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In this speech, | will prescribe limitation on following topics and
mainly concentrate on myself works for combinatorially differential
geometry, particularly, the combinatorial counterpart in recent years.

@® motivation.

‘ what is a combinatorial manifold?
logical characteristics on combinatorial manifolds with
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1. Motivation

e A view of the sky by eyes of a man on the earth
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e TAO TEH KING (wmz) said:
BE—, —4%=, = =4%7Y. A¥5GAmEE, HSKUUAR.

The Tao gives birth to One. One gives birth to Two. Two
gives birth to Three. Three gives birth to all things. All things
have their backs to the female and stand facing the male.
When male and female combine, all things achieve harmony.

N, AR, RikiE, EEBR.

Man follows the earth. Earth follows the universe. The
universe follows the Tao. The Tao follows only itself.
~ What is these sentences meaning? All things that we can

acknowledge is determined by our eyes, or ears, or nose, or
tongue, or body or passions, i.e., these six organs.
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* What are these words meaning?

World

|unkown | theoretically | Wortld
| I deduced |existed now

yretically deduced is done by logic, particularly,

Le




CMBtimeline WMAP 2003

| Pédpl_g_s wined the Noble Prize for research on CMB:
A.Penzias and R.Wilson , in physics in 1978

G.F.Smoot and J.C.Mather, in physics in 2006
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= What is a combinatorial manifold? L.
Loosely speaking, a combinatorial manifold is a corﬁpiﬁ" ion of
finite manifolds, such as those shown in the next figure.

o
LA,
v




2. Combinatorial Manifolds

Definition 2.1 For a given integer sequence ni,na, -+, nm,m > 1 with 0 < ny <
ng < -+ < ng, a combinatorial manifold M is a Hausdorff space such that for
any point p € ﬁ there 1s a local chart (Uy, p) of p, t.e., an open neighborhood
U, of p in M and a homoeomorphism ¢, : U, — ﬁ{nl{p), na(p), - -, ngpy(p)) with

{n(p),n2(p), - nsimy (P)} € {n1ymay e+ nm} and | {na(p), na(p), -+ - sy (p)} =
peM

A{ny,ng, -y}, denoted by ;ﬁ(i‘ll,ﬂg,' <+, Ny ) or M on the context and

-.H= {(Up-.‘ﬁp)lp € };?[:nl! na, #Tlﬂ‘t:})}

| an atlas on ﬁ{nl, ng, -+, m). The mazimum value of s(p) and the dimension s(p)
s(p) —
of (| B are called the dimension and the intersectional dimensional of M(ny,na,
i=1

<+ Ny at the point p, respectively.




= - i k w—
a I { i | Ir

2 B __B__§N__§ ____§ e A SAbn e - = Py W——; - N | I ¢ .. N

vertex-edge labeled graphs of combinatorial manifol

A verter-edge labeled graph G([1,k|,[1,1]) is a connected graph G = (V. E) wit

two mappings
o V—={12,--- k}, r:E—{12... 1}

for integers k and [. For example, two vertex-edge labeled graphs with an underlying

oraph K4 are shown 1n the next figure,




all finitely combinatorial manifolds Min,. na,- - ny, )

'H{ﬂlsﬂh e '.vﬂ‘“mj
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(1) Each indneed subgraph by vertices labeled with 1in G is a union of complete

all vertex-edge labeled graphs G{[0,ny), [0, 12| ) with

oraphs and vertices labeled with 0 can onlv be adjacent to vertices labeled with 1.
(2) For each edge e = (u,v) € E(G), mle) < min{m(u), 7(v)}.

Theorem 2.1 Let | < ny < na < -+ < g, m = 1 be a quoen integer sequence. Then

every finitely combimatorial manifold M e Hing,ng, - . ny) defines a verter-edge
labeled graph G(|0, ny|, [0, ny|) € G
graph G([0,ny|, (0,1} € G0, 0] defines a finitely combinatorial manifold M <
Hing.ng, - ng) with a 1 — 1 mapping 8+ G([0, ), [0, 1] ) — M such that B
15 @ Blu)-manifold m M. nlu) = dimf{u) and miv,w) = dim(@v) (0 (w)) for
Fu € V(G(|0,1m), [0,1m] ) and F(v,w) € E(G([0, 1w, |0, nim])).

