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Abstract 

The association of integers, conjugate pairs and tightness  with the eigenvalues of 
graphs provide the motivation for the following definitions. A class of graphs, with 
the property, that for each graph (member) of the class, there exists  a pair a,b of 
non-zero, distinct, eigenvalues, whose sum (or product) yields the same integer, 
either as a fixed constant, or a function of an  inherent aspect of the graph (such 
as its size), is  said to be sum-eigen*(a+b)*pair balanced (or product-
eigen*(a.b)*pair balanced, respectively). For example,  complete graphs on n 
vertices, are eigen-bi-balanced with sum-eigen*(n-2)*pair balanced and product-
eigen*(1-n)*pair balanced, and since a,b are non-zero their reciprocals (which 
affect the tightness of a graph ) are defined, so that this class has the eigen-
balanced ratio of  1/a+1/b=(a+b)/(a.b)=  (n-2)/(1-n) =f(n)  which is asymptotic to 
the constant value of -1.  The absolute value of the integral of f(n) multiplied by 
the average degree yields the area (n-1)(n-ln(n-1)) – we show that this is the 
maximum area for most known classes of eigen-bi-balanced graphs. We 
investigate the effect of this asymptotic ratio on the energy of the molecular 
representation of graphs. Cycles are generally neither sum-eigen-pair, nor 
product-eigen-pair balanced, while paths are only sum- eigen-pair balanced. In 
this paper, we introduce a class of graphs, involving q cliques each of size q, and 
show that this class is eigen-bi-balanced with respect to the sum -1 and product  
1-q so that it has  ratio     1/(q-1) asymptotic to 0, and has area   q(2q+2ln(q-1)), 
and discuss its eigen-bi-balanced criticality.  
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1. Introduction 

All graphs which we shall consider will be finite, simple, loopless and undirected. 

1.1 Integers, conjugate pairs and the eigenvalues of a graph 

Summing of the eigenvalues of the adjacency matrix graph is connected to the 
energy of physical structures (See [1]). There has been interest in classes of 
graphs whose pairs of eigenvalues satisfy certain conditions. In [13], graphs are 
considered with reciprocal pairs of eigenvalues: 

 )1,(


  whose product is the integer 1. Pairs of eigenvalues (1,-1), summing to 0, 

and whose product is -1, are considered in [7]. Ervin Van Dam’s paper on regular 
graphs [5] with 4 eigenvalues considers the eigenvalue pair of real conjugates: 

2
ba  and shows that if a matrix has an eigenvalues 

2
ba 

 

Then it has an eigenvalues 

2
ba 

 

of the same multiplicity, and visa-versa. 
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Adding the pair of conjugates 
2

;
2

baba 
we obtain the integer “a”.  Their 

product is 
4

2 ba 
 which is integral provided the numerator is a multiple of 4. The 

paper shows that there are graph whose matrices have conjugate pairs of 
eigenvalues whose sum does not necessarily sum to the same integer a.  In [3] 
integral trees, where the eigenvalues of trees being integral are investigated. 

The importance of pairs of numbers, whose sum and product produce the same 
integral constant exists outside the linear algebra of matrices (see, for example, 
“Proof of Lyapunov exponent pairing for systems of constant kinetic energy” by C 
P Dettmann and G P Morris [7]). The cryptography article by M Hamada [9] 
considers conjugate code pair consisting of linear codes [n,k’] and [n,k’’] satisfying 
the constant (integral) sum term k’+k’’=n+k, where n is the dimension of the 
vector space involved and k is the k-digit secret information sent. The paper by A 
M Kadin [11]  “Spatial structures of the Cooper pair” investigates the Cooper pair 
of opposite wavevectors k and –k which balance by summing to 0 and whose 

product is 2k , while in “Note on the rheology of dilute suspension of dipolar 

spheres with weak Brownian couples” by E J Hinch and  L  G Leal [10] the notion of 
an isolated particle in the absence of rotary Brownian motion is considered under 
the condition that the hydrodynamic and external field couples exactly balance 
one another. 

In [2] the importance of the quadratic part of a characteristic equation which has 
the form: 

  xx .2  

This quadratic gives rise to the two eigenvalues: 

2
4,

2  
ba  
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With the sum and product being  ,  respectively – this is refer to as the 
eigenpair, but we shall focus on the pair of eigenvalues a,b (or eigen-pair). The 
above provides the motivation for the following definitions. 

