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Abstract In this paper, Smarandache U-liberal semigroup structure is given. It is shown that
a semigroup S is Smarandache U-liberal semigroup if and only if it is a strong semilattice of
some rectangular monoids. Consequently, some corresponding results on normal orthocryptou

semigroups and normal orthocryptogroups are generalized and extended.
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§1. Introduction and preliminaries

In order to generalize regular semigroups, new Green’s relations, namely, the Green’s *-

relations on a semigroup S have been introduced in [1] and [2] as follows:
L*={(a,b) € Sx S : (Vo,y € SHar = ay & br = by},

R* = {(a,b) € S x S : (Va,y € S")xa = ya < xb = yb},
H*=L"NR*, D"=L"VR".

In [3], Fountain investigated a class of semigroups called abundant semigroups in which each
L*—class and each R*—class of S contain at least an idempotent. Actually, the class of regular
semigroups are properly contained in the class of abundant semigroups.

In 1980, El-Qallali generalized the Green’s *- relations to the Green’s ~ —relations on a

semigroup S in [4] as follows:

L={(a,b) € SxS: (Ve € E(Y)) ae = a < be = b},

R ={(a,b) € Sx S : (Ve € E(S)) ea = a < eb= b},
H=LNR, D=LVR.
In his thesis, El-Qallali obtained and studied a much bigger class of semigroups, called semi-
abundant semigroup.

After that, many authors study this class of semigroups, and obtain a lot of interesting

conclusions and results(see [5],[6],[7] etc.).
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In recent years, some scholars have observed that one can pay special attention to a subset
U of E(S) instead of the whole set E(S) of a semiabundant semigroup S. In particular, Lawson
in [8] noticed that if U is a subset of E(S) of a semiabundant semigroup S then U is perhaps
good enough to provide sufficient information for the whole semigroup S. The semigroup S is
usually denoted by S(U) and the equivalence relations on S(U) with respect to U C E(S) can
be given by
— {(a,b) € S x ST = U7},

{(avb) €85 x S|Uzlz = Ué}a
HY =LY nRY,
QY = {(a,b) € S x S|U, = Uy},

where Ul = {u € Ulua = a} , Ul = {u € Ulau = a} and U, = U, NU! = {u € Ulua = a = au}
for any a € S.

EU
7~QU

A semigroup S(U) is said to be a U— semiabundant semigroup if every LY and every RV -
class of S(U) contain at least one element of U respectively. A semigroup S(U) is said to be a
U— semi-superabundant semigroup if every HY of S(U) contains at least one element of U. In
this case, the unique element in 7:(3 NU is denoted by af;. On the other hand, a semigroup S(U)
is called by He in [7] a U— liberal semigroup if every QU — class of S contains an element of U.
It is routine to check that a QU— class contains at most one element of U. Denote the unique
element in QaU NU, if it exists, by af; . The structure of Smarandache U— liberal semigroups
has also been recently investigated by He in [7].

For a Smarandache U— liberal semigroup S(U), we call the following condition the Ehres-

mann type condition, in brevity, the ET-condition:
(Va,b € S)(ab); D(U)ag; b,

where

DU)={(e,f) e U xU|(3g € U)eRgLSf}.

A Smarandache U— liberal semigroup S(U) is called an orthodox U— liberal semigroup if U is
a subsemigroup of S(U) and the ET-condition holds on S(U).

In general, unlike the usual Green’s relations on a semigroup .5, LY is not necessarily a
right congruence on S and RV is not necessarily a left congruence on S (see [8]).

We say that a semigroup S(U) satisfies the (CR) condition if LU is a right congruence on
S and that S(U) satisfies the (CL) condition if RV is a left congruence on S. If the semigroup
S(U) satisfies both the (CR) and (CL) condition, then we say S(U) satisfies the (C) condition.

