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Abstract In this paper we present an anachronistic pre-YM and pre-GR attempt
to formulate an alternative mathematical physics language in order to treat the
problem of the electron in twentieth century physics. We start the construction of
our alternative to the Minkowski-Laue consensus by putting spin in the metric.
This allows us to simplify Lorentz transformations as metric transformations with
invariant coordinates. Using the developed formalism on the Pauli-Dirac level,we
expand the quantum helicity operators into helicity rotators and then extend them
from the usual 3-D expressions to 4-D variants. We connect the resulting 4-D
Dirac-Weyl hyperbolic rotators to mathematical expressions that are very similar
to their analogues in the pre General Relativity attempts towards a relativistic the-
ory of gravity. This relative match motivates us to interpret the 4-D hyperbolic
rotation angle as possibly gravitational in nature. At the end we apply the 4D hy-
perbolic rotator to the Dirac equation and investigate how it might change this
equation and the related Lagrangian. We are curious to what extend the result en-
ters the realm of quantum gravity and thus might be beyond pre-GR relativistic
theories of gravity of Abraham, Nordstrom, Mie and Einstein.
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1 The problem of the electron

The problem of the electron in twentieth century physics was the starting point of
the research that lead to this paper. In the early-relativistic or pre-Einstein period,
Lorentz, Abraham and Poincaré worked on the electromagnetic electron theory in
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an attempt to make it compatible with classical mechanics [1], [2]. In their ap-
proach Abraham, Lorentz and Poincaré used the hypothesis that all forces should
behave as if they were of electromagnetic origin during a global translation of
the system. [...] If all forces, including inertial forces, transformed like electro-
magnetic forces, [...] in order to respect the relativity principle all forces had to
transform like electromagnetic forces; that is, according to a representation of the
Lorentz group [1], [3]. But the three couldn’t produce a problem free electron the-
ory. Due to the work of Einstein, Minkowski and Laue, the problem of the electron
evolved into its modern, relativistic form as the problem of the non-zero diver-
gence of the electron’s self stress energy density tensor [4], [5], [6], [7].The key
sentence in Laue’s 1911 paradigmatic paper on relativistic mechanics, confirming
the opinion of Abraham, Lorentz and Poincaré, stated: Planck and Einstein have
already expressed that all ponderomotoric forces should behave under a Lorentz
transformation in an equal manner as in electrodynamics. Thus it should be possi-
ble in all areas of physics to put the force density together with the power density
into a four force density. This leading principle lead to what we propose to call the
Minskowski-Laue consensus, the fixation of the already growing consensus in the
relativistic avant-garde in the first decade of the nineteenth century regarding rela-
tivistic dynamics in EM and mechanics. The general expression for the Minkowski
Laue relativistic mechanics is .#" = —d, Tme‘éh, with T)#eth = VHG". To this day
the problem of the electron is formulated in the paradigmatic math-phys language
of the Minkowski-Laue consensus.

According to von Laue, the electron in free space is a (quasi-)static system, so
the divergence of its stress-energy density tensor should be zero. But in Minkow-
ski’s relativistic electro-magnetics, the divergence of the stress-energy density ten-
sor of the electromagnetic field is zero only in charge-free space and equals the
electromagnetic Lorentz four-force when charges are present. Electromagnetically
the electron in free space is a charge in its own field and should feel its own em-
four-force, which is not zero and not balanced by a reaction-force. So the electron
in free space acts a net em-force and em-power on itself, leading to and infinite
four force. This conclusion is refuted by experiments on the real electron, which,
in free space and in the classical limit, behaves as a Laue closed system. Up till
now, two strategies have been developed to find a way out of this conflict. The first
is to add a mechanical tensor to the electro-magnetic field-tensor and to declare
the divergence of the sum to be zero. This could be called the Poincaré-Laue strat-
egy or the compensation-method. The second strategy is to suggest changes in the
electro-magnetic stress-energy tensor, or in the connected EM four momentum, in
such a way that the problem can be solved within the frame of electromagnetics.
Both strategies have never solved the fundamental problem in such a way that a
consensus was established and the foundational discussions ceased. Instead, the
formulation of the problem of the electron seems to have been frozen in time,
without a solution coming in sight [8], [9], [10].

Originally, the electron problem was seen as a discrepancy between the rela-
tivistic theory, SR and GR, on the one hand and Maxwell-Lorentz EM theory on
the other hand and motivated early pre-QM unification programs. But with the in-
troduction of intrinsic electron spin, the problem of the electron attracted quantum
physicist. Theorists like Thomas, Frenkel, de Broglie and Kramers tried to deal
with intrinsic electron spin in the formalism of the Minskowski-Laue consensus
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in order to fuse the concept of intrinsic spin with the Minskowski-Laue math-phys
language [11], [12], [13], [14]. In the works of Kramers and de Broglie, two sets
of languages are invoked to deal with the relativistic problem of the spinning elec-
tron, the Minkowski-Laue consensus and Pauli-Dirac spin QM but they remained
incapable of fusing the concepts and the math-phys of these two approaches. In
1938 Dirac himself, the father of the relativistic quantum theory of the electron,
returned to the Lorentz model of the electron in an attempt to find an opening re-
garding the self-energy problem as it reappeared in quantum mechanics [15]. In
the years thereafter, Dirac continued to try to solve the electron’s self-energy prob-
lem by going back to the pre-quantum theory of relativistic electrodynamics [16].
According to Dirac, the problem of the electron was related to our understanding
of empty space: We can see now that we may very well have an cther, subject to
quantum mechanics and conforming to relativity, [...]. We must make some pro-
found alterations in our theoretical ideas of the vacuum. It is no longer a trivial
state, but needs elaborate mathematics for its description. [17] It (the new cther)
will probably have to be modified by the introduction of spin variables before a
satisfactory quantum theory of electrons can be obtained from it [18].