Generally, there exists two eigenvalues (associated with the adjacency martix of a 
graph) whose sum or  product is integral, or a function of its number of vertices v. 
Is it possible to get the same integer, when adding or multiplying two distinct, 
non-zero, eigenvalues, which is either a fixed constant, or a function of an 
inherent property of the graph, for all graphs belonging to a certain class of 
graphs?  

For example, complete graphs nvK on n vertices have pair eigenvalue sum 
balancing to  f(n)=n-2, and product g(n)=1-n for each n 2 , and the complete bi-

partite graphs 2/,2/ nnK on n vertices have pair sums (of non-zero eigenvalues) 

balancing to 0, and product balancing to 2n /4. 

 

1.1.1 Definition of a function of a member of a class of graphs 

We define a function of a member belonging to a class of graphs, as a real 
function f(p) of an inherent property p of the member in the class, such as the 
number of vertices or the clique number of a graph etc.  

In this paper we combine the two ideas of a pair of eigenvalues and their 
balanced integral sum and product with respect to a class of graphs, to introduce 
a definition which is a form of integral-eigenvalue balance associated with classes 
of graphs. We investigate classes of graphs on v vertices with pairs (a,b) of distinct 
non-zero eigenvalues such that a+b=s or a.b=t where s,t are the same integer 
(respectively) for each graph in the class or the same function of each graph  in 
the class.  

Main definitions 

1.2 Integral sum eigen-pair balanced classes of graphs 
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Classes  of graphs on v elements are said to be sum*(s)*eigen-pair (integral) 
balanced if there exists a pair of a,b of distinct non-zero eigenvalues (eigenvalues 
considered once so we ignore multiplicities) of the matrices associated with each 
class of the structures such that a+b= s  = same integer as a fixed constant for 
each member in the class, or s is the same integer as a function of each member 
in the class.  The sum balance is exact, if s is the same integer as a fixed constant 
for each member in the class, or non-exact . 

We provide a few  examples: 

1.  The class of complete graphs  nK  is non-exact sum*(n-2)*eigen-pair 
balanced for 3n , since the eigenvalues of the associated matrices are -1 
and n-1.  

2. The class of complete bipartite graphs ppK , on n=2p vertices has as its 

associated eigenvalues p,-p and 0 so that they are exact sum*(0)*eigen-pair 
balanced.  

3. The class of complete bipartite graphs kpK , on p+k vertices, p and k 

different, have eigenvalues 2)0(;;  nmpkpk  so that they are exact 

sum*(0)*eigen-pair balanced (this includes the star graphs with radius 1).  
4. Wheels with p spokes are sum*(2)*eigen-pair balanced (see theorem 10 in 

[12]). They have conjugate pairs: 

2
442 p

 

5. The path nP  on 2n  vertices and n-1 edges has eigenvalues (see[3]) 

nj
n

j ,...,2,1);
1

cos(2 



 Note that: 
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So that the non-zero pair : 
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has the sum 0 so that paths are exact sum*(0)*eigen-pair balanced 
 
 
 

6. The cycle nC  on n veritices and edges has eigenvalues (see [3]):

1,...,2,1,0);2cos(2  nj
n

j
 

The 3-cylce (complete graph on 3 vertices) has eigenvalues (Ignoring 
multiplicities):-1 and 2. This cycle is sum*(1)*eigen-pair balanced. 
The 4-cycle has eigenvalues: 
2; 0; -2, which is sum*(0)*eigen-pair balanced 
The 5-cycle has eigenvalues:  

1)2( ; 22 )
2

51(;)
2

51( 

 
Adding the 2 distinct irrational eigenvalues we get the integer -1 so this 
graph is sum*(-1)*eigen-pair balanced (of the exact kind).  

The 6-cycle has eigenvalues 1221 )2(;)1(;)1(;)2(   so that adding 2 and -1 
makes it sum*(1)*eigen-pair balanced which is the same as the 3-cycle and 
4-cycle. 
However the 7-cycle does not contain two distinct eigenvalues whose sum 

is 1: 2221 )82,1(;)445,0(;)247,1(;)2(  . 
Thus the class of cycles is not sum*(1)*eigen-pair balanced. 
Even cycles are sum*(0)*eigen-pair balanced, since if n=2k  

          12,...,2,1,0);cos(2  kj
k
j

 

then j= 0 and j=k yields eigenvalues of 2 and -2 respectively. 
7. Strongly regular  graph of degree k have exactly three distinct eigenvalues: 

k, whose multiplicity is 1 (See [8]). 
 

