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Abstract: A pseudo-Euclidean space, or Smarandache space is a pair (R™,w|x). In this
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§1. Introduction

A pseudo-Euclidean space, or Smarandache space is a pair (R", cu|(—)>)7 where w|5> R"— COisa
continuous function, i.e., a straight line with an orientation O will has an orientation 6+w|5> (1)
after it passing through a point u € E. It is obvious that (E,w|5) = E the Euclidean space
if and only if w|5(@) = 0 for Va € E, on which calculus of time scales was introduced by
Aulbach and Hilger [1,2]. This theory has proved to be useful in the mathematical modeling of
several important dynamic processes [3,4,5]. We know that the directional derivative concept
is based on for some geometric and physical investigations. It is used at the motion according
to direction of particle at the physics [6]. Then, Bohner and Guseinov has been published
a paper about the partial differentiation on time scale [7]. Here, authors introduced partial
delta and nabla derivative and the chain rule for multivariable functions on time scale and
also the concept of the directional derivative. Then, the directional derivative according to the
vector field has defined [8]. The general idea in this paper is to investigate some properties of
directional derivative. Then, using the directional derivative, we define tangent vector space
and delta derivative on vector fields. Finally, we write Jacobian matrix and the -derivative
mapping of the -completely delta differentiable two variables functions. So our intention is to

use several new concepts, which are defined in differential geometry [7].
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§2. Partial differentiation on time scale

Let n € N be fixed. Further, for each i € {1,2,--- ,n} let T; denote a time scale, that is, T; is
a nonempty closed subset of the real number R. Let us set

AnZTleQJJ"-JJTn:{t:(tl,tg,"- ,tn) for t; €Ty, 1§Z§7’L}

We call A an n-dimensional time scale. The set A™ is a complete metric space with the metric
d defined by

n

Z|ti—si|2, fort,s € A™.

i=1

Let 0; and p; denote , respectively, the forward and backward jump operators in 7;. Re-
member that for v € T; the forward jump operator o; : T; — T; is defined by

oi(p) =inf{v €Ti: v > pu}

and the backward jump operator p; : T; — T; by

pi(p) =inf{v € T;: v < p}.

In this definition we put o;(max7;) = maxT; if T; has a finite maximum, and p; (min7;) = minT;
if T; has a finite minimum. If o;(x) > u, then we say that u is right-scattered ( in 7T3), while
any p with is left-scattered ( in 7; ). Also, if u < maxT; and o;(p) = p, then p is called
right-dense ( in T;), and if x4 > minT; and p;(p) = p, then p is called left- dense (in T3). If T;
has a left-scattered minimum m, then we define T = T; — {m}, otherwise T} = T;. If T} has
a right-scattered maximum M, then we define (T;), = T; — {M}, otherwise (T}); = T;.

Let f: A" — R be a function. The partial delta derivative of f with respect to t; € TF is
defined as the limit

lim f(tla 7ti7170i(ti)7ti+17"' 7tn) _f(tla 7ti7175i;ti+17"' atn) _ 8.f(t)

s;;t(lt) O'i(ti) — §; Aiti

Definition 2.1 We say a function f : A™ — R is completely delta differentiable at a point
0 = (19,49, ,t9) € TFaTFx .- - xTF if there ewist numbers Ay, Aa,- -+, A, independent of
t=(t1,ta,-- ,tn) € A™ (but in general, dependent on t°) such that for all t € Us(tY),
n n
f(tgutgu T 7t701) - f(t17t27 T 7tn) = ZAl(t? - tz) + Zaz(t? - tz)
‘ i=1

i=1

and, for each j € {1,2,--- n} and all t € Us(t?),
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f(tgu 7t9 1,0 (t0)7t9+17 7t701) _f(tlu tj—lutjutj-i-lu"' 7tn)

—A( +ZA to +ﬁJJ(UJ +Zﬁu - iv (2_1)
175_] 175]
where & is a sufficiently small positive number, Us(t°) is the §-neighborhood of t° in A™, a; =
a;(t°,t) and B;j = B;;(t°,t) are defined on Us(t°) such that they are equal to zero at t = t° and
such that

lim ;i (t°,t) = 0 and hm Bi;j(t°t) =0 for all i,5 € {1,2,---,n}.

t—t0

Definition 2.2 We say that a function f : ThaT — R is o1-completely delta differentiable
at a point (t°,s°) € TyaT if it is completely delta differentiable at that point in the sense of
conditions (2.5)-(2.7)(see in [7]) and moreover, along with the numbers A; and Az presented in
(2.5)-(2.7) (see in [7]) there exists also a number B independent of (t,s) € TyxT (but, generally
dependent on (t°,s°)) such that

