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ABSTRACT. The main purpose of this paper is to study the asymptotic property of
the the cubic residues and k-power complement numbers {where k > 2 is a fixed
integer), and obtain some interesting asymptotic formulas,

1. INTRODUCTION AND RESULTS

Let a natural number n = p$* - py? - - --p2" | then az(n) = pfl -pﬂ? - --pP is called
a cubic-power residues number, where 3; = min(2, q;),1 <i<r; Also let k > 2 is
a fixed integer, if b (n) is the smallest integer that makes nby(n) a perfect k-power,
we call bg(n) as a k-power complement number. In problem 64 and 29 of reference
[1], Professor F. Smarandache asked us to study the properties of the cubic residues
numbers and k-power complement numbers sequences. By them we can define a
new number sequences az(n)bx(n). In this paper, we use the analytic method to
study the asymptotic properties of this new sequences, and obtain some interesting
asymptotic formulas. That is, we shall prove the following four Theorems.

Theorem 1. For any real number x > 1, we have the asymptotic formula
6$k+1
(k+1)m2

> aa(n)bg(n) =

n<r

R(k+1)+ 0 (gh+i+),

where € denotes any fized positive number, and

R%+&)=II(L+—~£iigm—>

- Pr+pf—p—1

if k=2 and

k—j+3 k k—j+3
_ : p p . -
lﬂk+1%—tl 1+2§@;:ﬁ;€ﬁn*f: (p+ 1) (pF+D0+3) = pleFi)

if k> 3.
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Theorem 2. Let p(n) is the Buler function. Then for any real number z > 1, we
have the asymptotic formula

6$k+1 * k+i+te

n<z

where

R k+1)= 1+ -
( ) 1;[( PP+ 2p5 +2pt +2p3 +2p2 + 2p+ 1 p24p
if k=2, and

1 k prits k=2 pEiHE _ pheit
R*(k+1) = 1-— — + . .
l;I PPtp ; (p+ 1)ph+ls ; (p+ 1) (plE+LE+7) — plh+1)7)
if k> 3.
Theorem 3. Let a >0, 04(n) = Y d*. Then for any real number z > 1, we have
dln
the asymptotic formula
b . 6Zka+l k O ka+i+s
2 oalastmbu(n) = s Rk 1) + 0 (h i),
where :
(] 1 3a_1 2a+1 4(1_1
Rika+1)=]] (1 p2+ L )P+ p
p + 1 atl T (p32atl) _patly(pa 1)
P
ifk=2, and
phatl k (k—j+3)a+1
P - P
R(ka +1 H, 1 + ( ]ca+1 + p I 1 _ l)p(ka+l)j
p F=2
k 84
+Z (k —j+3)a+1 —p
— k) (ka+1) _ plkatl
= p+ 1 p 1)(1)( Fket1) p( a+ )J)

ifk>3.

Theorem 4. Let d(n) denotes Dirichlet divisor function. Then for any real number
z > 1, we have the asymptotic formula

Bx 1
Z d(az(n)bk(n)) = 2R(l) - fllogz) 4+ O (:ci-i—a) ’
n<z
where f(y) 15 a polynomial of y with degree k. and

R =] (14 (pfl)a e 5))

p+p p p

r
k=2, and
k o _ (k+1 feo g1
R =] 1+Z<k 3= (7))ot “Y S
; = (p+ 1)k+1 b (p+ )L (pi—L — k1) ~ (p £ [)F+1

if k> 3. 148



2. PROOF OF THE THEOREMS

In this section, we shall complete the proof of the Theorems. Let

[e-0]

=3 03(”)[%(”)‘

ns
n=1

From the Euler product formula [2] and the definition of asz{n) and by (n) we have

6 =] (1 N as(pgsk(p) . aa(pz)sic(pz)) +)

> P

1 9, 1 b4 1
= (1+ps-—2 +p (pQ.s + F;)(l __p—ZS))

_ C(s—k) P’ +p
- C@2(s— k) I;I (1 v 1)(p? — 1))

if k=2, and
a3(P)be(p) | aa(p®)bi(p?) |
f(S)MH(l_i_ ps p2.9 —
P.
ko k—j k—j-+2
— 2\~ P 1 P
"_H(l—*— 3—k+p ZZ pjs +(1 pia)zp(k-ﬂ)s)
P J=
1 pa-k k pk—j+2 k pk j+2
= H(l + ps-k + 1 +pa—k Z pja - Z p(k+y)s - pIs
. k . k .
C(s = k) p°mIt? p* It
=l 1+ g+ - -
et -0y L 2 G L ) )
if k£ > 3.
Obviously, we have inequality
— be(n) 1
b < 2 I am(n) k
em(moml <nts 1) RS < oy

where ¢ > k + 1 is the real part of 5. So by Perron formula (3]

am ()bi(n) 1 T xs 2 B(b + o)
Z—(T-L—————“/ f(s+so)—ds+0(h)
b 3

5 i -
n<z n°o . 29 —iT T

1
+0 (xl_”"H(?w) min(1, %‘i)) +0 (a:""“H(N) min(1, ﬁ)) :
T
where N is the nearest integer to «, ||z|| = |z — N|. Taking sq =0, b=k + 2,’
T =z%, H(z) = 2*, B(o) = —+—, we have