 
  



7 
 

whose multiplicity is  
 

 
  
and 
 

 
 
whose multiplicity is 
 

 
 
Strongly regular graphs for which: 

 
are called conference graphs because of their connection with symmetric 
conference matrices.  
 
Their parameters reduce to 

. 
Strongly regular graphs for which 

 
have integer eigenvalues with unequal multiplicities. 
The complement of an srg(v,k,λ,μ) is also strongly regular. It is an  
srg(v, v−k−1, v−2−2k+μ, v−2k+λ). 
Note that if we ignore the largest eigenvalue of strongly regular graphs, 
adding the remaining 2 yields the integer: 
λ-μ 
so that they are sum*( λ-μ)*eigen-pair balanced (non-exact) 

8. The eigenvalues of DDG are provided in [8] – they have 5 distinct 
eignvalues. Two of the eigenvalues are: 

1 k  
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So that divisible design graphs are  sum*(0)*eigen-pair balanced (exact).  
Examples of bipartite graphs with four distinct eigenvalues are the 
incidence graphs of symmetric 2-(v, k, l) designs. It is proven in [4] by 
Cvetkovic´, Doob and Sachs [6, p. 166] that these are the only examples, i.e. 
a connected bipartite regular graph with four distinct eigenvalues must be 
the incidence graph of a symmetric 2-(v, k, l) design. Moreover its spectrum 
is 

1111 )(;)(;)(;)( kkkk vv   
 

Note that these graphs are sum*(0)*eigen-pair balanced  (exact).  

9. The p-regular hypercube on p2  vertices and 12 pp edges has eigenvalues 
(see [3]): 

pkkp k
p

,...,2,1,0;)2( 







  

These graphs are also Cayley graphs generated by n
2  

Using the largest eigenvalues p and p-2k, for p,2k different, k not 0 , this 
class of graphs wlll be sum*(2p-2k)*eigen-pair balanced. 
 

10. The class of q-cliqued graphs on q.q+1 vertices: 
We show in section 3 that the class of q-cliqued graphs (which are q-
regular) are exact sum*(-1)*eigen-pair balanced and that q is embedded in 
its conjugate eigenvalues:  
 

2
)1(411  q

. 

We also show that the product of these conjugate eigenvalues is an integral 
function of q = f(q) = –(q-1)  where q-1 is:  the degree of the vertices in a complete 
graph of size q. The value q is also a function of the size of the graph. This 
motivates the next definition: 

1.3 Integral product eigen-pair balanced classes of graphs. 

Classes  of  graphs on v elements are said to be product*(t)*eigen-pair (integral) 
balanced if there exists a pair of a,b of distinct non-zero eigenvalues (counting 
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eigenvalues only once and ignoring multiplicities) of the matrices associated with 
each class of the structures such that a.b= t  = same integer as a fixed constant for 
each member in the class, or t is the same integer as a function of each member 
in the class.  The product balance is exact, if t is the same integer as a fixed 
constant for each member in the class,  otherwise non-exact. 

For example: 

1. Complete graphs on n vertices are non-exact product*(1-n)*eigen-pair 
balanced. 

2. Complete bipartite graphs ppK , on 2p vertices are non-exact  

product*( 2p )*eigen-pair balanced. 

3. Complete bipartite graphs on kpK kp ,, on p+k vertices are non-exact  

product*(-pk)*eigen-pair balanced. 
4. Paths on n vertices have eigenvalues: 

 

nj
n

j ,...,2,1);
1

cos(2 



 
And 




)
1

cos(2
n

n )
1

cos(2



n


 

So that their product is : 

))
1

2cos(1(2



n


 

which is a function of n  but is not generally integral. 

5. Cycles on n vertices have associated eigenvalues: 

1,...,2,1,0);2cos(2  nj
n

j
 

Are they product*(t)*eigen-pair balanced?
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3C  on 3 vertices, has eigenvalues 2 and -1 so that the graph has eigen-pair 
product -2. 

4C  on 4 vertices, has eigenvalues  2, 0 and -2 so that the eigen-pair product is 
-4. 

5C  on 5 vertices, has eigenvalues 2,   √   and √   with eigen-pair 

product -1. 