0, ). Conversely. every verter-edge labeled




= fundamental d-groups

Definition 2.2 For two pownts p,q m a finttely combinatorial manafold M(nq,na,
oo ), if there 1s a sequence By, By, -+« By of d-dimensional open balls unth two

conditions follounng hold.

Cam

(1) B; C M(ny,ng,-++,ny) for any integer 1,1 <1< s andp € By, q € By;
(2) The dimensional number dim(B; [\ Bi+1) > d for ¥i,1 <i < s—1.

Then pomnts p,q are called d-dimensional connected in H(nl, Mg, Ny ) and the se-
quence By, By, -+, B, a d-dimensional path connecting p and q, denoted by P*(p. q).
If each pair p, q of points in the finitely combinatorial manifold M(ny,ng, - - - M)

15 d-dimensional connected, then :ﬁ(nhng, < -,n.m) is called d-pathunse connected

and say its connectivity> d.
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Choose a graph with vertex set being manifolds labeled bi't'fsa_-.

dimension and two manifold adjacent with a label of the dimeng_i_oh ¥
of the intersection if there is a d-path in this combinatorial manifold.

Such graph is denoted by GU. d=1 in (a) and (b), d=2 in (c ¢
In the next figure.




Definition 2.3 Let M (nq,m9,+++,ny) be a finitelv combinatorial manifold. For

an integer d, 1 <d < nq and Vo € H[nh na, -, Ny, & fundamental d-group at the
point &, denoted by :.-d[ﬁ*'f (n1,m9,++, My ), ) is defined to be a group generated by

all homotopic classes of closed d-pathes based at x.

——m

Theorem 2.2 Let M{ny,ng, -+, ny) be a d-connected finitely combinatorial mani-

fold unth 1 < d < ny. Then
(1) for¥r e M(ny,ng, -+, ny),

:‘Td{;ﬁ[nlnnﬂu‘”!ﬂmlar]g{ @ Fd(lil'jr})@ﬂ(gd}!

MeV(Gd)
where G4 = Gd[;ﬁ{.i'll,ﬂg, e )], (M), 7(G?) denote the fundamental d-groups
of a manifold M and the graph G°, respectively and
(2) forVr,ye€ ﬂ{nl N, M),

?Td(ﬂ{ﬂhﬂg! e ._.ﬁm]._.I} = Nd{ﬂ{jllsﬂﬂr o ':l'nm}v y]
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3. Differential Structures on Combinatorial Manifolds
= What is a differentiable manifold?

An differential n-manifold (M", A) is an n-manifold M"™, M"™ = |J U,, endowed
=
with a C" differential structure A = {(U,.¢.)|a € I} on M™ for i-lllriflf{!giil‘ r with
following conditions hold.
(1) {U,:a € 1} is an open covering of M";
(2) ForVa, 3 € I, atlases (U, pa) and (Ug, ¢g) are equivalent, i.e., U,NUz =0
or U, Uz # 0 but the overlap maps

vas : 98Uanu,s) = ¢8(Us) and @507 : 08(Uanyus) = PalUa)

are ("

(3) Ais maximal, i.e.. if (U, ) is an atlas of M™ equivalent with one atlas in

A. then (U, p) € A.




A expl

Us %\? @

ws(UanlUs)

[1s smooth If it Is endowed with a C~differential



What is a differentiable combinatorial manifold? >
Dehnition 3.1 For a given integer sequence 1 < ny < na < -+« < Myp. @ COMN-
binatorially C* differential manifold (ﬁ:‘f (. Mg, - Ty ) .Xj 15 a finitely combinato-
rial manifold M (Mg Mg, = -y Ty ). M (Mg ) — |J Uy endowed with a atlas
=]

A =1 Usiga)la e Ty on Mny,na, - 1gn) for an mteger hole = 1 unth conditions
follownng hold.

