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Abstract: A set S of vertices in a graph G is said to be a Smarandachely k-dominating set
if each vertex of G is dominated by at least k vertices of S. The Smarandachely k-domination
number v(G) of G is the minimum cardinality of Smarandachely k-dominating sets of G.
Particularly, if £ = 1, a Smarandachely k-dominating set is called a dominating set of G
and v, (G) is abbreviated to v(G). In this paper, we get the Smarandachely 1-dominating

number, i.e., the dominating number of P, X P».
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81. Introduction

We considered finite, undirected, simple graphs G = (V, E) with vertex set V(G) and edge set
E(G). The order of G is given by n = |[V(G)|. A set S CV of vertices in a graph G is called a
dominating set if every vertex v € V is either an element of S or is adjacent to an element of
S. A dominating set S is a minimum dominating set if no proper subset is a dominating set.
The domination number v(G) of a graph G is the minimum cardinality of a dominating set in
G. A set of vertices S in a graph G is said to be a Smarandachely k-dominating set if each
vertex of G is dominated by at least k vertices of S. Particularly, if £ = 1, such a set is called
a dominating set of G. The Smarandachely k-domination number v;(G) of G is the minimum
cardinality of a Smarandachely k-dominating set of G.

As known, a fundamental unsolved problem concerning the bounds on the domination
number of product graphs is to settle Vizing’s conjecture. Another basic problem is to find
the domination number or bound on the domination number of specific Cartesian products,
for example the j x k grid graph P; x P, . This too seems to be a difficult problem. It is
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known that dominating set remains NP- complete when restricted to arbitrary sub graphs of
[2,12]. However, Hare, Hare and Hedetniemi [8,9] developed a linear time algorithm to solve this
problem on j x k grid graph for any fixed j. Moreover, the domination number of P; x P} has
been determined for small values of j. Jacobson and Kinch [10] established it for j = 1,2,3,4
and all k. Hare [8] developed algorithm which she used to conjecture simple formulae for
~v(P; x Py) for 1 < j < 10. Chang and Clark [4] proved Hare’s formulae for the domination
number of P5; x P, and Fs x P, . The domination numbers for P; x P, 1 < j < 6 are listed

below:
L y(Py x P) = |52

J
2. y(Px Py) = | B2 k> 1
4

E+1, k=1,2,356,9;

4. (P x Pg) =
, otherwise.
6/95-‘1-6 k=223T,;
5. y(P3 x Py) = , o
%T%, otherwise.
0kE10 > 6k = 1modT;
6. 7(P3 x P,) =

0kEL2 © otherwisei fk > 4.

It is well known that the concept of domination is originated from the game of chess board.
The problem of finding the minimum number of stones is one aspect and the number of ways of
placing the minimum number of stones is another aspect. Though the first aspect has not been
resolved as mentioned earlier, we consider the second aspect of the problem, that is, finding
the number of ways of placing the minimum number of stones. In this paper, we consider the
second aspect of the problem for P, x P,. That is, equivalently finding the minimum number
of dominating sets in P, X Ps.

U1 U2 Uusg Uy us Ug

s

P; x Py : N 7

Figure 1: P; x P, with dominating vertices

The minimum dominating sets of Figure 1 are {uy, us/, us, ur } and {uys, ug, us, ur}.
Similarly, the minimum dominating sets of Figure 2 are: {uy, us:, us, ue } {w1/, us, us, ug},

{Ul,U3/,U5,U6}, {U1/7U3,U5/,U6/}, {U17U3/,U4,U6/}, {u1’7u37u4’7u6}7 {u17u2’7u47u6’}7 {u1’7u27
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Figure 2: Ps x P, with dominating vertices

Uy, Uﬁ}, {ul’u us, uq, UG/}, {Ul, usr, Uqr, uﬁ}u {Ul, U2, Uyqr, uﬁ}u {u27 U, Ug, u6’}7 {u2’7 U2, Uyqr, u6}7
{ur, uz, us, us}, {ur, us, us, us}, {ug, ug, us, us }, {u1r, uor, ug, e }-
As such the domination number of P, X Py is, v (P, X P3) = VTHJ Using this value we

consider the minimum number of dominating sets vp (P, X P2) for the values n = 2k + 1 and
n = 2k.

82. Results
To prove our results, we need some lemmas proved below.

Lemma 2.1 Let vertices of first and second rows in Pai41 X Py are labeled with vy, vs . .., vak_2,
Vok—1, U2k, V2k+1 ONA U1, U, . . ., U2k—2, U2k—1, U2k, U2k+1, Lthen there is no md-set containing both

the vertices vorand uag.

