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ABSTRACT 

 We create new formulas for Riemann-Siegel Integral and Hardy's Z-function. 

1. INTRODUCTION 

 We define Hardy’s Z-function to be 

(1.1)                                                                    𝑍(𝑡) ∶= 𝑒𝑖𝜃(𝑡) 𝜁 (
1

2
+ 𝑖𝑡),  

where 𝜃(𝑡) is given by 

(1.2)                                                      𝜃(𝑡) ∶= ℑ (log Γ (
1

4
+

𝑖𝑡

2
)) −

𝑡

2
log 𝜋, 

see [1, p. 47].  

 In this paper, we proved a new formula for Hardy’s Z-function: 

(1.3)                                      𝑍(𝑡) =
𝑒𝑖𝜃(𝑡)

2
1
2

+𝑖𝑡 − 1
 [2

1
2

+𝑖𝑡 + 𝜁 (
1

2
+ 𝑖𝑡,

3

2
)], 

and a new formula for Riemann-Siegel integral: 

(1.4)  ∫
(−𝑥)−

1
2

+𝑖𝑡𝑒−𝑁𝑥

𝑒𝑥 − 1𝐶𝑁

𝑑𝑥 =
𝑒2𝑖𝜃(𝑡)(2𝜋)

1
2

+𝑖𝑡𝑒
𝑡𝜋
2

−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 )

(2
1
2

+𝑖𝑡 − 1)
 [2

1
2

+𝑖𝑡 + 𝜁 (
1

2
+ 𝑖𝑡,

3

2
)] 

                              −2(2𝜋)
1
2

+𝑖𝑡𝑒𝑖𝜃(𝑡)𝑒
𝑡𝜋
2

−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 ) ∑ (

cos(𝜃(𝑡) − 𝑡 log 𝑛)

𝑛
1
2

)

𝑁

𝑛=1

. 

2. PRELIMINARES 

THEOREM 1. Let Re(𝑠) > 0 and 𝑠 ≠ 1,  then 

(2.1)                                        𝜁(𝑠) =
2𝑠

2𝑠 − 1
+

𝜁 (𝑠,
3
2)

2𝑠 − 1
, 

where 𝜁(𝑠) is the Riemann zeta function and 𝜁(𝑠, 𝑎)is the Hurwitz zeta function. 

Proof. See 2. ⧠ 

COROLLARY 1. For Re(𝑠) > 0, then 

(2.2)             (2𝑠 − 1)Γ (
1 − 𝑠

2
) 𝜋𝑠−1 2⁄ 𝜁(1 − 𝑠) = Γ (

𝑠

2
) [2𝑠 + 𝜁 (𝑠,

3

2
)], 
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and, for 0 < 𝑅𝑒(𝑠) < 1, then 

(2.3)           (21−𝑠 − 1)Γ (
𝑠

2
) 𝜋−𝑠+1 2⁄ 𝜁(𝑠) = Γ (

1 − 𝑠

2
) [21−𝑠 + 𝜁 (1 − 𝑠,

3

2
)], 

where 𝛤(𝑠) is the gamma function, 𝜁(𝑠) is the Riemann zeta function and 𝜁(𝑠, 𝑎) is the Hurwitz 

zeta function.  

Proof. See [2]. ⧠ 

THEOREM 2 (Approximate Functional Equation). Let 𝑥, 𝑦 ∈ ℝ+ with 2𝜋𝑥𝑦 = |𝑡|; then for 

𝑠 = 𝜎 + 𝑖𝑡, with 0 ≤ 𝜎 ≤ 1, we have 

(2.1)                        𝜁(𝑠) = ∑
1

𝑛𝑠

𝑛≤𝑥

+ 𝜒(𝑠) ∑
1

𝑛1−𝑠

𝑛≤𝑦

+ 𝒪(𝑥−𝜎) + 𝒪 (|𝑡|
1
2

−𝜎𝑦𝜎−1), 

where 𝜒(𝑠) is given by 

(2.2)                                                      𝜒(𝑠) = 2𝑠𝜋𝑠−1 sin (
𝜋𝑠

2
) Γ(1 − 𝑠). 

Proof. See [1, p. 47]. ⧠ 

 For the Hardy’s Z-function, we have the approximate 

(2.3)                                              𝑍(𝑡) = 2 ∑
cos(𝜃(𝑡) − 𝑡 log 𝑛)

𝑛
1
2

[𝑥]

𝑛=1

+ 𝒪 (𝑡−
1
4) , 

see [1, p. 48]. 