The studies on the structures of semigroups play an important role in the research of
the algebraic theories of semigroups. From [7], it is known that a U—semi-superabundant
semigroup S(U) is an orthodox U—liberal semigroup for some U C E(S) if and only if it is a
semilattice of some rectangular monoids, i.e., S = [Y; S, (U, )], where S, (U,) is a rectangular
monoid for every o € Y and U = U,ey U, is a subsemigroup of S. Meanwhile, notice that a
normal band is a strong semilattice of some rectangular bands. Naturally, we will quote such a
question: whether will a normal orthodox U-liberal semigroup S(U) be a strong semilattice of

some rectangular monoids?
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In this paper, we will consider the question quoted above. Consequently, we show that a
semigroup S(U) is a normal orthodox Smarandache U—liberal semigroup if and only if it is a
strong semilattice of some rectangular monoids, i.e., S = [Y; Sa(Ua); o 5], where S, (Uy) is a
rectangular monoid for every a € Y and U = U,y U, is a normal band of S(U). Consequently,
some corresponding results on normal orthocryptou semigroups and normal orthocryptogroups
are generalized and extended.

For notations and terminologies not mentioned in this paper, the reader is referred to
[7),[9],[10].

§2. Normal Orthodox U—liberal Semigroups

In this section, we will give a construction of normal orthodox U —liberal semigroups.

Firstly, we recall the following lemmas.

Lemma 2.1. [7] Let F be one of Green’s relations £, R or H and FU the corresponding
Green ~ — relations on the semigroup S. Then, for any a,b € S, we have

(i) F € FVand for a,b € Regy(S), a,b € FU if and only if a,b € F, where Regy(S) =
{a € S|(3e, f eU)eLaRf};

(ii)?'N(U C QU and QaU contains at most one element in U;

(iii) If S(U) is a U— semi-superabundant semigroup, then S(U) is a Smarandache U—
liberal semigroup with QU =HY.

Lemma 2.2. [7] The following statements are equivalent for a semigroup S:

(i) S(U) is a Smarandache U— liberal semigroup for some U C E(S) and U itself is a
rectangular band;

(if) S(U) is an orthodox U— liberal semigroup such that U is a rectangular band;

(iii) S is isomorphic to a rectangular monoid.

Lemma 2.3. [7] The following statements are equivalent for a semigroup S:

(i) S(U) is an orthodox U-liberal semigroup for some U C E(S);

(ii) S = [Y;Sa(Us)], where So(Uy) is a rectangular monoid for every o € ¥ and U =
Uaey U, is a subsemigroup of .S

(iii)S(U) is a U-semi-superabundant semigroup satisfying the (C) condition for some U C
E(S) and U is a subsemigroup of S.

Now, we will give our main theorem.

Theorem 2.4. The following statements are equivalent for a semigroup S:

(i) S(U) is a normal orthodox U-liberal semigroup for some normal band U C E(S);

(ii) S(U) is a strong semilattice of some rectangular monoids, i.e., S = [Y; 54 (Us); Pu 4],
where S, (U, ) is a rectangular monoid for every a € Y and U = U,ey U, is a normal band of
S;

(ii)S(U) is a U-semi-superabundant semigroup satisfying the (C) condition for some U C
E(S) and U is a normal band of S.

Proof. (i) = (ii)
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Assume that S(U) is a normal orthodaox U-—liberal semigroup for some normal band
U C E(S). Note that U C E(S) is a normal band, we will have U = [Y;U,, fa,g] or U =
Y51, x Aa?‘Pa,ﬁawaﬁ]a where (ivj)fa,ﬂ = (i@a,ﬂvjl/)a,ﬂ)v (i,7) € Lo X Ay

For any o € Y, we form the set S, = {z € S|z), € U,}. Since S(U) satisfies the ET-
condition, for all z € S, y € Sg, we have (zy)},D(U)zdyY. This leads to zy € S, and hence
S(U) = [Y;Sa(Ua)]-

Notice that every semigroup S, (U,) is a Smarandache U,— liberal semigroup and U,
is a rectangular band. By Lemma 2.2, S, (U,) is isomorphic to a rectangular monoid. For
convenience, we denote S, (Uy) = I x Ty, X Ag.