Flo1(t%),02(%)) = f(t.5)
= A1(01(t%) = t) + B(o2(s") = 5) + (01 (t") = t) +72(02(s") = 5) (2-2)
for all (t,s) € Vo (t° s°), a neighborhood of the point (t°,s%) containing the point (o1 (%), s°),

and the functions 1 = 71 (t9,s%,t,5) and vo = 72(t°, %, t, 5) are equal to zero for (t,s) = (t°, s°)
and

y1 =7t 5%t s) and lim 12(t9, 5%, 5) = 0. (2-3)

1m
(t,s)—(t2,s9) 5—80

Note that in (2 — 1) the function 72 depends only on the variable s. Setting s = 1 (s%) in
(2 — 2) yields

0f(01(t"). %)

B= AQS

Furthermore, let two functions

¢:T—R and ¢v:T—R

be given and let us set

oT)=Ty and $(T)=T

We will assume that 77 and T are time scales. Denote by o1,A; and o2, Ay the forward

jump operators and delta operators for 7; and T, respectively. Take a point £° € T* and put

t9 = p(¢°) and 5% = (£°).
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We will also assume that
p(0(6%)) = 01((£")) and P(o(€°)) = o2( (7).
Under the above assumptions let a function f : 71275 — R be given.

Theorem 2.1 Let the function f be o1-completely delta differentiable at the point (t°,s°). If

the functions ¢ and v have delta derivative at the point £°, then the composite function

F() = f(p(€),¥(§)) for €T

has a delta derivative at that point which is expressed by the formula

0f (" s°) 0f(01(t°), s%)

A0y ) A0 > A0

Fa(e) = L) oa e+ AL oo

Proof The proof can be seen in the reference [7]. O

Theorem 2.2 Let the function f be o1-completely delta differentiable at the point (t°,s°). If
the functions ¢ and v have first order partial delta derivative at the point (€°,7°), then the

composite function

F(f, 77) = f(@(gvn)a 1/}(55 77)) fOT (55 77) € T(I)IT(2)

has the first order partial delta derivatives at (£°,1m°) which are expressed by the formulas

OF(E%n°)  af(t°, %) 0p(£% 1) N Af(o1(t°), s%) dp(£%,n°)

AVENS Aqgt Aw)§ Ass Amé
and
aF@O’nO) _ 8f(t07 SO) a(p(gou 770) + of (o1 (to)v SO) 5¢(§Oaﬁ0)
A€ Aqgt A@)n Ass A€
Proof The proof can be also seen in the reference [7]. O

83. The directional derivative

Let T be a time scale with the forward jump operator o and the delta operator A. We will
assume that 0 € T. Further, let w = (w1, w2) € R? be a unit vector and let (¢, s%) be a fixed
point in R2. Let us set

Ty={t=t"4+¢w: €T} and To ={s ="+ Ewy: £ T}

Then T} and T5 are time scales and t° € Ty, s° € T,. Denote the forward jump operators of T}
and the delta operators by Aj.
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Definition 3.1 Let a function f : ThxaTo — R be given. The directional delta derivative of
the function f at the point (t°,s%) in the direction of the vector w (along w) is defined as the

number

af (9, sY)

Aw F2(0)

provided it exists, where
F(&) = f(t° +&wy,s° + Ewy) for £€T.

Theorem 3.1 Suppose that the function f is o1-completely delta differentiable at the point
(t°,8). Then the directional delta derivative of f at (t°,s%) in the direction of the w exists and

is expressed by the formula

0F(t%s%) _ 0% 8% Of(0u(t?),s")

w w9 .
Aw At ¢ Ags 2

Proof The proof can be found in the reference [7]. O

84. The tangent vector in A™ and some properties

Let us consider the Cartesian product

AN =TxTox---2T, ={P = (z1,x2," - ,x,) for z; € T;}

where T; are defined time scale for all 1 < i < n, n € N. We call A™ an n-dimensional Euclidean
space on time scale.

Let x; : A™ — T; be Euclidean coordinate functions on time scale for all 1 < i <n, n € N,
denoted by the set {x1,z2, -+ ,z,}. Let f : A — A™ be a function described by f(P) =
(f1(P), f2(P), -+, fm(P)) at a point P € A™. The function f is called o1-completely delta
differentiable function at the point P provided that, all f;, ¢ = 1,2,--- ,m functions are oi-
completely delta differentiable at the point P. All this kind of functions set will denoted by
ca.

Let P € A™ and {(P,v) = vp, P € A"} be the set of tangent vectors at the point P
denoted by Vp(A™). Now, we find following properties on this set.

Theorem 4.1 Leta,b € R, f,g € C2 andvp,wp,zp € Vp(A2). Then, the following properties

1
are proven on the directional derivative.

