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Abstract: In this paper, we study the crossing number of the complete bipartite graph
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§1. Introduction

A complete bipartite graph K, , is a graph with vertex set V4 UVa, where ViNVa =0, [Vi| =m
and |V2| = n; and with edge set of all pairs of vertices with one element in V; and the other in
V3. The vertices in Vi will be denoted by b;, b;, by, - - - and the vertices in V5 will be denoted by
i, G, Gy~ -

A drawing is a mapping of a graph G into a surface. A Smarandache &-drawing of a
graph G for a graphical property & is such a good drawing of G on the plane with minimal
intersections for its each subgraph H € . A Smarandache &-drawing is said to be optimal if
& = (G and it minimizes the number of crossings. Particularly, a drawing is good if it satisfies:
(1) no two arcs which are incident with a common node have a common point; (2) no arc has a
self-intersection; (3) no two arcs have more than one point in common; (4) no three arcs have
a point in common. A common point of two arcs is called as a crossing. An optimal drawing
in a given surface is a good drawing which has the smallest possible number of crossings. This
number is the crossing number of the graph in the surface. We denote the crossing number
of G in T, the torus, by crr(G), a drawing of G in T by D. In this paper, we often speak of
the nodes as vertices and the arcs as edges. For more graph terminologies and notations not
mentioned here, you can refer to [1,3].

Garey and Johnson [2] stated that determining the crossing number of an arbitrary graph
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is NP-complete. In 1969, Guy and Jenkyns [4] proved that the crossing number of the complete
bipartite graph K3 , in torus is \_%J, and obtained the bounds on the crossing number of
the complete bipartite graph K, , in torus. In 1971, Kleitman [6] proved that the crossing
number of the complete bipartite graph Ks,, in plane is 4|2 ][ 25 ] and the crossing number of
the complete bipartite graph Kg, in plane is 6 2 || 251 ]. Later, Richter and Sirait [7] obtained
the crossing number of the complete bipartite graph K3, in an arbitrary surface. Recently,
Ho [5] proved that the crossing number of the complete bipartite graph Ky ,, in real projective
plane is |2 ](2n — 3(1 + [%])). In this paper, we obtain the crossing number of the complete

bipartite graph K4, in torus following.

Theorem 1 The crossing number of the complete bipartite graph Ky, in torus is
n n
crr(Kan) = (7120 =41+ [7]).
. n n
For convenience, let f(n) = LZJ (2n —4(1 4+ LZJ))

§2. Some Lemmas

In a drawing D of the complete bipartite K., , in T, we denote by crp(a;,a;) the number of
crossings on edges one of which is incident with a vertex a; and the other incident with a;, and

by c¢rp(a;) the number of crossings on edges incident with a;. Obviously,
n
erpla;) = Z erplag, ag).
k=1

In every good drawing D, the crossing number in D, crp(D), is

iy as iy

agpe—"" by by ——— a1

Fig.1. An optimal drawing of K44 in T



54 Shengxiang Lv, Tang Ling and Yuangiu Huang

Note that, in a crossing-free drawing of a connected subgraph of the complete bipartite
graph K, ,, every circuit has an even number of vertices, and in particular, every region into
which the edges divide the surface is bounded by an even circuit. So, if F' is the number of

regions, E the number of edges and V' the number of vertices, by the Eular’s formula for T',

V-E+F>0
F>E-V, (2)
AF < 2F. (3)

Suppose we have an optimal drawing of the complete bipartite graph K, ,, in T, i.e., one with
exactly crp (K, ) crossings. Then by deleting crq (K, ) edges, a crossing-free drawing will
be obtained. From equations (2) and (3),

1

E-V=mn—cr(Knn)—(m+n)<F<-FE= 5((mn —crr(Kmpn))s

this implies
crp(Kpm,n) > mn —2(m+n). (4)

In particular,
crp(Kapn) > 2n — 8. (5)

In Fig.1, it is a crossing-free drawing of the complete bipartite graph K4 4 in T', hence
CTT(K414) — O (6)
In paper [4], the following two lemmas can be find.