3 1 k+2+:T C(S _ k) ® ’ 1a.
S omin) =g [ TG Ty s + Ot
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where

P’ +p .

1 fhk=2;
H( T GE=T) ThEE
ps—]+2 ps—]—{-Q .

+ - . if k> 3.
— o F G gy | HE2

(p*=F + 1)ps* £

=
&,
!
Lo
/‘;\
+
I

To estimate the main term

L/‘k+2+iT C(s = k)

:I,'S 1
_ "= R(s) —ds + O(z*T2+%),
207 Jpaoir S5 =R =)

we move the integral line from s = k+ 2+ T to 5 = k + % +17". This time, the
function
(s ~ k)z*
C(2(s ~ k))s
have a simple pole point at s == k + 1 with residue (—,ﬁg;—(Q—)R(k +1). So we have
1 k+2+iT k+5+iT k+3—iT k+-2—4T A
P / +/ -l-/ +/ MR(S)ds
2\ Jgyamir k42447 kLT k+i—ir ) C(2(s —&))s
pk+1

We can easy get the estimate

1 PR3 HET k42—iT R A
— / + / L=k R(s)ds
211\ Jrpopir k+loiT C(2(s —k))s

< /’““ ((o =k +4T) 2
k+1

(Rlo —kray) ST
1, /"‘%‘” (s — k)a?

218 Jiryir C(2(s = k))s

f(s) = R(s)

$k+2

do <

and

C(1/2 + it) zP+3

Als)ds C(L-+2at) ¢

dt <« zk+its,

T
«f
40

Note that {(2) = %2, from the above we have

6Ik+1

Z G.3(TL)bk('ﬂ) = m

n<x

Rk+1)+0 (mk+%+s) _

This completes the proof of Theorem 1.
Let

fl(S)ZZMMﬂ, f2(3)=zg°ﬁt(:3b_’“(”)~), fals)
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From the Euler product formula [2] and the definition of w(n),oa(n) and d(n), we
also have

-] (1 . w<a3<§>sbk<p>> N w(aa(ppz)fk@ D, )

_ <1+pé:p+%p”—p+p3—ﬁ)@_i__ﬂ

. D p2s p3s 1— p—2s
1 1 -p)p° +
= (1 + ps—2 B ps——l + (p pSf)Epps p))
p

g )

P —p pot

2,

Pt p(lc+j)s _pjs

fl(s):H(l+psl—k DS k+1 +Zp

k—j+2 k‘l ko k—j+2 k—j-+1
—Ji+ i+ pH'—p J+)

3—5+2 —-p s—j+1

_ C(s—k) 1 p
—WEI(I P g Z 7 F 1)

k —j—’—2 ps—j+1
Z (p k+7)s _ ij)

j=2 ]=1
if k> 3.
Mﬂ=qhm)ﬂ( 3h(f+uw“4m+ﬁ~w)
2(s — 2a)) pr2e L1\ pe (p% —p)(p> — 1)
if k=2, and

— pika k p(S-j)a+s — po—ka

(s — ko)
fals) = 2(s—ka) IPI <1+ - ka+1)(pa—1)p ; (p*=*e + 1) (p™ — 1)pi=

k .
+Z p(3 J)OH-S,_pS ka
= @R (e - 1 (pkEDs — pis)

ifk>3.
(3(3) ( p33 ( 3p® +4 3 1 ))
= 1+ — T, Ty
fa(S) §3(25) I;‘[ (ps + 1)3 p33 + ps pzs p33
ifk =2 and
k+1 £ (& -4 k+1 p(k—j+l)s
fa( i-‘rl S)H 1+ ( (Jk))l
(R L o (p° + )%

k

k—j+3 1

+; (p* + 1)*+1(p—1s _ pl—F= Is) - (ps+1)k+1)
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if k> 3.

By Perron formula [3] and the method of proving Theorem 1, we can obtain
the other results. Generally we can use the same method to study the asymptotic
properties of the number sequences am (n)br(n) (where m, & > 2 are fixed integers),
and obtain some interesting asymptotic formulas. ‘
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