N (0 B (D W) (D)
(#) A(avp—i—bwp)_a Avp + Awp

)

d(af + bg)(t°, s°) B a@f(to, s9) n bag(to, sY)

(”) A’Up Avp A’Up ’
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a(f9)(t% s") 0f (" s°) g (t°, s%)

(i) oo = 0@ (), ) S 4 (1 (1), 02(7)
o 0 .0 o 0 .0 o 0 0 Of(o 0 0
_Ml(to) f(AtlvtS ) g(ilvts )Ul _ /142(50) g(ilvts ) f( 2(28)78 )'Ul

Proof Considering Definition 3.1 and Theorem 3.1, we get easily (i) and (i7). Then by

Theorem 3.1, we have

a(f9)(t%,s") o(fg)(t%,s") — O(fg)(o1(t°), s°)

A’Up - Alt vt AQS 2
0 SO 0 SO
o 0 0 o 0 SO
+ (P01, ) 4 flon( ), oa(6) AL ) o
0 <0 0 SO
= 7af(Atl,ts )g(to,so)vl + 7&0(21; )g(al(to),so)vl
0 <0 o 0 0
O g(000), 0y + 2O 5, 9), 0
0 .0 0 .0
), 028 110, 02(9) 22,
ag(to, SO) 89(01 (to)vso)

—f(o1(t°), 02(s%)) v1 + fo1(t%), 02(s%))

Alt AQS (%)
0 0 e (10). 50
- g(ol(t0)750) (af(Atl’tS )’Ul + OH 1A(;),s )02)

Mm (9(t°, s°) = g(01(t%),s%))

Aqt
00 o1 (19). 0
+f(1(t°), 02(s”) <89(£17t )’Ul + % 1A(Zs)7 )v2>

_0g(t°,5°)
At

+

v1(f(01(t°),02(%)) = f(o1(t°), s%))

0 SO 0 SO
= a(0r(®)5") (L) 4 s a0 (25 )

af(t°, s°) 0g(t, s°) dg(t°, s°) Df(0:1(t°), s°)
Alt Alt v Alt AQS vt

— 1 (°) — pa(s%) 0

85. The parameter mapping and delta derivative of vector field

along a regular curve

Definition 5.1 A A-reqular curve (or an arc of a A-reqular curve) f is defined as a mapping

z1 = fi(t), 2 = fZ(t)v"' y In = fn(t)7 te [avb]
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of the segment [a,b] C T,a < b, to the space R™, where f1, fa, -+, fn are real-valued functions

defined on [a,b] that are A-differentiable on [a,b]* with rd-continuous A-derivatives and

EOP + 12 OF -+ [F2 @0 #0, t € [a,b]".

Definition 5.2 Let f : T — A" be a A-differentiable regular curve on [a,bl*. Let T and T be
a time scales. A parameter mapping h : T — T of the curve f is defined as t = h(s) when h

and h™1 are A-differentiable functions.

Thus, according to this new parameter, f can be written as follows:
g:T — A", g(s) = f(h(s)).

Theorem 5.1 Let f: T — A" be a A-differentiable reqular curve. Let the function h : T — T
be parameter map of f and be g = f o h. The A-derivative of g is expressed by the formula

df (h(s))
A A
g=(s) = —= h=(s).
(s) X (s)
Proof Let f(t) = (f1(t), f2(t), -+, fn(t)) be a regular curve given by the vectorial form in
Euclidean space A™. Let h be a parameter mapping of f. Considering chain rule for all f;, we

get

s _ (Ao difon) | difioh)
X YO R (O

As
2(s),

_ (dfl(&ht(S)) dfz(At( 5) A As), - dfn(At( ))hA( )
_ (dfl(h(S)) dfa2(h(s )) dfn( ()))hA(S)

At At At

At '

Definition 5.3 A vector field Z is a function which is associated a tangent vector to each point
of A™ and so Z(P) belongs to the set of tangent vector space Vp(A™) at the point P. Generally,
a vector field is denoted by

=> gi(t) 0
=1

where g;(t) are real valued functions defined on T = [a,b], that are A-differentiable on [a,b]"

%

with rd-continuous A-derivative.

Let a function f: T — A™, f(t) = (f1(¢), f2(t), -+, fn(t)) be a A-differentiable curve and
Z(P) be a vector field along it. Thus, we define A-derivative of vector fields as follows:
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Definition 5.4 Let Z(P) = E 9i(t) 5= -|p be a vector field given along the curve f. The

A-derivative of the function wzth Tespect to the parameter is defined as

apy_ 92N 9e®) —gi(s) O S a0
2= Rl = T = 8xz—'P_;gia

Theorem 5.2 Let f be a curve given by f : T — A" and h : T — T be a parameter mapping
of f. Let Z(P) =Y. gi(t)%haef(t) be a vector field given along the curve f. The A-derivative
t ;

of the function Z(P) according to the new parameter s can be written as:

(3)-(&) (=)

Proof When we consider the chain rule on the real valued function for all the A-differentiable
functions g;(t), we prove Theorem 5.2. O

Definition 5.5 Let a vector field Z(P) = > gi(t)%haef(t) be given along a curve f. If
i=1 ‘

% =0, Z(P) is called constant vector field along the curve f.

