + l)k+l + ?= (p + l)k+l(pi-l _ pi-k-l) - (p + l)k+l 

p )=2 3=1 

if k ?: 3. 148 



2. PROOF OF THE THEOREMS 

In this section, we shall complete the proof of the Theorems. Let 

From the Euler product formula [2] and the definition of a3(n) and bk(n) we have 

f(8) = IT (1 + aa(p)bk(p) + a3(p2)bk(p2)) + ... ) 
p::1 p2s 

P 

= IT (1+ pS~2 +p\;s + P (1- ~-2S)) 
p 

(( S - k) IT ( pS + p ) 
= ((2(8 - k)) 1 + (ps-2 + 1) (p2s - 1) 

p 

if k 2:: 3. 
Obviously, we have inequality 

where a > k + 1 is the real part of s. So by Perron formula [3J 

L am(n)bk(n) = ~ rb
+

iT 
f(s + so) x

8 

ds + 0 (xb B(b + (To)) 
n SO 21,'ff ) b-iT 8 T 

n:$x '. 

+ 0 (x1
-

UO H(2x) min(l, lO~X)) + 0 (x- uo H(N) min(l, 11:11)) , 

where N is the nearest integer to X, Ilxll = Ix - NI. Taking So = 0, b k + 2, 
T = x~, H(x) x 2

, B(a) = a-k-ll we have 



where 

if k = 2; 

R(8) = 

(

Ie s-j+2 k s-j+2 ) IJ 1 + f; (p'~k + 1)p-i' + j; (p,-k + ~(p(k+j)S - pi') 
if k ;::: 3. 

To estinlate the main term 

1 l k+
2
+

iT ((8 - k) x S 

-2' ((2( k)) R(8)-d8 + O(xk+~+e)) 
Hr k+2-iT 8 - 8 

we move the integral line from s k + 2 ± iT to 8 = k + ~ ± iT. This time, the 
function 

((s k)x S 

1(8) = ((2(8 _ k))8 R (S) 

have a simple pole point at s = k + 1 with residue (k~:;;(2) R(k + 1). So we have 

1 (l k +2+iT lk+~+iT l k+!-iT j"k+2-iT) ((8 - k)x.'i 
-.- + + + R(8)ds 
2'l7r k+2-iT k+2+iT k+~+iT k+~-iT ((2(s - k))s 

x k +1 

= (k + 1)((2) R(k + 1). 

We can easy get the estimate 

1 (J.k+~+iT l k+
2

-
iT

) ((8 - k)xS 

-. + R(8)ds 
27r'l k+2+iT k+~-iT ((2(s - k))s 

l
k+2 1 ((cr - k + iT) x21 xk+2 1 

~ k+~ ((2(a k + iT)) R(s)T dO'« -r = Xk+2; 

and 

1 lk+~-iT ((8 - k)xS iT ((1/2 + it) xk+! ----R(s)ds « dt« xk+~+g, 
27ri k+!+iT ((2(s - k))s 0 ((1 + 2it) t 

2 

Note that ((2) = ~ , from the above we have 

This completes the proof of Theorem 1. 
Let 

12(S) = ~ O'a(a3(n)bk (n)) , 
6 nS 
n=l 
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From the Euler product formula [2) and the definition of rp(n), O"o:(n) and d(n), we 
also have 

p8~') ) 
if k = 2, and 

( 

11k pk- j +2 _ k k-j+2 k-j+l) his) = 1] 1 + - ps-k+l + ~ + ~ P p(k+j)s ~ ~s 
((8 - k) ( 1 k ps-j+2 _ ps-j+l k ps-j+2 ps-j+l ) = ((2(8 - k)) 1] 1 - p'-k+l + P + f; (ps-k + l)~s + f;, (p,-k + l)(p(k+j)s - ~s) 

if k ? 3. 

((8 - 2a) IT ( ___ (po: + 1 (p3o: - l)pS + p4o: - 1)) 12(8) = ((2(8 _ 2a)) 1 + + 1 ps- + (p3s p8)(pO: - 1) p 

if k = 2, and 

((8 - ka) ( ps _ ps-ko: k p(3- j )o:+s _ ps-ko: 
his) = ((2(s - ka)) 1] 1 + (ps-k" + l)(P" -l)p' + ~ (p,-k" + 1)(P" - l)~' 

k - p(3- j )o:+s _ ps-ko: ) 

+ ~ (ps-k" + l)(p" _ 1)(P(k+i)8 _ ~s) 
if k ? 3. 

if k = 2, and 



if k 2:: 3. 
By Perron formula [3] and the method of proving Theorem I} we can obtain 

the other results. Generally we can use the same method to study the asymptotic 
properties of the number sequences am (n) b Ie (n) (where m, k 2:: 2 are fixe.d integers), 
and obtain some interesting asymptotic formulas. 

REFERENCES 

1. F. Sma:i::andache, ONLY PROBLEMS, NOT SOLUTION!, Xiquan Publishing House, Chicago, 
1993, pp. 27. 

2. Tom M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York, 1976. 
3. Pan Chengdong and Pan Chengbiao, Foundation of Analytic Number Theory, Science Press, 

Beijing, 1997, pp. 98. 

152 




