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Abstract

We present some convergence and boundedness theorem with respect to filter con-
vergence for lattice group-valued measures, whose techniques are based on sliding hump

arguments.

We give some new versions of Nikodym convergence, boundedness and Brooks-Jewett-type
theorems with respect to filter convergence for lattice group-valued measures, defined on a
o-algebra of an abstract nonempty set, in which sliding hump-type techniques are used.

Let R be a Dedekind complete (¢)-group, @) be a countable set and F be a filter of Q.
A subset of ) is F-stationary iff it has nonempty intersection with every element of F. We
denote by F* the family of all F-stationary subsets of ).

A filter F of @ is said to be diagonal iff for every sequence (4,), in F and for each I € F*
there exists a set J C I, J € F* such that the set J \ A, is finite for all n € N. Given an
infinite set I C @, a blocking of I is a countable partition {Dy : k € N} of I into nonempty
finite subsets.

A filter F of @ is said to be block-respecting iff for every I € F* and for each blocking
{Dy, : k € N} of I thereis aset J € F*, J C I with §(J N Dy) =1 for all k& € N, where £
denotes the number of elements of the set into brackets.

If I € F*, then the trace F(I) of F on [ is the family {ANI: A e F}. It is not difficult
to see that F(I) is a filter of I.
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Observe that, If F is a block-respecting filter of N, then F(I) is a block-respecting filter of
I for every I € F*.

Let F be a filter of N. A sequence (z,), in R (DF)-converges to x € R iff there is a (D)-
sequence (a;)y; with the property that {n eN: |z, —z| < \/ aw(t)} € F for each p € NV,
t=1

Let = be any arbitrary nonempty set. A family (6&,@)565,@; is said to be (RDF)-convergent

—_
—

to a family (S¢)¢ez with respect to € € Z iff there is a regulator (ay;),, such that for each ¢ € NN
and £ € = we get

{neN: (B, — el <\ ag } € F.
t=1

Given a < b € R, set [a,b] = {x € R: a < x < b}. For A, B C R, n € N, put
A+B={a+b ac A be B}, nA={a+...+a} (ntimes). Let U, = [—up, u,), n € N,
be such that 0 < u,, < wu,,; for every n € N. A set {z,, : n € N} C R is said to be (PR)-F-
bounded by (Up)n, iff {n € N:z, € U,} € F, and (PR)-eventually bounded by (U,),, iff it is
(PR)-Feoin-bounded by (Uy,)s,.

We now give the main results.

Theorem 0.1. Let R be a Dedekind complete (£)-group, F be a block-respecting filter of N,

m, : 3% — R, n €N, be a sequence of equibounded o-additive measures, (Cy)r be a disjoint
sequence in >, with

(i) (D)limm,(Cx) =0 for any k € N, and

(i) (RDF) limmn(U Cx) = 0 with respect to P € P(N).

keP
Then,

) for every strictly increasing sequence (ky), in N we get
(DF)lim m,(Cy,) = 0; (1)
vy) if F is also diagonal and R is super Dedekind complete and weakly o-distributive, then the
only condition (ii) is sufficient to get (1).

Theorem 0.2. Let R be a Dedekind complete ({)-group, (Cy)x be as in Theorem 0.1, F be a
block-respecting filter of N, m,, : ¥ — R, n € N, be an equibounded sequence of finitely additive

measures, and assume that
(7) (D)limm,(Cx) =0 for any k € N;

(17) (RDF) limz m(Cy) = 0 with respect to P € P(N).
keP
Then for every strictly increasing sequence (ky), in N we get

(DF) liin M (Cy,,) = 0. (2)
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If F is also diagonal and R is super Dedekind complete and weakly o-distributive, then the only
condition (i) is enough to get (2).

Theorem 0.3. Let R be any Dedekind complete (£)-group, v € R, u > 0, U = [—u,u], F be
a block-respecting filter of N, m; : ¥ — R, j € N, be a sequence of finitely additive measures,

and assume that

0.3.1) for every disjoint sequence (Cy,), in ¥ and j € N there is Q; C N with ij(Cn) eU

new
for each Q C Q);.

Let (C,), be a disjoint sequence in ¥ and (wy,), be an increasing sequence of positive elements
of R. For each n € N, set W, := [—wy, w,] and V,, := nW,, + U. Moreover suppose that:

(i) the set {m,(C,) : n € N} is (PR)-eventually bounded by (W,),, for each p € N;

(i) the set {Z m;(Cp) :m € N} is (PR)-F-bounded by (W), for each P € P(N).

peEP
Then we get:

(7) for every strictly increasing sequence (1), in N, the set D := {m,(C;,) : n € N} is
(PR)-F-bounded by (Vy,)n;

(77) if F is also diagonal, then the only condition (ii) is enough in order that D is (PR)-
F-bounded by (V,,)n.