Lemma 1 Let m,n, h be positive integers such that the complete bipartite graph K,, ; embeds

in T, then
1 n m—1

3 )l2n =+ [Z DG 5

err(Kmon) < 5

~2

Lemma 2 If D is a good drawing of the complete bipartite graph K, n in a surface ¥ such

that, for some k < n, some K, is optimally drawn in X, then

ers(D) > ers(Kpm k) + (n— k) (ers(Kmg+1) — crs(Kmg)) + crs(Knn—k)-

i by a by

Fig.2 Fig.3
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Lemma 3 Forn >4, crp(Kyp) < f(n); especially, when 4 <n <8, crp(Ka,n) = f(n).

Proof As crp(Ks4) = 0, by applying Lemma 1 with m = h = 4, then crp(Ky,) <
f(n), n > 4. Especially, as f(n) = 2n — 8 for 4 < n < 8, combining with equation (5), then

crp(Kap) = f(n) for 4 <n <8. O

= e ——

Z— a / ) \
|iJ2 /\ _IQ . *\ hl bl ( 77—) h‘.} h) )
by “ by “71{ -
P
F) S

Fig4 Fig.5

Lemma 4 There is no good drawing D of K45 in T such that

(1) erp(a1,a2) = erp(ai,a;) = erplagz,a;) =0 for 3 <i <5;
(2) erp(as,as) = erplas,as) = erp(ag,as) = 1.

ay by ay by 251

by
s h
Y — b \ by \ _J__‘,:L\
Y a \ _—
\ iy by Y | a1 By \
\ [bs o \\| Lb a2 WA
b \ L
| i i \
by T A 1?3 NN
2 az D2 g b o
Fig.6(1) Fig.6(2) Fig.6(3)
ay by iy by g by
b by
L4 .
ar by / b \ ‘.'
by 02 ho \ |'I b
\ 4 & i)
1o la L — 2
by~ ~ ??—5""‘*-——-_‘_7 \ ba e
bs g ba az 2 2o
Fig.6(4) Fig.6(5) Fig.6(6)
(5] '{31 ay hl
i by

/
ar byl / ap Iy
//
/ b

3}37__"-*—— T

b az b2
Fig.6(7) Fig.6(8)
Proof Note that T can be viewed as a rectangle with its opposite sides identified. As D is
a good drawing, by deformation of the edges without changing the crossings and renaming the
vertices if necessary, we can assume that the edges incident with a; are drawn as in Fig.2. Since
erp(ar,asz) = 0, by deformation of edges without changing the crossings, we also assume that
the edge agby is drawn as in Fig.3. If the other three edges incident with ay are drawn without

passing the sides of the rectangle (see Fig.3), then no matter which region as is located, we
have crp(ay,az) > 1 or erp(az,as) > 1.
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So, there is at least one edge incident with as which passes the sides of the rectangle. By
deformation without changing the crossings and renaming the vertices if necessary, we assume
that edge asbs passes the top and bottom sides of the rectangle only one time and is drawn as in
Fig.4. Then we cut T" along the circuit a;bja2b2a1 and obtain a surface which is homeomorphic
to a ring in plane, denote by P, see Fig.5. Now, we put the vertices b3, by in P and use two
rectangles to represent the outer and inner boundary which are both the circuit a1b1a2bsa1.

As the vertices b3 and by are connected to a; and as either in the outer or in the inner
rectangle, which together presents 16 possibilities. In some cases, the four edges can either
separate the two rectangles or not, implying up to 32 cases. Using symmetry, several cases are
eliminated: without loss of generality, the vertex bz is connected to ag in the outer rectangle.

oy '-I)‘Z

First, assume that b3 is also connected to a; in the outer rectangle. If b, is connected to
both a; and ag in the outer rectangle, we obtain Fig.6(1) if the four edges separate the two
rectangles, and Fig.6(2) if they do not. If by is connected to a7 in the inner rectangle and as in
the outer rectangle, we obtain Fig.6(3). If it is connected to a; in the outer rectangle and as
in the inner rectangle, then by relabeling a; and ag, we obtain Fig.6(3). If by is connected to

both a1 and as in the inner rectangle, we obtain Fig.6(4).
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Second, assume that b3 is connected to a; in the inner rectangle. If b4 is connected to both
a; and ag in the outer rectangle, then by relabeling of b3 and by, we obtain Fig.6(3). If by is
connected to a; in the inner rectangle and as in the outer rectangle, we obtain Fig.6(5) if the
four edges separate the two rectangles, and Fig.6(6) if they do not. If by is connected to as in
the inner rectangle and a1 in the outer rectangle, we obtain Fig.6(7). Finally, if b4 is connected

to both a1 and ag in the inner rectangle, we obtain Fig.6(8).