This is the point were, in retrospective, we hook on, Dirac’s suggestion of in-
troducing spin variables into the vacuum/metric/@®ther as a necessary step forward
in our understanding of the electron. This meant that in dealing with the problem
of relativistic dynamics regarding the problem of the (spinning) electron, we ig-
nored what was to come afterwards, the Yang-Mills theories of the weak force
and the strong force. Our goal was to create a math-phys language for the elec-
tron problem that replaced the Minkowski-Laue consensus and contained pre-YM
Pauli-Dirac QM. The tricky side catch of our approach was that Einstein used
Laue’s closed system condition, so essentially the Minkowski-Laue consensus or
the relativistic formulation of the conservation of energy, momentum and angu-
lar momentum, as a basis for his theory of gravity ([19], postulate 1 on p. 1250;
[7], p- 57). In order to be able to remain pre-GR as long as possible, we simpli-
fied the gravity side of the problem by only trying to connect our yet to develop
math-phys language to the attempts of the pre-GR theorists of relativistic grav-
ity, Abraham [20], Nordstrom [21], [22], Mie [23], [24] and of course Einstein
himself. As such, our approach is pre-YM and pre-GR, but without criticizing
these well established, experimentally verified monumental theories of physics.
We deliberately choose such an anachronistic approach in order to simplify the
environment in which to deal with the problem of the electron. The hope was that
our approach would nevertheless lead to some useful new insights.

2 Using quaternions to put ‘spin’ into the metric

This paragraph recaptures the biquaternion definitions developed in previous pa-
per, in which the matrix representation was not yet used [25]. Quaternions can be
represented by the basis (1, Lj K) This basis has the properties Il = JJ = KK =

=-Ji=KJK=—Ki=0;Ki=-1K=7. A q\uatermon number in its
summatlon representation is given by A = ap1 +a 1I +azJ +a3K, in which the a
are real numbers. Bi-quaternions or complex quaternions are given by C = A +iB
in which the ¢, = ay, +1ib, are complex numbers and the a, and by, are real num-
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bers. The complex conjugate of a bi-quaternion C is given by C=A—iB. A set of
four numbers, real or complex, is given by

co
C
Cu= 1ol (1)

3

or by C* = [cp,c1,¢2,c3], a set of four numbers € C. The quaternion basis can be
given as a set KM = [i,i,j ,K] and then a biquaternion C can also be written as
c=CH* IA(# = ¢oT +c11+ 2T+ c3K. We apply this to the space-time four vector of
relativistic bi-quaternion 4-space R with the four numbers R* = [ict,r|,r,13] =
[ro,71,72,r3], so with r,72,73 € R and ry € C. Then we have R = R”K“ =ri+
rl+ri+rnK=rl+r- K. We use the threevector analogue of R“Ku when we
write r- K. In this notation we define the complex conjugate of a four vector as
R” = —rpT+4r-Kand the quaternion conjugate of a four vector as R” = rp1 —r- K.

Quaternions can be represented by 2x2 matrices. Several representations are
possible and our choice is given by

_ | ro+iry ra+irs| _ | Roo Ror ?)
—ry+ir3 ro—ir Rio Ry |
Then we can write R as
10 io0 01 0i
R—r0|:01:|—|—}"1 |:O_i:|+r2|:_10:|+r3|:i0:| (3)
This gives us the quaternions as the following matrices:
- 10| » i0] s 01| 5 0i
R R R R RS TR

We can compare these to the Pauli spin matrices 6 = (0, 0y, 0;). If we exchange
the o, and the 0., we have K = ic and K" = (5y,ic). The reason to use the
quaternion matrices and not the Pauli matrices lies in the way the Lorentz trans-
formations can be abridged using the quaternion matrices in combination with
hyperbolic relativity.
Multiplication of two vectors A and B follows matrix multiplication. So we
have
C=AB=

o)

AooBoo +Ao1B1o AooBo1 +Ao1B11 | _ | Coo Coi
A10Boo +A11B10 A10Bor +A11B11 CioCir|°

Of course, vectors A, B and C can be expressed with their ay, by, c, coordinates
and if we use them, after some elementary but elaborate calculations and rear-
rangements we arrive at the following result:

co — a()b() — a1b1 — a2b2 — a3b3

¢1 = azbs —azby +apbi +aibg

¢ = azby —aibz +apby +azbo

c3 = arby — axby +apbsz +azbg (6)
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In short, if we use the classic Euclidean dot and cross products of Euclidean three-
vectors, this gives for the coordinates co = apbg —a-b and ¢ = a x b+ agb + aby.
And in the quaternion notation we get

C=AB= (aghp—a-b)1+ (axb+agb+aby)-K (7)

From this it immediately follows that AT A = (—agag —a-a)1, and, with ay = ica;,
we get ATA = (c?a? —a?)1. This can be used to define the main quadratic form
of the metric as dRTdR = (c*dt* — drz)i = 2dt*1 = —ds*1, with ds = icdT.
It may be clear that our definitions lead to many analogies with Hestenes’ space
time algebra [26]. But our matrix representation, which remains crucial all along,
follows a quaternion basis and not the Pauli basis, to mention a difference.

3 The Lorentz transformation as a twist of the metric

A normal Lorentz transformation between two reference frames connected by a

relative velocity v in the x— or I-direction, with the usual ¥ = 1/1/1—1v2/c2,
B =v/c and ry = ict, can be expressed as

}’6 — Y _lﬁy ro — Yro —iﬁ}/m (8)
r By v | [n yri+ifyro |
We want to connect this to our matrix representation of R as in Eq.(2) which gives

Ry = ry +iry = yro —iByri +iyri — Byro ©)
Ry, =rly—ir] = yro—iByry —iyri + Byro. (10)

Now we want to introduce the rapidity and thus hyperbolic Special Relativity in
order to integrate Lorentz transformations into our matrix metric. For this we only
need elementary rapidity definitions as they were already formulated by Varic¢ak in
1912 [27]. If we use the rapidity y as e¥ = cosh y +sinh y = Y+ 37, the previous
transformations can be rewritten as