6C  on 6 vertices, has eigenvalues 2, 1, -1 and -2. 

Possible products are -1, -2, 2 and -4.  

The 7-cycle  has eigenvalues: 2221 )82,1(;)445,0(;)247,1(;)2(   

No product yields an integer? 

Even cycles are product-eigen-(4)-pair balanced, since if n=2k then: 

12,...,2,1,0);
2
2cos(2  kj

k
j

 

So that for j=0 we get 2 and j=k we get -2 with product -4. 

6. Wheels on p spokes are product *(-p)*eigen-pair balanced (see [12]). 
7. If we multiply the two conjugate pairs of strongly regular graphs we obtain 

the integer: 
μ-k 
so that strongly regular graphs are product*( μ-k)*eigen-pair balanced 
(non-exact). 

8. DDG are product*( 1 -k)*balanced (non-exact). 

9. Incidence graphs of symmetric  

2-(v, k, l) designs are product *t*eigen-pair balanced for: 

kandkt  2

 
of the non-exact kind. 
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10.   The class of p-regular hypercubes on p2  vertices and 12 pp edges has 
eigenvalues: 

pkkp k
p

,...,2,1,0;)2( 







  

These graphs are also Cayley graphs generated by n
2  

Using the larges eigenvalues p and p-2k, for p,2k different, k not 0 , this 

class of graphs wlll be product* )2( 2 pkp  *eigen-pair balanced. 
 

11. We show in section 3 below that the q-cliqued graphs are non-exact 
product*(1-q)*eigen-pair balanced  with eigen-pair; 

2
)1(411  q

 

Graphs which are both sum and product eigen-pair balanced are said to be eign-
bi-balanced with respect to the pair a,b. 

Note that the largest eigenvalues occurs in the eigen-pair associated with some 
classes of graphs discussed above.  Also, the only regular eigen-pair balanced 
graphs on 2 and 3 vertices are     

32; KK
 

Respectively. 

The 4-cycle is the same as the complete bipartite graph 

2,2K
 

Which is sum and product eigen-pair balanced, while  the only other regular graph 
on 4 vertices is: 

4K  

The 5-cycle has eigenvalues: 
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1)2( ; 22 )
2

51(;)
2

51( 

 

Which is not eigen-pair sum or product balanced when the largest eigenvalue is 
included in the eigen pair. The only other regular graph on 5 vertices is: 

5K  

Thus we have the following theorem: 

 

 

 

THEOREM 1 

The only regular graphs on  n vertices, where   

52  n
 

Belonging to eigen-pair balanced classes of graphs, where the eigen pair contains 
the largest eigenvalue, are: 

2,25432 ;;; KandKKKK
 

 

1.4  Eigen-bi-balanced graphs – criticality, ratios, asymptotes, 
density,  areas and energy 

If a class of graphs  are both sum and product eigen-pair balanced with respect 
to the eigen-pair  a,b , have been defined above as eigen-bi-balanced  with 
respect to a,b.  

Complete graphs  G are eigen-bi-balanced with the property that the removal of 
any vertex G from G results in another class of eigen-bi-balanced graphs. The 
same holds for completer bi-partite graphs except for star graphs. Such graphs 
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are said to be stable eigen-bi-balanced. If   G belongs to a class  of eigen-bi-
balanced graphs, and there exists a vertex v of G, such that G-v belongs to 

another class '  of graphs which is not eigen-bi-balanced,  we say that  is 
critically eigen-bi-balanced with respect to v. Wheels on p spokes are eigen-bi-
balanced and the removal of their center results in p-cycles, which are not eigen-
bi-balanced, so that they are critically eigen-bi-balanced with respect to their 
centre – revealing that this vertex is essential to the eign-bi-balanced 
characteristic of wheels. 

The reciprocals of eigenvalues are connected to the idea of robustness or 
tightness of graphs (see [30).

 

Since a and b are non zero, the sum of their reciprocals is defined, and we define  
the eigen-balanced ratio of the structure (with respect to the eigen-pairs) as:  


ab
11 )(

.
bar

ba
ba




 

(The product is never zero ). 

If this ratio is a function f(n) of the size n of the graph, and has an asymptote, we 
call this asymptote the asymptotoic eigen-balanced ratio with respect to the 
eigen-pair a,b and denoted by: 

)()( rasymporbar 
 

This asymptote can be seen as the behavior of  the ratio as the size of the graph 
becomes increasingly large. 