Fig.0(3) Fig.0(4)

Now, by drawing Fig.6(1) back into T" and cut T along the circuit ajbsasbsa;, we obtain
Fig.7(1); by drawing Fig.6(6) back into T" and cut T along the circuit ajbsasbaai, we obtain
Fig.7(2). Tt is easy to find out that Fig.7(1) and Fig.6(4), Fig.7(2) and Fig.6(3) have the same
structure if ignoring the labels of b. In Fig.6(8), by exchanging the inner and outer rectangles
and the labels of bs, by, we obtain Fig.6(3). In Fig.6(2), as each region has at most 3 vertices
of {by,ba,b3,bs} on its boundary, we will have crp(ai,a;) > 1 or erp(ag,a;) > 1 for i = 3,4, 5.
So, we only need to consider the cases in Fig.6(3-5,7).

In Fig.6(3), since ¢rp(ai,as) = crp(az,az) = 0, we can draw the edges incident with
as in four different ways, see Fig.8(1-4). Furthermore, as crp(ai,as) = crp(az,as) = 0 and
erp(as,aqs) = 1, ag can only be putted in region I or II. In Fig.8(3-4), we can draw the edges
incident with a4 in four different ways, see Fig.9(1-4). In Fig.8(1-2), there are also four different
ways to draw the edges incident with a4, but they can be obtained by relabeling as and a4 in
Fig.9((1-4). Then, we can see that no matter which region as lies, we cannot have crp(as,as) =

erplag,as) = 1.

oy '-F”l a1 b

Fig.10(1)

Fig.10(3)

In Fig.6(4), we have only one way to draw the edges incident with asz, see Fig.10(1).
Furthermore, we have two drawings of a4 in Fig.10(1), see Fig.10(2-3). But, by observation, we
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cannot have erp(as,as) = erp(ag,as) = 1.
In Fig.6(5,7), no matter which regions as, a4 locate, we will have erp(as,as) > 2 or

crp(as,as) = 0. Now, the proof completes. O

83. The proof of the Main Theorem

The proof of Theorem 1 is by induction on n. The base of the induction is n < 8 and has been
obtained from Lemma 3. For n > 9, by Lemma 3, we only need to prove that crp(Ka ) > f(n).
Let n =4q + r where 0 < r < 3, and D be an optimal drawing of K4, in T

First, we assume that there exists a K44 in D which is drawn without crossings. From
Lemma 3, crp(Ky5) = 2, and by the inductive assumption, crp(Kypn—4) = f(n—4). Hence, by
applying Lemma 2 with m =k = 4,
") 40+ 1))

= 8q+2r—8+(q—1)(4g+2r — 8) = 4¢* + 2qr — 4q,

crr(D) > 2(n—4)+ fln—4)=2(n—4)+|

which is f(n), since

f) = 5)@n -4+

Second, we assume that every K44 in D is drawn with at least one crossings. Clearly,

1) = a(8q+2r —4(1 + q)) = 4¢> + 2qr — 4q. (7)

K, ., contains n subgraphs K4 ,_1, each contains at least f(n — 1) crossings by the inductive

hypothesis. As each crossing will be counted n — 2 times, hence

erp(D) > — 2CTT(K47n_1) = 2f(n —1). (8)
From equation (7),
q(4q —4), for n = 4q,
q(4q — 2), for n =4q + 1,
fn) =

442, for n = 4q + 2,
q(4q +2), for n = 4q + 3.

Combining this with equation (8),

q(4q — 4), for n = 4q,
4qg—2)—1— 2atL for n =4q + 1,

erp(D) > q(4q ) 1g—1 q
4¢° — 1, for n = 4q + 2,
q(4q+2)—%, for n = 4q + 3.