Ry = 1o +iry = (Y= BY)(ro+1ir1) = Rooe™ ¥ (1
Ry =ro—iry = (y+By)(ro—ir1) =Rpe”. (12)
As a result we have
R\ R Rooe ™V R - _
RE= | /90 201 | — | 00 N l=v"'RU™, 13
|:R/10RI“:| |: Rip RpeY (13)
In the expression RE = U~'RU~! we used the matrix U as
v
v=1¢ Ow]. (14)
0 e 2

But this means that we can write the result of a Lorentz transformation on R with
a Lorentz velocity in the I-direction between the two reference systems as

Vo ie™V 0 01 0i
RLzro{eo ew}rm [leo —ieW}Jrrz{lO]Jrr-”[i(l)] (15
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This can be written as
RE=roU MU + U U + 12d + 13K = ro1F —l—rliL—F rl+rK.  (16)

But because we started with Eq.(8), we now have two equivalent options to express
the result of a Lorentz transformation, either as a coordinate transformation or as
a basis transformation: RE = rol+ r’li +rd+rK=rit+ rliL +rJ+ K.

This result only works for Lorentz transformation between v,-, v;- or I-aligned
reference systems. Reference systems which do not have their relative Lorentz ve-
locity aligned in the I-direction will have to be rotated into such an alignment be-
fore the Lorentz transformation in the form RX = U~'RU ! is applied. With this
requirement we restrict ourselves to a limited realm of applications. The interest-
ing thing about the e¥ = y+ By term is that it represents a relativistic Doppler-
correction applied to the frequency v of light-signals exchanged between two in-
ertial reference systems, v/vy = e¥ [27].

4 The Maxwell-Lorentz structures in our math-phys environment

If we want to apply the previous to relativistic electrodynamics and to quantum
physics, we need to develop the mathematical language further. We start with a
particle with a given three vector velocity as v, a rest mass as mq and an inertial
mass m; = ymy, with the usual y = (1/1 —v2/c2)~!. We define the coordinate
velocity four vector as V = V# Ku =icI+v-K = vl +v-K. The proper veloc-
ity four vector on the other hand will be defined using the proper time T =t as
U= U“Ky = %R“Kﬂ = yV“IA(u = up1 +u-K. The four vector partial deriva-
tive d = 9K, will be defined using the coordinate four set 9 = (—i%&,,V) =
(do,d1,02,03). The electrodynamic potential four vector A = A“Ku will be de-
fined by the coordinate four set A* = (i%q),A) = (Ao,A1,A2,A3). The electric

four current density vector J = J“KH will be defined by the coordinate four set
JH = (icpe,J) = (Jo,J1,J2,J3), with p, as the electric charge density. The electric
four current with a charge g will be also be written as J;, and the context will in-
dicate which one is used. And although we defined these four vectors using the
coordinate column notation, we will mostly use the matrix or summation notation,
as for example in Eqn.(2).

I we apply the multiplication rules of our four vectors as matrices to the elec-
tromagnetic field with four derivative 9 and four potential A we get B = 07 A and
then insert dy = —i%&t and Ag = i%q) we get

B—oTA— <fclza,¢ _V.A) L+ (V Afi%(fatAqu))) K an

If we apply the Lorenz gauge By = —c%c%q) — V- A =0 and the usual EM defini-

R
tions of the fields in terms of the potentials we get B= (B—ilE)-K = B -K and
we can write B as

BZ]BJ—}-IB%zj—i-IB%K:E)-K:

iB, B, +iIEB3]

Boo Bor
B, +iB; —iB,

Bio Bn] - U8)



Towards a 4-D extension of the quantum helicity rotator 7

For the Lorentz transformation of B we can go back to the 1908 paper by
Minkowski [5], where he wrote the transformation in a form equivalent to

B 1 0 O B B,
By | =10 y ify| |By|=|vB+iByBs (19)
B; 0-ify v | [Bs YB3 —ifyBy

So we have Bjy, =B} +iB} = yB, +if YB3 +iyB3 + fyB; and B}, = —B), +iB} =
—yB, —if )/1833 —|—1le3 + ByB,. If we use the rapidity y as e¥ = cosh ¥+ sinh y =
Y+ B, this can be rewritten as B, =B, +iB = (y+By)(B2+iB3) = Bpie? and
B, = —B, +iB} = (y— By)(—B2 +iB3) = Bigpe” ¥, which leads to

y
e 2

0

y
2

Boyo Boi -1
— =UBU". (20
Bioe ¥ B 0 e ¥ |:Bl() Bu} 20)

BL_|: Boo 3016"’}_ e? 0
0 e

So just as with a four vector, the Lorentz transformation of the EM field coordi-
nates can also be written as a transformation of the basis, while leaving the field

coordmates invariant: B = B UIU ! + B,UJU ! + B;UKU ! ]B%J—HngL—I-

IB%3K .
For the EM-field ‘six-vector’ matrix B as a product of two four vectors we can
write B- = UBU ' =U(dTA) U =U(d")UU'AU! = (9TA)L = (9T)LAL.

This can be generahzed to the Lorentz transformation of the product C = AB.
For a coherent relativistic math-phys language we need the following rule for the
Lorentz transformation of the product C of two fourvectors A and B who individ-
ually transform as AL = U'AU " and BE = U~ 'BU1:

Ct=AB)F=A"lB =vAUU'BU ' =UABU ' =UCU™!. (21)

This implies that (AB)" # ALBL if A and B are fourvectors. As a result, it is easy
to prove that the quadratic ATA = ¢?a21 is Lorentz invariant.

Using the four density current J, the Maxwell equations in our language are
dB = poJ and the Lorentz force law, with a four force density %, as JB = %.
Maxwell’s inhomogeneous wave equations can be written as (—07 9)B = —pd’J
and with the Lorentz invariant quadratic derivative —97 9 = (V* — C%(?tz)i we get
the homogeneous wave equations of the EM field in free space in the familiar
form as (—979)B = V°B — CizafB = 0. Given the definition of the four vectors,
our matrix multiplication contains the Maxwell-Lorentz structure.

