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The heart of the prudent getteth knowledge; and the ear of the wise seeketh knowledge.
Proverb 18:15

ABSTRACT
We create new formulas for Riemann-Siegel Integral and Hardy's Z-function.
1. INTRODUCTION
We define Hardy’s Z-function to be

(1.1) Z(t) :=ef® ¢ (% + it),

where 0(t) is given by
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see [1, p. 47].

In this paper, we proved a new formula for Hardy’s Z-function:
e®® 1, 1 3
(1.3) Z(t)=———— [25” +¢ (— +it, —)]
2§+lt 2 2
and a new formula for Riemann-Siegel integral:
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2. PRELIMINARES
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THEOREM 1. Let Re(s) > 0 and s # 1, then

NG

1) $() = g + 52,

where {(s) is the Riemann zeta function and { (s, a)is the Hurwitz zeta function.
Proof. See 2. O

COROLLARY 1. For Re(s) > 0, then

(2.2) (25 — 1T (?) 75271 —s)=T (%) [25 + (s, ;)]



and, for 0 < Re(s) < 1, then

(2.3) (215 — 1) (%) —s+1/27(5) = r( ) [21 S4+¢ (1 -5, z)]

where I'(s) is the gamma function, {(s) is the Riemann zeta function and {(s, a) is the Hurwitz
zeta function.

Proof. See [2]. O

THEOREM 2 (Approximate Functional Equation). Let x,y € R* with 2mxy = |t|; then for
s=o+it,with0 <o < 1, we have

@D ()= Y ()Y =
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)+ 0l 0y ),

where y(s) is given by

(2.2) x(s) = 25571 sm( )F(l —3).
Proof. See [1, p. 47]. O

For the Hardy’s Z-function, we have the approximate

23) 200 =2 Z cos(0(t) — tlogn) ( 4)’

nZ

see [1, p. 48].
The Riemann-Siegel Formula. THEOREM 3. For all t € R,

cos(0(t) — tlogn) e‘ie(t)e_%t (—x)_%Hte‘Nx
2.4) Z(t) = 2 Z + . . - dx,
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where Cy is positively oriented closed contour containing all of the points +2miN, +2mi(N —
1), ..., £2mi, and 0. See [1, p. 48].

3. LEMMA AND THEOREM
Hardy’s Z-Function. LEMMA 1. For all t € R, then

l@(t) 1. 1 3
(3.1) Z(t) =—— [25” +7 (— + it, —)]
22+lt 1 2 2
Proof. Let s = %+ it in (2.1)
1 <z
(3.2) ¢(5+it) =+
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Substituting (3.2) in (1.1), we find

ei@(t) 1+ . 3
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The Riemann-Siegel Integral. THEOREM 4. For all t € R, then
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where Cy is positively oriented closed contour containing all of the points +2miN, +2mi(N —
1),...,+2mi,and 0.

Proof. We set (3.3) in the left-hand side of (2.4)

elf0® 1 cos(6(t) — tlogn
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