Now, define a mapping,

Da,5 1 9a(Ua) — Sp(Up),
(fas Ua, Aa) = ((aPa,8: LUz AaWa,8) (fas Ua, Aa) = (laPa,flas LUslas Aaa,pAa)-
In the following, we will prove that S is a strong semilattice of Sy (Uy), 1.€., S = [Y; 54 (Ua); o g]-

Firstly, ®, g is a homomorphism.

For any z = (ia, Uas Aa)y Y = (Ja, Vo, fha) € Sa(Va > ),

(Iy)‘baﬂ (Zavuom )(ja,va,ﬂa)]©a7[3

laJa, baVas /\aﬂa)(ba,ﬁ

[

(i

(Z uavaaua)(ba,ﬁ

(la@a Blom lUﬁua’Uom Na"/}a ﬁ/lfa)v

2P0 gYPas =  (ia)Uas Aa)Pa,8(Jas Vas o) Pa,p

(iaPa,pla; lusua, Aata,6Aa) (JaPa,plas lysva, PoVa,BHa)
(ia@a,ﬂiajaSﬁaﬁjm 1Ugua1U5'Uou )\ad)a,ﬁ)\aﬂawaﬁﬂa)
(ia¥a,piar lUsUaVas flaWa,plta)  ( since Uy, is normal).
Thus, (zy)Pag = 2Pa syPa.s.

Secondly, @, is an identity mapping.

For any = = (iq, Ua, Aa) € Sa, 2Pa.0 = (laPa.alas 1U, bas Aa¥a,ara) = (o, Ua, Aa) = T.
Hence, ®,  is an identity mapping.

Thirdly, notice that for any & = (i, ly,, Aa) € E(Sa) = Ia X 1y, X Ao, y = (i, lu,, Ag) €
E(Sg) = Igx1y, xAg, xy € E(Sap) = lap X 1u,; X Aag, we can get 1y, 1y, = 1y, ;. Especially,
when a > 3, we have 1y, 1y, = ly,, = ly,. Now, for any o, 3,7 € Y(a > 3 > ) and any
T = (fas Ua, Aa) € Sa(Uy), we will have

(2P0,5)Pp,y = (ia) Uas Aa)Pa,sPsy = (IaPa,plias LUsUas Aala,8Ma) P s,y
((ia‘Pa,Bia)‘Pa,ﬁ(iawaﬂia)v lUﬂ, (1Ug Uq), (/\oz¢aﬁ/\a)w6,'y (Aawa,ﬁAa))

(((iapa,p)(ia®a,pia))PapliaPapia) 1u, (1Usta), (Aata,srata,8ra) P8y (Aatha,sAa))
= (ia‘Poz’B‘Pﬁn/(ia@a,ﬁia)@ﬁﬁ(iasaa,ﬁia)’ lu, (1Uﬁua)v (Aa¢a,ﬁAa¢a,ﬁAa)wﬁ,v()‘awmﬁ)‘a))

(iaPay(taPa,pia) s (iaPa,s)ia; 1y, (1U5u04)7 (Aata,6AaVa,82a) V8,4 (Aata,pAa))

(iaPayias 1U, Uas AaayAa)  (since I, is a left zero band)

= 2P,
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Finally, for any o, 5 €Y, aq € S, and bg € S, since agbg € Sap = S, we have
aabﬁ = Zouuom )(iﬁvuﬂa)‘ﬂ)
lalg, UaUB, AaAg)

iaPayias LU, Uas AaWarAa) (i608.~18, LU, us, Ag¥p A Ag)

(i
(
= (laPayiaigPpyis: lu,ualu, ug, AatayAa st As)
(
( a’y)(bﬁ(ﬁﬁv)

Thus, summing up the above discussions, S(U) is isomorphic to a strong semilattice of
rectangular monoids S, (Uy ), that is, S(U) = [Y; Sa(Ua); Pa,sl-

(#4) = (4i1) The proof is similar with the corresponding (ii) = (#4¢) of Lemma 2.3.