As for the electromagnetic energy of a pure EM field, we have the two products

BB and BB, with BT = (97A)" = 9T = (B+ilE) K =B K in which we

used IB% instead of IB% as the complex con]ugate of IB% Wg then can calcutate
the results, which gives BB = (B?> — LE? — 21 B - E)l — B -B1 for the first.

The Lorentz invariance follows from BL U BU I and the;iact that BB res_u)lt
12) a scalar value, so BB = UBU'UBU' =UBBU ' =B - BUIU ' =B -

B 1 = BB. We also have the interesting product 8(% B), the four divergence

of this Lorentz invariant EM energy related product Using the Maxwell equations
dB = LpJ and the Lorentz force density law JB = .7, we get (9( BB) = i&BB =

JB = 7 (factor 2 question; 8(m B)=Z 7).
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For the second EM energy related product B” B we get

] A 1 1 A
B'B=-B Bi+(B xB) R=—(B+ 5E)1+2i-(ExB)-K =
C C

- N 1 R A
i Gicupy +8-K) = i2poc(i-upni + g-K),(22)
c c
with the Poynting vector as upS = E x B, the EM momentum density ¢’g = S
and the EM energy as 2gugy = B? + C%Ez. Thus we get the usual EM four mo-

mentum density G and the four energy current density S as G = C%S = 2;OiCBTB,

a result that again mimics STA [26]. For the Lorentz transformation of B' B, as a
four vector it should be

G-=Uu'U ' = — U 'BTBU =
2Upc

Y y-'BTy-'lvpy~' = —Lu-'BTU B, (23)
2upc 2Upc
but this gives the problematic U~!B"U~! which doesn’t seem to give (BT )L. So
here we enter the discussion, in our math-phys language and already in the vacuum
context, of the genuine EM momentum density four vector, a discussion strongly
related to the correct formulation of the EM energy density tensor. Problematic
also is the product 8(%BBT), for which we get 8(%BBT) = %QBBT =JBT #

F Lorentz- We get the signs wrong, also with 8(%BTB). We could try 07 G but that

leads to @7 BT B which is also problematic. The fact that in our math-phys environ-
ment things do not run smoothly and unproblematic as regards to the relativistic
Poynting vector and the EM four momentum density, especially when charges are
included, indicates that fundamental problems in physics have a tendency to stay
around, independent of the formalism. We believe that the capacity of not-solving
but merely rephrasing these more that a century old problems in our own math-
phys is a good sign.

5 Relativistic mechanics

In Special Relativity, Laue’s condition for a conserved energy-momentum is 9% 7y, =
0. In our language we have the 7 P = 0 condition as a starting point of our alterna-
tive relativistic mechanics. Given the symmetry condition p = m;v, the momentum
four vector will be P = m;V and the condition 7 P = 0 leads to

o'p= (—ciza,ui ~V.p)I+(Vx p—&-i%(&,p—i—VUi)) K=0. (29
s0 to three subconditions CLZ@U,' +V.p=0,Vxp=0and J,p=—VU,. The first
one is the continuity equation, the second means that we have zero vorticity and
the third that the related force field can be connected to a potential energy. We can
take the time derivative of the second condition, giving the conserved force field
condition V x F = 0. So the condition d” P = 0 can represent a central force.
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In the Laue condition d¥7,, = O the stress-energy density tensor is Ty, =
VvGy. In our math-phys language we would get the not exact analog T' = viG
and dT = 0, but that would imply a full homogeneous Maxwell-Lorentz structure
with the product V7 G = 0. Our stress energy density ‘tensor’ T gives

" 1 N
T:VTG:(ui—v~g)1+(ng+ic(—g+c—2uiv))-K. (25)

This tensor analog contains all the elements of Ty, = V, G, with the difference
that the cross product v x g appears directly in our 7 = V7 G whereas ony half of
it is in the usual tensor and the anti-symmetric tensor product is needed to get the
full cross product. In the case of a symmetric situation v has the same direction as
g, resulting in the three equations T = (u; —v-g)1 = upl,vxg=0and g = cizu,-v.
The first of these equations equals the scalar Lagrangian density, the trace of the
Laue mechanical stress-energy density tensor. Then the divergence of the sym-
metric T gives the four force density .% = —dT as % = —dug. Only if v doesn’t
have the same direction as g will there be an anti-symmetric component present
that is analog to the structure of the Maxwell-Lorentz electromagnetic field. In
our math-phys language, the compactified Minkowski-Laue equation’s content is
spread out over several products and equations existing at different layers of com-
plexity. Interestingly, through the equation .%;, = —dyuo, Abraham, Nordstrom
and Mie unsuccessfully tried to construct their relativistic theories of gravity.

6 Pauli spin QM and the Lorentz transformation of spinors

The basic Klein-Gordon wave equation in Quantum Mechanics can be written
in our math-phys environment as —d7 ¥ = (V> — L92)1% = 0 with a two
column spinor instead of the scalar spinor of Schrécﬁnger— and Klein-Gordon
QM. But it results in two identical equations, so a degenerate situation in which
the two valued spinor equation can be reduced to the original single one.This
Klein-Gordon Equation can be linked to the quadratic energy-momentum condi-
tion PTP = (LU? — p*)1 = LUG1 = —E*1, with E = iLUp. With the operator
convention P = —i%id we can switch from the energy equation to the wave equa-
tion PTP¥ = —E?T¥. We can make this canonical by applying the replacement
P—P+gAandP - P+gAord -D=20+ ifA. This results in the canonical
Klein-Gordon wave equation in a biquaternion metric, that includes the Pauli-spin

EM-field interaction term, as DT DY = ‘h%z i¥. The DT DY part can be expanded
" q q 7
DIDY =97 oy + i£8TA'P+i%AT81P — ?ATA‘P. (26)

