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Give instruction to a wise man, and he will be yet wiser:
teach a just man, and he will increase in learning.
Proverbs 9:9

ABSTRACT. The main objective of this paper is to develop an infinite product formula for the
ratio of consecutive prime numbers, using Jacobi elliptic functions.

1. INTRODUCTION

The Rosser’s theorem [2] states that p,, is larger than nlogn. This can be improved by
the following pair of bounds:

(D) logn + loglogn —1 <p7n<logn+loglogn,
forn > 6.

2. THEOREM

THEOREM 1. For n > 9, we have
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6, < 0.153

and p,, is the n-th prime number.
Proof. Firstly, we consider the sequence of prime numbers

(2) 2<3<5<7<11<13<17<19< Py <Pp-1 <Dn <Dns1-

Second, we note that

3) 0<2<10<3<10<5<10< 7 <10<11<10<13<10<17<1
3 ’ 5 ’ 7 ’ 11 ’ 13 ’ 17 ’ 19
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Then, we define that
p
(4) k= kn,n+1 =— )
Pn+1

where ky, ,,+1 is the k modulus.
In [2, p. 83], we knew that
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where 7 is the parameter and 8, (z|t) and 65 (z|t) are Jacobi theta functions.

On the other hand, in [2, p. 85], we have
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multiplying by k1/2 in both members of (8), we have
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In [3], we encounter
(10) q(k) = oMt = o~ mKI()/K(K) — e—n’K(\/l—kZ)/K(k).

We knew that [4] K (k) can be expressed as a power series
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It can be expressed by asymptotic expansion
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http://en.wikipedia.org/wiki/Power_series

If we substitute (12) in (10), then we find

_n<§€g1;§2 fé(l‘k"ff)/(’;e’gl";z 1”61";;2) KOOk +7k?+1
(13) qlk) ~ e - - = e k?(k*+6k?2-8)
—9k*+7k2+1 .
We calculate the asymptotic expansion of £ m that is,
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Using (1), we discover that
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whereas factors involving logarithms tend to 1, we have the approximation
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Ergo, we can consider that
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On the other hand, we suppose that
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By Rosser’s theorem (1), we put
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We calculate the limit in both members for obtain of
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in other words, we conclude that
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forn > 9, see table 1. O
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Table 1. In this table, we have: first column: n; second column: p,,; third column: p,,,1; fourth
; sixth column: y;;; seventh column: y;, —
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; fifth column: the fractional part of
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Table 2. In this table, we have: first column: n; second column: p,,; third column: p,,, 1; fourth

column: pp" ; fifth column: the fractional part of pp" ; Sixth column: y;;; seventh column:
n+1 n+1
x« _ Pn_
lpn pn+1.
29
10 29 31 ﬁ 0.93548387 0.98897711 0.05349324
541
100 541 547 a7 0.98903107 0.99957136 0.01054.0289
7919
1000 7919 7927 W 0.99899079 1.0000534 0.0010626618
104729
10000 104729 104743 104743 0.99986633 1.0000954 0.00022909612
1299709
100000 1299709 1299721 ———— 0.99999076 1.000099 0.00010880395
1299721
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