For any a € Y, assume that S,(U,) = I, X Ty X A,. Then, it is not hard to see that for
any (4,x,A) € Sa,(J,y, 1) € Sa, (i,x,)\)[:U(j,y,u) ifand only if « = fand A = u € A,. On the
other hand, if (7, z, )\)EU(j, y, A) for some A € Ay, then for all (k,z,v) € S, (v €Y), we have

(i’ ]‘Ta’ )\)(k‘,z,y) = (klvzlvl/)(g SOt’Y)v
(i,l},)\)(k‘,, 1Tm,7’/) - (ilax/aA/)a

(ja Y, )‘)(klv 1Tan, ) I/) = (jlv ylv )‘//)7

Consequently, by using the above relations, we derive that

(i, 2, \)(k, z,v) = (4,2, A\) (i, 11, \) (K, 2,v) = (i, 2, \) (K, 2", ) = (4,2, \) (K, 17, V') (K, 2", v)
=2\ N)K, 2 V)= (22N

G N (s 20) = G NG T (s 2,0) = G N 207) = G N, T, 0 (R, 2,0
= (g N 2 )= ().

Thereby, we obtain that (i, 2, \)(k, z,v)LY (j,y, A)(k, z,v) so that £V is a right congruence on
S.

Similarly, we can show that (i, 2, \)RY (j,y, \) if and only if i = j € I,, for some a € Y, and
so RY is a left congruence on S.

Hence, together with Lemma 2.3, S(U) is a U-semi-superabundant semigroup satisfying
the (C) condition for some U C E(S). Note that U is a normal band of S, (i4¢) holds.

(#91) = (i) The proof is similar with the corresponding (#i7) = (i) of Lemma 2.3.

Assume that (i7é)holds. Then, by Lemma 2.1, S(U) is Smarandache U— liberal semigroup
and for all a € S(U), af, = af;. Since S(U) satisfies the (C) condition, we have, for all
a,be SU),

(ab)RY abRY aby, RY (ably) g LY ab LY af by

This leads to (ab)gRY (ab$) LV ag,b¢. By Lemma 2.1 (i), we will get (ab)$R(ab$))s Lad by
Consequently, (ab)p, = (ab); DaOUbU = ag;by, holds. This shows that S(U) satisfies the ET-
condition. Note that U is a normal band of S, (i) holds.
Now, if we let U = E(SS) in Theorem 2.4, then we immediately have the following corollary.
Corollary 2.5. The following statements are equivalent for a semigroup S:

(i) S(U) is a normal orthodox E(S)-liberal semigroup;
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(ii) S(U) is a strong semilattice of some rectangular monoids, i.e., S = [Y;S,(F(Sa));
®,, g], where S, (E(S,)) is a rectangular monoid for every o € Y and E(S) is a normal band
of S.

(iii)S(U) is a semi-superabundant semigroup satisfying the (C) condition, and E(S) is a
normal band of S.

In the above corollary, if we restrict the semigroup S to the abundant or regular semigroups,
then it is not hard for us to get

Corollary 2.6. The following statements are equivalent for a semigroup S:

(i) S is a normal orthocrypto semigroup;

(ii)S is a strong semilattice of rectangular cancellative monoids, i.e., S = [Y;S4; P4 g,
where S, = I, X T, x Ay, and I, is a left zero band, A, is a right zero band, T, is a
cancellative monoid for every a € Y.

Corollary 2.7. The following statements are equivalent for a semigroup S:

(i) S is a normal orthocryptogroup;

(ii)S is a strong semilattice of rectangular groups.

Hence, our main result generalizes and extends some corresponding results on normal

orthocryptou semigroups and normal orthocryptogroups.
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