Now, the first and the last terms give scalar quadratics but the two middle terms
must be examined more carefully. By writing out the two matrix products and
applying the standard differentiation rule to the scalars in these matrixes, one can
show that 0TA¥ +AT9W = B¥ +2(5 90 +A-V)1W. This gives us for D' D¥ =

2 .
5—2 1Y the equation

- q* - .q - E?, .q
8“8u1‘1’7h—zA“Aul‘me%A“aul‘P: 7?1':?%1%311’, 27)
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with 979 = —9#9, 1, ATA=—APA, T and A*9) = (599, +A- V). The only non-
degenerate part in this equation is i%B‘P. In our units we have the Bohr magneton

. . . 2
Up = % and if we multiply the equation by 2”70 we get the non-degenerate term

as iupBY¥. This can be written as
. R = .1
iupBY =iupB -K¥Y = —upB - oW = —ugB- oV +ius—E- 6V, (28)
¢

with 0, & ;. So by putting spin in the metric we get a canonical Klein Gordon
equation that includes Pauli-spin EM-field interaction terms. If we replace the
degenerate quadratic scalar part by the canonical Schrodinger equation and ignore
the spin electric field interaction term, we get the Pauli equation.

With the equation DT DY = g—;i‘f’ we are able to treat Pauli spin relativisti-
cally, provided that the spinor ¥ Lorentz transforms as ¥ = U¥ or

14 14

7 0 ¥ Yoez
pl=yy=|° { 0]: 0

[O e_% b3 l}’le_%

. L . 2.
The condition W = UY assures the invariance of the equation D" D¥ = % 1v.

(29)

If ¥ is the transpose complexe conjugate of ¥, then PL = U¥ = (He *,Pe?)
o)
N 77 2
Ww%{%fz%ﬂ}qﬂl —BH+ U =P, (30)
e 2
This assures the Lorentz invariance of the QM probability density. It can be given

as WLYL = YU~ 'UW which implies that vy,

7 The Dirac level

Up to the Pauli level we reproduce elements basic to QM. But the relativistic wave
equation of the electron exists on the Dirac level, so we aren’t there yet if we want
a math-phys language for the analysis of the problem of the electron including
pre-YM quantum and pre-GR gravity aspects. Dirac linearized the quadratic rela-
tivistic Klein-Gordon wave equation by going to four by four matrices instead of
the two by two Pauli matrices. In our math-phys language we define o, through

PP 11 K K
TPV — . =
P = [—PTPT} —"0{1—1]“’ [—m] B
11 i1 i3 K K
Do {i —i] +pi {—ii] +p2 [—jj} +p3 {—IA(IA(} =pooo+p-a (3D

We have PHoy, = podp + p10i + p202 + p30i3. We can split this into PHoy, =
PH B, + Py, and then get

=

(=)
| —
S =
\
»—k)o
— O
+
=
| —
O =
— O
—_
+
RS

N
| —
O >
—> O

}+m{§%} (32)
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with P* By, = poBo + p1B1 + p2B2 + p3 B3, and
0 P 01 0 K
— 1% — — . A = . —
P=Ply = |:PT 0} —Po[io}—l-p {—KO} poYo+p-Y
01 [0 i 017J 0 K
po[i0:| +p1 _—TO] +P2|:_j0:| +p3 |:—K 0:| (33)
with p = Plyy = poYo+p1yi + p2yo + p3ys. If we use K = ic we have

(34)

| 0 ic
7__—i0'0

with as only difference to the standard notation the exchange of y; with 3. With
these definitions we have obtained a Clifford Algebra four set with the ¥, ’s, a Weyl
set. Another Clifford four set, a Dirac set, can be obtained with (f,¥). Clifford
Algebra three sets can be made with the @’s and with the B’s. The B’s form the
Dirac spin set. We define the unit matrix on the Dirac level as 1.

Using these definitions of the matrices on the Dirac level, we can define the
Dirac-spinor wave equations. The wave equations in the Dirac environment have
to be reducible to the Klein Gordon energy condition PT P = —E?1 with E = 1%
The Dirac equation and the Weyl equations match this demand.The Weyl or chiral
equation stems from the quadratic PP = E*1.

| A B

This leads to the two options for the Weyl equations

PY = Ef¥ (36)

P =—EI¥ (37)

if we use i’ —= —ifgd and a four column spinor ¥. The Dirac equation stems from

the quadratic (pofo +p-¥)* = E*1.
pol p'K} [ pol p'K} [(p%+p2)i 0 2
N - N - | = .| =F 38

[—p~K—p01 —p-K —pol 0 (pj+pH)i 69
This leads to the two options for the Dirac equations

(PoPo+p-7)¥ =ELY (39)

(PoPo+Dp-7)¥ = —EL¥ (40)

if we use P = —ifd and a four column spinor ¥. In a previous section we showed

that with the canonical D" DY = %221‘1’ we could treat Pauli spin relativistically

in a Klein-Gordon condition. Based on that result, it is not to difficult to show that
2

on the Dirac level we are also able to deal with PPW = l;;—zﬂ'}’ This results in a

extra term B - B, the magnetic field Dirac spin interaction term. This indicates
that in our language, B is indeed the Dirac spin vector.
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By imitating Dirac’s jump from Pauli-spin to a double version of it, but at
the same time remaining in our spin-metric environment, we made it plausible
that our math-phys language has in principle the capacity to include the Dirac-
Weyl quantum environment. In the line of our anachronistic project, pre-YM and
pre-GR, only relativistic pre-GR gravity was not yet included in our math-phys
language. While working on a translation of the helicity formalism and the spin
half representation of the Lorentz group into our biquaternion spin-metric lan-
guage, it seemed only natural to extend the helicity formalism from 3D to a 4D
version. Unexpectedly, the necessary 4D rotation angle, as the 4D analogy of ra-
pidity, seemed of gravitational nature. This surprising possibility regarding the 4D
hyperbolic quantum rotator’s angle was the motivation to write this paper.