Theorem 5.3 Let Y and Z be two vector fields along the curve f(t) and h : T — R be a
A-differentiable function. Then,

(i) (Y +2)2(t) = (Y)2() +(2)2(1);

(ii) (hZ)2(t) = (h(o(t)))(2)2(t) + h2 () Z(t);

(iii) (Y, Z)% (t) = (YA(t), Z(0 (1)) + (Y (), Z2(1)).

where (, ) is the inner product between the vector fields Y and Z.

Proof The (i) is obvious. Let Y (t) = > ki(t)%bc(t) and Z(t) = > gi(t)%mt) be two
. P = ;
vector fields. Then

(h2)>(t) — :1 iy PN =R 2
_ Zl;n ((t))m((ja((tt)»_ —Sh<s>gl<s> e
_ il;n (o(£))gi (1)) — h (t)ifg(tg ) " h(o(t))gi(s) — h(s)gi(s) 83 e
_ ilin h(o(t))lgi(o(t)) - gifff)] - ih(o(t)) h(s))gi(s) £ e
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That is the formula (i7). For (iii), we have

" . kz i o(t)) — k’L’L S 8
v, 22 () = ;?Lﬁ( gi)( ;(B _i 9i)( )axi|f<t>
2 kz o(t (o (t _kz $)gi(s 0
- ;E—»H% o (o—(i)))_ s (ol )8$Z|j(t)
Y i B8 00) ~ kil)ai(o(0) 4 Ki)gr(o®) ~ kilslails) 2|
= o(t)—s o, 1 ¢
= 4 i\O - kz S)gi\o 0
— Ziini (a(t))gi( U(Ei;_ (s)gi(o(t)) axi|f<t>
- i i\O — Ki(S)gi(s 0
+Z:1 A e ;% _f uz )8—%|f<t>
= >ty SOOI ) 13ty ) i 247 =0
=1 i=1

= (VA1) Z(o(t) + (Y (1), Z2(1)).

This completes the proof. O

Definition 5.6 Let f : A*> — A™, f(z1,22) = (fi(x1,22), fa(x1,22), -, ful21,22)) be a
o1-completely delta differentiable function at the point P(t°,s%) € A%. For any tangent vector
vp € Vp(A?), the A-derivative mapping at the point P(t°,s°) of f is defined by

Ofi(zr,22) Ofa(wr,@2) 3fm($€1,$2))
Av, = Ay, T Av, fa1,m2):

f *AP(UP) = (
5 (vp) is a function from the tangent vector space Vp(A?) to tangent vector space Vp(A™).
Theorem 5.4 The function f.p is linear mapping.

Proof Let us prove the linearity for any a € R and for any two tangent vectors vp,wp €
Vp(A?). In fact,

afl(fl;l,x2) 6f2(I1,£C2) afm(fl/'l,flig)
5 b =
fip(ave + bup) A(avy +bwp)’ Aavy, + bwp)” 7 A(av, + bwp) )
_ (aafl(zl,xz) _’_bafliIlaIQ)’.“ 7a3fm§517$2) +b3fmA($17$2))
vp wp ’Up wp f(901,902)
_ <(9f1(x1,x2) afm($1,$2)>
e a 7. .. y
Avy, Awvy, Fw1,m2)
df1(w1,x2) Ofm(w1,72)
+b _ .
Awp A’LUP f(z1.,z2)

= affp(vp) +bfip(wp).

Thus the proof is completed. O
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Definition 5.7 Let f(x1,22) = (f1(z1,22), fo(x1,22), -, fn(x1,22)) be a o1-completely delta
differentiable function at the point P(x1,12) € A%. The Jacobian matriz of f is defined by

Of1(z1,22) 0f1(o1(z1),x2)

OA121 OA1x
Afa(x1,x2) Afa(o1(z1),22)
J(f, P) _ OA T OA Ty

Afm(z1,22) Afm(o1(z1),x2)
OA1x1 OA121

mx2

Theorem 5.5 Let f : A2 — A" be a o1-completely delta differentiable function. The A-

wy

derivative mapping for any P € A% and wp = € Vp(A?) is expressed by the formula

fhp(wp) = (J(f, P),wp)".

Proof Theorem 5.5 is proven considering Definitions 5.6, 5.7 and Theorem 3.1. O
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