(1) Uy € 1} s an open covering of H{ﬂl?ﬂg, Ce T )

(2) For Ya, 3 € 1. local charts (Uyipa) and (Ugipg) are equivalent, i.e.,

Us Uz =0 or Uy MUz # O but the overlap maps
vas : oa(Ua[ \Us) — ¢s(Us) and @sp," : @s(Ua[ |Us) — allUa)

are C* mappings:
(3] A is mazimal, i.e., if (U 0) 15 a local chart of M(ny,ng, - -, Ny ) equivalent
with one of local charts in A, then (U: ) € A.
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Local properties of combinatorial manifolds
e Tangent vector spaces
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Definition 3.2 Let (ﬁ;f(nl,ﬂ.gj o Ny )y A) be a smoothly combinatorial
and p € ﬁ;f'(-n.l,-n.g, o Ny ). A tangent vector v at p is a mapping v : Z, — R with
conditions following hold.

(1) Yg,h e Z,,YA e R, v(h+ Ah) =v(g)+ Av(h);

(2) Vg.h € Zp,v(gh) =v(g)h(p) + g(p)v(h).

Theorem 3.2 For any point p = M (121, Ng, -+« Mgy ) with a local chart (Uy; [wp]). the

dimension of ToM(ni. ne, - - - 7im ) is

— 5(p) a
dimT My, na. - -+ 1y ) = Sip) + E (12; — Si(p)) weth a basis matrr [%]Sm}xn:hﬂ] —
=1
S 10 I S a R 0 ]
s(p) &l Y A Teirs Arlisipl 1) [ SR ]
1 &) 1 i ] & ]

SI:p]I—:r&J: _SI::J.'-']I_!MIE - ST S T I [

1 & 1 Pk e} g
s(p) gl 7 E(p) Bxswisel  ggpelplselrl) 00 P L ) Y T

where 0 — i for 1 < 4,7 < sip), 1 = 1 < Sip).
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e tensor fields

Definition 3.3 Lef :ﬁ-{n-l,ng,- o, ntm) be a smoothly combinatorial manifold and
pE jﬁ?[ﬂ-hﬂg,' c+ Ny ). A tensor of type (r,s) at the point p on H{Hl,ﬂg, e Ty )
s an (r 4+ s)-multilinear function T,
TiTEM X - XTyMXToM X --- xT,M — R,
—, — — c—

" &

where TPH= TFH{HI,HE, o Ty ) and T;.-Tl-f = T;E{:u.ng. e Ty,

Theorem 3.3 Let ﬁ-{nl,ng,---,nm] be a smoothly combinatorial manifold and
pPE i’?(ﬂ-l,ﬂ,g,' 1y ). Then
TrpM)=T,M® - @T,M@T,M®---@T;M,
S— —

h—‘\f_!
where TyM = TyM(ny, na, -+, nm) and ToM = T2 M(ny,ng, -+, nm), particularly,
s(p)

dimT] (p, M) = (3(p) + Y _ (n: — 5(p)))"**.

i=1




e Curvature tensor

—

Delimition 3.4 A connection D) on a smoothly combmatorial manifold M -rL u
PG D : ET(H] * T"H — T’”ﬂ on tensors of M with ﬁ_}{?‘ — ﬁ{}f? T) such
that for ¥ X.Y € M, .7 € T”{Mr] A Roand fe O (ﬂr‘[]

(1] f?;nyT — Dx7+ fDy7 and f?x(’r + Am) = Dx7 + ADx
(2) ﬁ;{{’r L) o= ﬁx'r O T E'X?r:

(3) for any contraction C on T"[Mrj Dx[Cfl[T]j - [ﬂxT]

A combinatorially connection space s a 2-tuple (M’ Dj consisting of a smoothly
combinatorial manifold M with a connection D and a torsion tensor T : & (JW b
(M) — 2 (M) on (M.D) is defined by T(X.Y) = DxY — Dy X — [X.Y] for
YXVY € 27 M ] Ty (X.Y) = 0 in alocal chart ( U, [w]), then D is called torsion-