8 Helicity, 3D hyperbolic rotations and Lorentz transformations

We have the Taylor expansion of ¢** as
A Loos, s 1oaa 155
:1+Ax—|—§Ax —I—gAx —|—EAx —l—;Ax +... 41
IfAzzlbutAaré 1, this can be written as
A 1, 15,14 15
=14+Ax+ fx —&—Aax —|—Ex —}—A;x +... 42)

and

=1+ %x2+ %x4+ o)A+ %x3 + %xs +...) =coshx+Asinhx. (43)
Of course, this only works if the norm of A can be split in two equal parts and
results in a scalar outcome, so when the norm of A is a perfect quadratic. And if,
with A2 = 1, we calculate (A + 1)e** we get an invariant product e 4¥(A + 1) =
e (A+1)ef =A+1.

We can apply this to Helicity, on the Pauli level first and then on the Dirac
level. We have (p-K)(p-K) = —p?1 = (ip)*1 or

B2 — [P.'K] [p:K] _1, (44)
1p 1p

which means that we have a perfect quadratic and can apply the above to write

A

K] sinh y. 45)

ip

1ef!Y = 1 coshy + Hsinhy = Tcoshy +

We also have (p-K)e’V = (p-K)coshy +ipIsinhy and e 7Y (H + 1)V =
e V(H+1)e¥ =(H+1). About the effect of the hyperbolic rotation angle y, if
we look at the following expression

HeHW — Hcosh v =+ I sinh Y= cosh llf(H + itanh lI/)7 (46)
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we see that if Y goes to oo, tanh Y goes to 1 and cosh y goes from 1 to oo.
On the Dirac level, helicity can be defined as A with

A2= {pﬁ] ["B} =1, (47
1p 1p
Again we can define a hyperbolic rotator as
1AV = nhw — pBl
eV =f coshy+ Asinhy = f coshy + 0 sinhy. (48)

As before we have a hyperbolic rotation invariant A + I and we have AeAY =
A cosh ¥ + I sinh y = cosh y(A + f tanh y).

Helicity is based upon the momentum 3-D vector p and the 3-D Pauli spin
K or the 3-D Dirac spin B. What we are doing with these hyperbolic rotators is
rotating three momentum p relative to its norm p, the action of tanh y. Actually,
we change the projection angle of p on its norm p. At the same time we scale both
up, the action of cosh y. Helicity is strongly related to Lorentz transformations.
Hyperbolic helicity rotators can be connected to the Lorentz transformation of
Pauli spinors. We had for the Lorentz boost of a Pauli two spinor ¥* = U¥. This
gives

(icoshw + l sinhw) Y= <icoshw + L sinhvf) p— 1Ty (49)
2 i 2 2 ip

In this derivation we end up with the requirement that the particle moves in the

direction I of the Lorentz velocity. Only then can we replace 1/i by (pi1)/(p1i)

and then by H. If the particle has a different direction, we have to rotate the whole

reference frame including the moving particle until the directions are aligned.

This gives us ¥X = UW = 1 YW, which implies that U = 1! ¥ and - =
YU~ = Pl HY. But then we can write for particles that move in the direc-
tion of an applied Lorentz boost between two aligned reference systems PL =
U='PU~" = e H3PeH% and for EM fields with the proper alignment, where
H=(1/i),B-=UBU ' = ¢ 7BeH¥ . We see that in our environment, Pauli he-
licity as a hyperbolic rotator functions as half a Lorentz transformation. Helicity
provides the rotator structure and direction, whereas the rapidity contributes the
size of the boost. So most of the necessary information contained in the Lorentz
transformation is situated in the Pauli helicity operator, and a smaller part is given
by the rapidity.

If we go from helicity on the Pauli level to Helicity on the Dirac level, things
become complicated. On the Dirac-Weyl level, there is no simple relationship be-
tween helicity and the Lorentz transformation of Weyl-Dirac vectors like P and
4-spinors. So what works on the 3D SU(2) level, connecting a hyperbolic quan-
tum rotator to the Lorentz transformation, doesn’t work on the 3D double SU(2)
level. In our perception, this had to be related to the fact that Dirac helicity cannot
be expanded into a 4D version.
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9 Weyl and Dirac hyperbolic rotations

Dirac helicity with p- B cannot be extended to 4-D because the f8;’s don’t form
a Clifford 4-set. So a perfect quadratic with the B,’s isn’t possible. But we al-
ready formulated perfect 4-D quadratics in the context of the Weyl and the Dirac
equations, using the two Clifford 4-sets ¥, and (B, ¥). Because both are based on
perfect quadratics, we can define a new hyperbolic rotator using either the Weyl
equation structure or the Dirac equation structure. The Weyl rotator is the easiest,
due to its relativistic symmetry PP = E*1, with E = i%Uo = icmy. We get the
hyperbolic rotator
P

}fega :‘ﬂcosha+gsinha, (50)

with E]IeEK“ = Ef cosho + Psinha, and Peéa = Pcosha + Ef sinh o, which
can also be written as Per® = cosh a(P+ Eftanha). Applied to (P —E1) we
get (P—E]I)ego‘ = (P —E1)e* with the invariant

e Fap—Ef)ef = e (P EN)e = (P-EY). b

The tanh « part implies that we are changing the projection of  on E1 due
to the hyperbolic rotation with angle o. Clearly this rotator is not part of a helic-
ity representation of the Lorentz transformation, because then we would rotate p
relative to p and not P relative to EY. A Lorentz transformation can be seen as a
four vector internal re-balancing, but now we are re-balancing the four vector rel-
ative to its norm. This brings us outside known quantum territory. The following
equivalent tensor notation emphasizes the rotation aspect

Poa . _ | Eisinha Pcosha
Per® = Pcoshot+ Eflsinha = {—PTcosha Eisinh(x] (52)
which, when applied to (P—l—E‘ﬂ)e%“ = (P+ET)e*, gives
Ele® Pe“
a_
(P—FE:E)Z - |:_PTeO¢ Eie(}(:| (53)