The Riemann-Siegel Formula. THEOREM 3. For all 𝑡 ∈ ℝ, 

(2.4) 𝑍(𝑡) = 2 ∑ (
cos(𝜃(𝑡) − 𝑡 log 𝑛)

𝑛
1
2

)

𝑁

𝑛=1

+
𝑒−𝑖𝜃(𝑡)𝑒−

𝑡𝜋
2

(2𝜋)
1
2

+𝑖𝑡𝑒−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 )

∫
(−𝑥)−

1
2

+𝑖𝑡𝑒−𝑁𝑥

𝑒𝑥 − 1𝐶𝑁

𝑑𝑥, 

where 𝐶𝑁 is positively oriented closed contour containing all of the points ±2𝜋𝑖𝑁, ±2𝜋𝑖(𝑁 −

1), … , ±2𝜋𝑖, and 0. See [1, p. 48]. 

3. LEMMA AND THEOREM 

Hardy’s Z-Function. LEMMA 1. For all 𝑡 ∈ ℝ, then 

(3.1)                                       𝑍(𝑡) =
𝑒𝑖𝜃(𝑡)

2
1
2

+𝑖𝑡 − 1
 [2

1
2

+𝑖𝑡 + 𝜁 (
1

2
+ 𝑖𝑡,

3

2
)]. 

Proof. Let 𝑠 =
1

2
+ 𝑖𝑡 in (2.1) 

(3.2)                                       𝜁 (
1

2
+ 𝑖𝑡) =

2
1
2

+𝑖𝑡

2
1
2

+𝑖𝑡 − 1
+

𝜁 (
1
2 + 𝑖𝑡,

3
2)

2
1
2

+𝑖𝑡 − 1
. 

Substituting (3.2) in (1.1), we find 

                                             𝑍(𝑡) =
𝑒𝑖𝜃(𝑡)

2
1
2

+𝑖𝑡 − 1
 [2

1
2

+𝑖𝑡 + 𝜁 (
1

2
+ 𝑖𝑡,

3

2
)] . ⧠ 
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The Riemann-Siegel Integral. THEOREM 4. For all 𝑡 ∈ ℝ, then 

(3.3)  ∫
(−𝑥)−

1
2

+𝑖𝑡𝑒−𝑁𝑥

𝑒𝑥 − 1𝐶𝑁

𝑑𝑥 =
𝑒2𝑖𝜃(𝑡)(2𝜋)

1
2

+𝑖𝑡𝑒
𝑡𝜋
2

−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 )

(2
1
2

+𝑖𝑡 − 1)
 [2

1
2

+𝑖𝑡 + 𝜁 (
1

2
+ 𝑖𝑡,

3

2
)] 

                              −2(2𝜋)
1
2

+𝑖𝑡𝑒𝑖𝜃(𝑡)𝑒
𝑡𝜋
2

−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 ) ∑ (

cos(𝜃(𝑡) − 𝑡 log 𝑛)

𝑛
1
2

)

𝑁

𝑛=1

, 

where 𝐶𝑁 is positively oriented closed contour containing all of the points ±2𝜋𝑖𝑁, ±2𝜋𝑖(𝑁 −
1), … , ±2𝜋𝑖, and 0. 

Proof. We set (3.3) in the left-hand side of (2.4)  

(3.4)             
𝑒𝑖𝜃(𝑡)

2
1
2

+𝑖𝑡 − 1
 [2

1
2

+𝑖𝑡 + 𝜁 (
1

2
+ 𝑖𝑡,

3

2
)] = 2 ∑ (

cos(𝜃(𝑡) − 𝑡 log 𝑛)

𝑛
1
2

)

𝑁

𝑛=1

 

                                     +
𝑒−𝑖𝜃(𝑡)𝑒−

𝑡𝜋
2

(2𝜋)
1
2

+𝑖𝑡𝑒−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 )

∫
(−𝑥)−

1
2

+𝑖𝑡𝑒−𝑁𝑥

𝑒𝑥 − 1𝐶𝑁

𝑑𝑥, 

thereby, 

      ∫
(−𝑥)−

1
2

+𝑖𝑡𝑒−𝑁𝑥

𝑒𝑥 − 1𝐶𝑁

𝑑𝑥 =
𝑒2𝑖𝜃(𝑡)(2𝜋)

1
2

+𝑖𝑡𝑒
𝑡𝜋
2

−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 )

(2
1
2

+𝑖𝑡 − 1)
 [2

1
2

+𝑖𝑡 + 𝜁 (
1

2
+ 𝑖𝑡,

3

2
)] 

                              −2(2𝜋)
1
2

+𝑖𝑡𝑒𝑖𝜃(𝑡)𝑒
𝑡𝜋
2

−
𝑖𝜋
4 (1 − 𝑖𝑒−

𝑖𝜋
4 ) ∑ (

cos(𝜃(𝑡) − 𝑡 log 𝑛)

𝑛
1
2

)

𝑁

𝑛=1

. ⧠ 
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