(U.le

¥ free on |). For XY € 27( M I a combinatorially curvature operator

R(X.Y): .f:?f'l[M']l — ﬁf(ﬁ] is defined by

_ RIX.)Y)Z -~ DxDyZ — DyDxZ — DixyZ
for 728 = 2 (M).




b

Dehnition 3.5 Let M be a smoothly combinatorial manifold and g = A*(M) =
U T3(p. M). If g is symmetrical and positive, then M is called a combinatorially
pe M
Miemanman manifold. denoted by (M. g). In this case. of there ws a connection D

on [:ﬁ L) with equality followmg hold

Z(g(X,Y)) = g(Dz,Y) + g(X,DzY)

S

then M s called a combinatorally Ricmanman geometry, denoted by (M. g, D).

Inthiscase, R — Rigoym ey 427 @ dz™ @ de?” o de™  with

7 B 1(5‘29@::1{@} Papyme)  Fgpvyme PG
(os) () (pr)imA)  — E amﬁhamﬂﬂ vy oo B:EEAB:EJ‘; B:E-“”E:L"ﬁj

i, £ £
T r{;vll{rrq]P[:mmmﬂ{fﬂ]{ﬂt] - r[ﬁy]{qﬂjrl[ﬂh]l[crgjﬂ‘g[.fﬂ]l[ﬂe.]:

where guumy — g[%, %;j.
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INStEIN'S gravitational equations in mu

Let (M, g, 1)) be a combinatorially Riemannian manifold. A type (0,2) tensor

T e e

& (M)« F(M)— C™ (M) with
& = éaum}[ﬁh]dﬁﬁy & I!il?flil'i:'|l

is called an energy-momentum tensor it it satishies the conservation laws D{&) = (.

Leo forany indexes g, A 1 <k <m. 1< X < ny.

006 ) ()
T Fﬁu}[nmjé’a[crﬂliﬁh] . rﬁh}[m’f’a{w]{aﬂ =0

Then we get these Fistemn's oravitational equations in a multi-spacetime to be

-

| 1
Ry = 5RO m) + AGuim) = —STGE v nn).




= Global properties of combinatorial manifolds

N - 5 5(p)
€ = {(Ua: [pa] )| € I}— forYa € I, 5(p) + 3_ (n; — S(p)) is an constant ng_
i=l1

<0 fnr*v'peﬂ'ﬂ.
K = {np lae 1}

Definition 3.6 Let M be a smoothly combinatorial manifold with orientation € and
(E: ’ [5,::*]] a positively oriented chart with a constant ng. Suppose w € A" [;'l-f ), 3] cM
has compact support C C U. Then define

j:w=f¢-{w|ﬁ}-
c

Now if €5 s an atlas of positively oriented charts with an integer set X,
let P = {{ﬁmp“.gaﬂn = T} be a partition of unity subordinate to €. For Yw €
"‘s“{ﬁ} n € M. an integral of w on P is defined by

foeg o

el




e A generalization of Stokes theorem

Theorem 3.4 Let M be a smoothly combinatorial manifold with an integer set

Hop(n.m) and D a boundary subset of M. For'¥n € Hgpinom) if w € hﬁ(ﬁj

has a compact support, then f dw — / w with the convention fa—-.-l.] — 0 while
~ 0 oD

an — .

Theorem 3.5 Let G0, 1], [0, 1)) be @ verter-edge labeled graph weth an integer

set H(n,m) and D a boundary subset of G( ([0, 1) [0, | ). For vn € S#g(n,m) of

w = AMG([0, ). [0, 145] ) has a compact support, then f A — f w  with the

oD

convention faﬂd — (0 while 8D = .

Corollary 3.1 Let G([0, ny|, [0, ny|) be a verter-edge labeled graph with an mnteger

set Hpnom). For i€ Hp(n,m) if w € AMG([0, nl. [0, 7)) has a compact

support. then

f w — [,
G([0,0m ][0.145])
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_I:leifcﬁ BATAE (PERRIEXES) KEFEEBEERBE TR
%Tikq S, SRIEFES{ER:
Gﬁometry and Combinatorial Field Theory
Plan to publlsh in USA in 2009)
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