Then compare this to the Weyl equation with spinor ¥ = Ye?, with aplitude ¥
and phase ¢, leading to

E1e®Yi + Pe®Y;

_PTe? Efe? | | X1 | — {—PTe‘PY}g—i-EIe"’TL] =0 4

(P+ET)Ye? = [ Ele? Pef } [TR}

Things look similar but they aren’t. In case of operators we have (P + E ]{)e§a #

~

(P+ET)e*, a complication that we will study later on, so our hyperbolic rotation
angle isn’t just a disguised phase shift of the Weyl spinor in the Weyl equation.
The Weyl spinor has a scalar phase as starting point whereas our hyperbolic rotator
might reduce to a scalar shift of some kind under special circumstances.
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In case of the Dirac hyperbolic rotator, we have to replace ¥, by By in P, giving
the rotator effect on P as

La (Esinh o+ ppcoshar)1 p-Kcosha
=Fer = R R 55
Pq; pe { —p-Kcosha (Esinho — pocoshor)1 (35)
Etanh o + po)1 p-K
—coshar | ~ ; 56
cos a{ -p-K (Etanha — po)1 (56)

which makes it clear that our hyperbolic rotator effect also differs from the effect

of spinors on the Dirac P — Efl, because left and right spinors affect the Dirac E
and py in an identical way as a package, like for example (E + po)11k.

10 The metric Dirac-Weyl hyperbolic rotator
Instead of P as the quadratic input for the rotator we can also take dR with dRdR =

ds*1 and ds = icdt and then our hyperbolic rotator, including its effects on dR and
ds1, is

® d
;[{eddTa :‘ﬂcosha—kd—Rsinh(x (57)
S
&
dRy = dRe®® = dRcosha + dsf sinh ot (58)
dsk :ds]le%fa = dsf cosh ot + dRsinh o (59)

with an hyperbolic rotation invariant (dR — ds{).

Interesting also is the product (dsy f)? = dsg Ldsy I = dsﬂe%“dsﬂe%“. After
some calculations, using standard hyperbolic trigonometric relations, we arrive at
£ d
(dsp)? = ds?Hled ** ~ ds*(f + 2“7R)’ (60)
s
so if we may assume ‘% ~ 1 we get dsé ~ ds*(1+2a). Now, in the real world

only one field is thought to be capable of changing ds” and that is a gravity field.
Assuming such an interpretation, the rotation angle should be related to the grav-
itational potential as we have for example the GR familiar & = ¢ /c?. So suppose

GM
a= C% = — %2 Then we get

2GM
Rc?

dsg ~ ds*(1— ). (61)

We can look closer at ‘2—?, which gives in the Weyl case

dR  dry dr dt cdr dt u

s —ﬁ%-i-%Y—EYO_laTTY—dTY()—ICY- (62)
and, in the Dirac case

dp  dry dr dt cdr dt u

a5 as Pt g T P i T iy (©3)
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So the approximation % ~ 1 comes down to low proper velocity circumstances,
or non-relativistic proper velocities. But this only makes sense in the Dirac case

with % ~ By, giving

(dso 1) mds ([ + 205y~ 200 y) s’ (£ + 20, (64
or R
1+2a)1 0
(dso)* ~ ds* ( 0“) (1-20)1 | (65)

This clearly goes beyond the relativistic pre-GR theories or gravity.
But there is an easier approach towards the metric effect of the hyperbolic
Dirac-Weyl rotator, one that remains within pre-GR results and is based on

R
dsel = dsle®®, (66)
This can be written as 4
R
D0 _ T o, (67)
dS()
In terms of the proper time this gives
d’L'¢ a
— ~e?. 68
dT() ¢ ( )

In the approximation we applied, time and proper time are set equal, so this gives
us the behavior of clocks under the low velocity approximation of our Dirac hyper-
bolic rotator. There is only one known field that can change proper time like this
and that is a field of gravity. If we set o = % = —G—i‘;’ we have a correspondence
between the physical effect of gravity on slowly moving clocks and our theoreti-
cal Dirac hyperbolic rotator (see [28], p. 24). We can also relate this to Einstein’s
pre-GR 1913 equation (3) in [19].

We can apply the same rotator on Efl = i%Uoﬂ, so on the rest energy of a

particle, slowly moving in spacetime. That also results in Z—z ~ e%, with Uy as the
rest energy of a particle in a field of gravity compared to the rest energy of the
same particle in free space Uy. This is the same result that Nordstrom arrived at in
his 1912 theory of gravity ([21], [7] p. 36). Mie had an almost similar result in his
1912 theory of matter ([23], p. 30), a result which he repeated in 1914 in reaction
to Einstein while indicating the difference with Nordstrém’s theory ([24], p. 174).

If we use the proper velocity quadratic as an input for the rotator, with §f =
uoPo+u-y=iy.cBfy+u-yand the Lorentz factor y;, we have the quadratic Y{J =
—c?1 = (ic)*{. The hyperbolic rotator connected to this quadratic, applied to ic
gives

ic¢‘ﬂ = icﬂe%a. (69)

leading to a gravitational ajustment of the speed of light as Z—ﬁ ~ e%. Now we
run into an interpretation conflict with the previous two rotator results. We have

ds =icdt =icdty and E = i% = imgc. The first two results, time dilation and the
conversion of gravitational energy into rest energy, were based upon a constant
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light speed c. But if ¢ is the variable, then proper time and rest mass should be
invariants. The interpretation dilemma turns around
C moc foc
Lo e, (70)
co  moco  IoCo

more specific around the two options

Co _ Moo _ Moo _ My 1)
co moco moco mo

and the equivalent options

Cyp dl‘()C¢ - dl‘¢Co _ dl‘¢
Cco - dtyco - dtyco N a’l‘()7

(72)

This dilemma is not new [29], and we do not have to solve it. It is already quite
amazing that our hyperbolic rotator, when expanded from the 3-D helicity version
into the 4-D Weyl-Dirac version and then interpreted as a gravity rotator, repro-
duces the same dilemma’s as the ones faced by the early theorists of relativistic
gravity around 1912, see [7].