As n > 9, namely ¢ > 2, and the crossing number is an integer, thus, when n = 4q or 4q + 3,
crp(Kypn) = crp(D) = f(n);
when n = 4q + 1 or 4q + 2,

crp(Kapn) = crp(D) > f(n) — 1.
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Therefore, only the two cases n = 4¢+1 and n = 4g+2 are needed considering. In the following,
we assume that crp(Ky,,) = erp(D) = f(n) —1 for n = 4¢+1 or 4g+2, and denote the drawing
of K4 1 obtained by deleting the vertex a; of K4, in D by D — {a;}.

Case 1. n=4q+1.

By the inductive assumption,
crr(D —{ai}) 2 f(4g), 1 <i<dq+1.
As err(D) = f(4g+ 1) — 1 = 4¢®> — 2q — 1, then
crp(ai) = crp(D) —erp(D —{ai}) < f(4g+1) =1 - f(4q) =2¢— 1,1 <i < 4g+1.

Let = be the number of a; such that c¢rp(a;) = 2¢ — 1, y be the number of a; such that
erp(a;) = 2q — 2, thus, the number of a; such that erp(a;) < 2¢—3is 49+ 1— (z +y). By
equation(1), it holds
2¢ -1z + (2¢-2)y+(@g+1-2—y)(2¢—3) > 2crr(D) =8¢> —4g — 2
2c+y > 6g+1.
As x +y < 4q+ 1, then z > 2q. Without loss of generality, by renaming the vertices, suppose
that crp(a;) =2 — 1 for i < .

Case 1.1 There exists a pair of (¢,7), 1 <4 < j <z, such that erp(a;,a;) = 0. Denote the
drawing of the graph K4 44—1 obtained by deleting the vertices a;,a; of the graph Ky 4¢41 in
D by D —{a;,a;}. Then,

crp(D —{as,a5}) = f(4g+1)—-1-2(2¢—-1) = 4¢% — 6q + 1.

But this contradicts the inductive assumption that cry(Kq44-1) = f(4q — 1) = 4¢* — 69 + 2.
Case 1.2 For every (i,7), 1 < i < j <z, crp(a;,a;) > 1. As erp(a;) = 2q — 1, obviously,
r = 2q and

CTD(aivaj):la 1§Z<J§2q7 CTD(aivah):Ov 1§ZSQQ<h§4Q+1

Furthermore, as x +y < 4¢ + 1 and 2z 4+ y > 6q + 1, then y = 2¢ + 1. By the definition of y,
there exist ap, ag, where 2¢+ 1 < h < k < 4q + 1, such that erp(ap,ar) = 0. Now, we obtain
a drawing of K, 5 in T with vertices ap,ak,a1,as,as such that erp(an,ar) = crplan,a;) =
erp(ag,a;) =0 (1 <4 < 3) and erp(a,az2) = erp(ar,as) = erp(az,asz) = 1. Contradicts to

Lemma 4.

Combining the above two subcases, we have crp(Kyaq0+1) = f(4g + 1) = q(4q — 2).
Case 2. n=4q+ 2.

By the inductive assumption,

crr(D —{a;}) > f(4g+1) = q(4g—2), 1 <i<4q+2.
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As crp(D) = f(4q +2) — 1 = 4¢*> — 1, thus
crp(ai) = crp(D) —erp(D —{ai}) < (f(4¢+2) —1) — f(4g+1) =2¢— 1.

Let t be the number of a; such that ¢rp(a;) = 2¢ — 1, then there are (4q + 2 — t) vertices a;

such that crp(a;) < 2g — 2. From equation (1),

(2¢— 1)t + (2¢—2)(4q+2 —1t) > 2crp(D) = 8¢* — 2
t > 4q+2.

Ast <n=4q+ 2, hence, t = 4¢ + 2, this implies that crp(a;) =29 —1 (1 <i < 4q + 2).
If there exists a pair of (i,7), 1 <1i < j < 4q+ 2, such that erp(a;, a;) > 3, then,

crr(D —{a;}) = crp(D) — erp(a;) = 4¢* — 1 — (2¢ — 1) = 4¢° — 2q,

and

cr(p—fap(a;) = erp(a;) — erp(ai,a;) < 2¢—1—3 =2q — 4.