Proof On the contrary, assume that there is an md-set say D in Par41 X Pa containing
both the vertices vopand ugg. Clearly, D — {vopusr} dominating set in Pag—o X Py, for otherwise
there exists a vertex v; (or u; ) of Pag_o X Py which is not either in D — {vogusgi } or not adjacent
to any vertex of D — {vapusak} then this vertex v; (or w; ) is not in D or is not adjacent to any
vertex of D in Pog41 X Py and hence D is not a dominating set in Psgy1 X Pa, a contradiction
to the assumption.

Therefore, K = 7 (Pog—2 X P3) < |D — {voguar}| = |D|—2=k+1—-2=k—1 a contra-
diction, which proves the Lemma. 0

Lemma 2.2 There is no md-set containing both var4+1 and usk4+1 , where the vertices of

Pog1 X Py are labelled as in the above Lemma 2.1.

Proof The proof is similar to that of Lemma 2.1 with a slight change, that is by considering
D —{vag41u2k+1} which is the dominating set in Pag_1 X Py with D being a md - set containing
both voptiand uggy1 in Pag—1 X Po. Thus, K = v (Pep—1 X P2) < |D — {varr1uskt1}| =
|ID| —2=%k+1—2=Fk—1 a contradiction, which proves that D is not an md - set. O

Corollary 2.3 FEvery md - set in Paiy1 X P contains either vaog41 or Uggy1.-
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3, ifk=1,

Theorem 2.4 v(Papt1 X P2) =
2, if k>2.

Lemma 2.5 There exists exactly two md - sets containing both ver_1 and usg—1 i Pop X Ps.

Proof In Py x Py , clearly the vertices vop_1 and uog_1 can cover vog_s, var and usk—2,
ug, respectively. We claim that any md - set D containing either vor_3 or usg—3 but not
both, (follows from the Corollary 2.3)union {veg_1,u2k—1} is an md - set in Pa X Po. Since
k+1=~(Pay x Py) <|DU{vop—1,v25-2} = 7(Pok—3 X P2) +2=k—1+2=Fk+ 1. Hence
the claim. Again by Theorem 2.4 and Corollary 2.3, there are exactly two md-sets viz D,
containing vei_3 and Ds containing usx—3 in Per—3 X Pa. Hence Dy U {vag—_1,usr—1} and
Dy U {vo—1,usk—1} are md-sets in Poy, X Ps. O

Lemma 2.6 There is no md-set containing both ver, and usg in Pop X Ps.

Proof On the contrary, assume that there is a md - set in Py X P> containing both wvoy
and wug. Then, clearly,

D —{vap, uak } is a dominating set in Pop X Py. Thus, k = v(Pog—2 X P2) < |D — {vog, uor } <
|ID| —2=Fk+1—-2=Fk—1 a contradiction, which proves this lemma. O

Theorem 2.7 For any k > 3, yp (Pop X Po) = y(Pag—2 X Po) +4

Proof We prove this theorem by four steps following.

Step 1. Let Dy, Do, -+, D; be md-sets containing usg—o in Pag_o X P, then, D; U {uzg}
and D; U{vg;} are dominating sets in Pog_o X Py for i =1,2,--- [t But, k+1 = v(Pag X P2) <
|D;|U{uzr} = |Di|+1=~y(Pag—2 X Po)+1=Ek+1. Hence, D; U{ugx} is a md-set in Pay X Ps.
And for the same reason, D; U {ve} is a md-set in Poy, X Ps.

Step 2. By the Lemma 2.5, Let D and Dy be two md - sets containing both vaj_3
and usg—3 in Pag_o X P. But, by the Lemma, there exists exactly two md - sets say D} and
D), containing va_3 and ugg_g respectively in Pop_o X P;. So, Dp must be obtained from
D} U{vap—3,usr—3} and Do must be obtained from D) U {vak_3, usk—3}. Thus it is not difficult
to see that (D1 — vag—3)U{vak—1,u2r } and (D1 — ugk—3)U{usg—_1, vax } are md- sets in Poy X Ps.

Step 3. For md-sets Dy and Ds of Paog_o X Py the sets (D1 — {vog—3}) U{vak—1, vax } and
({DQ — u2k73}) @] {qufl, Uk, } are md- sets in Pop X Ps.

Step 4. For md-sets Dy and Ds of Py_o X Py the sets (D1 — {var—3}) U {vak—1, u2k—1}
and ({DQ — u2k73}) U {vgkfl, u2k71} are md- sets in Py X Ps.
Thus yp (Pay % Po) = 2t +24+242=2t+2+4 = yp (Pye_z x Py) +4 by steps 1,2,3,4.0
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