Another interesting observation relates to the fact that the experimental static
gravitational clock-time dilation factor, which can be expressed, in terms of the

clock frequenties, as ‘;—"’ = e~ %, was compensated, in the first experiment di-
rectly verifying this gravitational clock frequency dependency [30], by a rela-
tivistic Doppler effect, which, using the Lorentz rapidity, gives % = e ¥. This
implies that in first approximation, the effect of a static weak field of gravity ¢
can be ‘compensated’ or ‘balanced’ by a rapidity y, with ¢ = wc?. This is not
pure theory but an experimental fact expressed in a somewhat different way as
it is usually presented. Thus, experiments give us a correspondence between the
scalar approximations of the 3D helicity rotator and the 4D hyperbolic rotator.

11 The hyperbolic rotation of the Dirac-Weyl equation

In the previous sections we focused upon the effect of the Dirac-Weyl hyperbolic
rotator on the energy-momentum vector and the metric vector in the Dirac envi-
ronment. Now we will apply the rotation to the energy-momentum operators. If
we replace P by —ifd and assume that the rotation angle stands for the gravita-
tional potential of a static, central weak field of gravity with @ = C% = f%, then
gravity force equations appear. We know that, for the momentum-energy, we have
the invariant Eqn.(51). V\ihat happens if we apBly this to the Dirac-Weyl equation?

We start with the form (f — Ef)¥ = 0. With P = —iiid we get
E

(J—iﬁﬂ)W:O. (73)

Then we apply the hyperbolic rotation eg"‘ to get

e—§“(a—i%1)e§“q’:07 (74)
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SO
E
e_gaae§a‘f’—igﬂ'{’=0, (75)

and as a result, we have to examen what we get from Je%‘“f’. Using Eqn.(50),
this gives

dcosha¥ + JK sinh ¥ =

cosh ¥ + sinh ot (d o) ¥ + sinh ot — (JP)'P +

cosh(x(aa)f'fursinhafa‘}’: (76)
eEO‘J‘I’+ (Ja)(Pcoshot—i—E]I51nha)‘I’+51nhoc (dP)¥ = (77)
eFaJ'P—I—(aa)ebaP‘P—&—smha @Pw.  (18)

In this derivation we simplified a step, skipped a problem, because JPW¥ is in
some cases not simply (JP)'P +p d¥ due to the non-commutative math, but we
still used that as an outcome. So the result in the rest of this section, being based
on that assumption is indicative, not definitive. This brings us at

“Fagetoy — gy ok “(Ja)eE P'P—I—e £%sinh o — (ap) (79)

which implies for the equation

@—iEtyw s e Fe(gaetal

- ‘P—i—e % ginh o — (alb) =0. (80)

Now let us assume that we have the condition aP = (0, a condition that we ex-
amined before as 7 P = 0, see Eq.(24). That were the conditions of a conserved
force field. Then we get

(312 )@+ e (Fajete ﬁ w0, 81)

an equation of which we just assume that it can be simplified to

(a—i%wwa)g

. P =0, (82)

And with g = —i% we get

E !
(9 =iz )P —i—(do)y¥ =0. (83)
So we get an extra condition ¢ = 0 and an extra term containing ((3 a)l. If we

add o = ;% and assume it to be a time independent static field we get ¢>’da =
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do =y-V¢ = —y-g = —¢. The conclusion is that, given our simplifications, we
‘rotated’ gravity in the Dirac-Weyl equation, resulting in an approximate

(9 i)W i GYw =0 (84)

If we translate the above to a possible Lagrangian density resulting from the

hyperbolic rotator, we might start with ¥ = ?e’go‘(—ih(; —E }f)ego"f’. If our
assumptions leading to Eq.(84) can be applied, the Lagrangian density would be-
come

g:?(iﬁ—m{)%r?g(z:w'y (85)

with the square of the Planck length 112, = %G in the last product. But due to the
many the assumptions we had to make to get at equations (84) and (85), these
results are only indicative. They are indicators of the math-phys structural richness
that arises when applying the 4-D quantum rotator of equation (50) to the Dirac-

Weyl equations.

12 Conclusion

Initially we hoped that our math-phys language, part of the development of which
is presented in this paper, would bring a new spirit in the discussions regarding
the problem of the electron as the problematic non-zero divergence of its EM
self stress-energy tensor. We tried to replace the Minkowski-Laue paradigm with
a different math-phys language for relativistic dynamics, a language that should
be beyond symmetric and anti-symmetric issues, that could integrate the full spin
matrix formalisms and the Dirac QM treatment of the electron and at the same
time include the pre-GR attempts to formulate a relativistic theory of gravity.

Now we are curious to what extend our 4D hyperbolic quantum rotator is
beyond the level of the failed pre-GR attempts to formulate a relativistic theory of
gravity. We are of course still pre-GR and pre-YM and within the environment of
the Dirac equation. But we might have expanded the reach of the Dirac equation
by exposing it to our 4D rotator. To what extend have we thus entered the physical
realm of quantum gravity? If we interpret the 4D rotator in analogy to the 3D
helicity rotator, in which the rapidity contains the info concerning the magnitude
of the Lorentz boost and helicity harbors the rest of the info, then the Dirac-Weyl
P part of the rotator should contain the gravity transformation info that is not in
the scalar & = ¢ /c2. If verifiable, then how more quantum could gravity become?

But of course, our whole math-phys language, including the 4D quantum rota-
tor, is just a math-phys construction without verification. Is it internally consistent?
Can it harbor QM and relativistic gravity beyond our anachronistic pre-YM and
pre-GR context or will it turn out to be a dead end as soon as we go any further?
Is it perhaps just a matter of trying out the idea of the 4D quantum rotator in the
standard math-phys language without this papers spin-metric math-phys alterna-
tive, by connecting it for example directly to a metric interpretation of the Dirac
matrices as proposed by Fock and Iwanenko already in 1929 [31]?
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