Now, by putting a new vertex a; near the vertex a; in D — {a;} and drawing the edges a;bk(l <
k < 4) nearly to a;by, a new drawing of K4 4412 in T is obtained, denoted by D' Clearly,

crpy(ay,a;) =2 and crpy (ay, ap) = crp—iay(aj,an), h# j.
Thus,
CTT(DI) =crp(D —{a;}) + 2+ er(p—fa,p (a;) < 4¢° — 2.

But, this contradicts to the hypothesis that crr(Ky 4q+2) > 4¢% — 1.
Therefore, for 1 <i < j <4q+ 2, crp(a;,a;) < 2. For each a;, 1 <i < 4q+ 2, let

S§) = {a;erplas,a;) =0, j £}, S = {aj|erplai,a;) > 1},

S = {a; | erp(ai, a;) = 1}, Sy = {a; | erp(ai,a;) =2},

As erp(ai,a;) <2, erp(ai) = 2¢ — 1 is odd, then, for 1 <i < 4q+2,
D57 €S8 187+ 1ss = 1850, 185)]=2¢ 11857, (9)

Furthermore, since g > 2,

(D) _ 1 _1¢@ _ ()

1S57 | =4q+2—1— ST} =2¢+2+1Sy"| > 6.
For 1 <i < j <4q+ 2, clearly,
ST USY U{ait = 8§ U SY) U {a).

If erp(ai,a;) = 0 and Sg N S(Zjl) = (), then, the above equation implies that

SO csy and 8Y) c s (10)
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Without loss of generality, let
557 = max{|s3"| |1 < <4q+2}, |S3] = max{| S| |a; € S5V}
For 3 <i<4q+2, ifa; ¢ S(le) U 5(221), then a; € S’él) N Séz). This means that
1567 N 567 = g — 188 U SE)| = aq - 15| - [52) + 158 n 2.
From equation (9), then
167 N 8§71 =2+ 1857 + 1857|1580 N 5271, (1)
With these notations, it is obvious that |S§1)| > |S’§2)| and crp(ai,az) = 0. In the following,

the discussions are divided into two subcases according to S’(>11) N S(>21) = () or not.

Case 2.1 S(le) N S(;l) # (. Let |S(211) N S(Z21)| = a > 1, from equation (11),
1S N8P = 24190+ 15| + o

First, we choose a vertex from Sél) N 5’62), without loss of generality, denoted by as. By
the assumption that every Ky 4 in D is drawn with at least one crossings, hence crp(as, a;) > 1
for all a; € S(()l) N Séz), a; # az. Let U = {a; | crp(as,a;) =1, a; € S(()l) N 882)}. Since a3 € S(()l)
and |S$?| = max{|S5”| | a; € S"}, then |S{¥| < |S{?| and

U] >[50 NS =118 > 1+ |57+«

Second, we choose a vertex from U, denoted by a4. By the assumption that every K4 4 in D
is drawn with at least one crossings, crp (a4, a;) > 1 forall a; € U, a; # a4. As |S§4)| < |S§1)|(for
|S£l)| = max{|S£i)| |1 <1i<4q+2}), thus |U\ S§4)| > a > 1 and there exists one vertex in U,
denoted by as, such that crp(as,as) = 1. Now, we have a drawing of K45 in T with vertices
a1,as, a3, aq, a5 such that erp(ai,az) = erp(ai,ar) = erplaz,ar) = 0 for 3 < k < 5 and

erplas,aq) = erplas,as) = crp(aq,as) = 1. But, this contradicts to Lemma 4.

Case 2.2 S’(le) N S(;l) = (. From equation (11),
1857 1557 = 24185 1557,

We choose a vertex from S’(()l) N 562), also denoted by as. By the same discussion as in case
2.1, we have crp(as,a;) > 1 for all a; € S’él) N 5’62), a; # as. Let A = {a; |erp(asz,a;) =2, a; €
SV NSPY, @ = {ai|erplas,ai) = 1, a; € S NS Y. As ag € S5, |88 | = max{|SY| |a; €
59} and |S8Y| = max{|S"| |1 < i < 4q + 2}, then

ACsP, A <185 < 8P < |5V, (12)

and
@] = |S§" NS5V —1— Al = 14857+ [S57] - [A] (13)

If there are two vertices in ®, denoted by a4, as, such that crp(aq,as) = 1. Then we also

have a drawing of K4 5 with vertices a1, as, as, as, as which will contradict to Lemma 4. Hence,
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for all a;,a; € ®(a; # a;), erpla;,a;) # 1, this implies that crp(a;,a;) = 2 since erp(a;, a;)

cannot be zero (otherwise there exists K4 4 in D drawn with no crossings), and
8] > || - 1.
Furthermore, if |A| < |S§2)|, by equation(13), |®| > 1+ |S£l)|, and for each a; € P,
i 1
15571 > 1®] 1> |55,
This contradicts the maximum of |S£1)|. Thus,
2 1
Al = 15571, 12| =1+ 557
and for each a; € @,
i 1
857> |2] = 1= 155",
(@) (2) ) ‘s :
As 1557 <1557 <|S5 7|, combining equation (12),
18571 = 1537 = 155”1 = 1837, (14)
and
S8 =Ac sV nsi?.
Combining equations (14) and (9), for each a; € @,
1 2 3 i
(8811 = 15201 = 1553 = Is43,
and
51701 = 18171 = 1817 = 1517,

As|®| =1+ |S§1)| + |S’§2)| — |A| > 1, we choose a vertex from ® and denote it by a4.

If there exists a pair of (i,7), i € {1,2} and j € {3,4}, such that S(;i N S(>J1) # 0, by
replacing S’(le) N 5(221) # () with S(Zli N S’(Zjl) # ) in case 2.1, as a; € S’él) N 5’62)(]' - 3,4) and
|S§i)| = |S§j)| = max{|S§k)| |1 <k <4q+ 2}, we also can obtain a contradiction to Lemma 4.

So, for every (i,j), i € {1,2} and j € {3,4}, Sg N S(Zjl) = 0. As S(le) N S(;l) = () and

crp(ai,a;) = crp(ai,az) = 0, combining equations (9) and (10), then

0#£5" csl)csPnsi¥nsi? and 0#5Y s sV ns ns?.

Since S§1) # (b, there exists a vertex, denoted by as, such that as € S%l) - S(()Q) N S(()?’) N Sé4).
This implies that

erp(ar,as) =1 and erp(as,as) = erp(as,as) = erp(aq, as) = 0.

As S(>21)ﬂ5’(>31) =, |S§1)| = |S’§2)| = |S’§3)|, crp(az,as) = 0and a5 C Séz)ﬂSég), by replacing
s8n S(>217 — § with 52 1 5% = ¢ and replacing as with a5 in the beginning part of Case 2.2,
we also can obtain that |S£5)T: |S£2)| = |S§3)| and S§5) C S((f) N Sé3). This means that, for any
vertex ay € S’§2),

erp(as,ar) < 1. (15)
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As S’§2) # (), there exists one vertex in S%z), denoted by ag, such that crp(as,ag) = 0.
Otherwise, from equation (15) and erp(ai,as) = 1, Sf) U{a1} C S£5). As a; ¢ S’?), then
|S£5)| > |S£2)| + 1, which contradicts to |S£5)| = |S§2)| = |S§3)|. Furthermore, as ag € S£2) -
S(()l) N S(()?’) N S((;l), we also have

crp(az,a6) =1 and erp(ar,as) = crplas, ag) = erp(aq, ag) = 0.

Hence, we obtain a good drawing of K, ¢ in T, denoted by D', with

6
erpr(a;) = Zcrp(ai,aj) =1, 1<17<6,

j=1
and
N_Lly
crr(Kae) < cerp(D') = B ; crp(a;) = 3.
This contradicts to Lemma 3. Thus, crr (K4 4q+2) = crr(D) = f(4g + 2) = 44>, |
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