Eigenvalues have been associated with the expansion of graphs (see [3]) which 
motivates the idea of  areas associated with the ratio of eigen-bi-balanced graphs. 
Since we can integrate this ratio, if it is a function of n, the size of a graph, on m 
edges,  we defne the eigen-balanced ratio area  of  the class with respect to the 
pair a,b: 
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baforb
n
mdn

n
m

or

bafordn
ab

ba
n
mA

b

a

ba












222

02)( ,

 

Where A=0 when n=0, 1 or 2. 

If there is more than one pair giving rise such area, then the area of the the class 

is: 

ii
ba bapairsallforA ii ,)(max ,

 
 

If there is only one eigen-pair associated with the class of graphs that gives rise to 
the ratio, then  the ratio is unique. 

1. For example, the complete graph on n vertices has the unique eigen-
balanced ratio of: 

            
n

nKnr n 



1

2))1()1((
 

          Which depends on the size of the graph and has the unique asymptotic 

          eigen-    balanced ratio: 

 

 

     And eigen-balanced ratio area: 

1))1()1((  
nKnr
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1ln
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1
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1

1
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2[)1(
1

22)( 1,1

 

When n=0 we have A=0 so c=0 so that its area is: 

B)1())1ln()(1(  nnnn
 

Note that the length of the longest path for the complete graph is n-1, so that 
B in the above expression can be regarded as the height of the graph. Also, the 
term log(n-1) occurs as part of the upper bound of the diameter of a graph 
involving the second largest eigenvalue (see[3]). Is this area the maximum for 
all classes of eigen-bi-balanced graphs? 

2. The complete  bipartite graph  

            kpK ,  

             on p+k vertices has the unique eigen-balanced ratio of  

          0


pq

pqpq
 

          Which is independent of the size of the graph. Its area is: 

         qp
pqpq

qp
pq






2
3

)(422
 

          It attains its maximum when: 

2
nqp   then the graph (the split complete bi-partite graph on n vertices)  

is p-regular and:
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         The area is: 

        
22

)(
22/

2/

2/,2/
,

ndnnKA
n

n

nn
qp  





 

          

3. Wheels on p spokes have eigen-balance ratio of 

 p
2

 
Which depends on the  size of the graph so that they have an asymptotic 
eigen-balanced ratio of 0 and eigen-balanced area of: 

)1(log)1(4)1(log
1

4
1

22 cn
n

ncn
p

pdn
nn

m









 

A=0 when n=2 so that c=0. 

4. Star graphs with p rays of length 2 have eigenvalues see [spectra]: 

      1,1,1,0  p
 

      Using the pair -1,1 we obtain the ratio 0/-1, while using the pair: 

      1 pa
 

1;  pb
 

 We have the ratio 0/-(p+1) so that such a class of graphs do not have a     
unique eigen-balanced ratio- although the asymptotic eigen-balanced ratio 
can be taken as  0. 

Their area with respect to the pair -1,1 is: 

            
)2(

12
4
p
p

 

          With respect to the second pair is: 
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12
12

4 


p
p

p
 

Where p=(n-1)/2, so that areas are, respectively: 

1)1(22;)1(4


 n
n
nand

n
n

 

The bigger of the two give the area of the class of graphs. 

5. The p-regular hypercube has ratio (k fixed, n varying, p different from 2k; k 
not 0): 

nkn
kn

nkn
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2ln/ln np 
  

             Which has asymptote 0. 

            Its area using pair p and p-2 (k=1) involves the integral of this ratio 
(multiplied by p): 
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So that (*) becomes: 
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6. The q-cliqued graphs discussed below have the (unique) eigen-balanced 
ratio of 

q


1
1

 

Which depends on q (its size is n=q.q+1 ), and hence the size of the graph, 
and which tends to 0 as the size of the structure  becomes increasingly 
large so that its asymptotic ratio is 0 and its eigen-balanced area is: 

)11ln212(1]
1

2
1
12[

1
2

11
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uu
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u
uduqdn

n
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When n=1 we have A=0 so that c=0. 

 

CONJECTURE 1 

The only class of regular graphs which are neither sum nor product eigen-pair 
balanced are cycles. 

 

THEOREM 2 

If a class of graphs are eigen-bi-balanced with respect to the pair a,b, which are 

conjugate pairs arising from the quadratic: 

'2 ts  
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with  at least one of a,b positive and of the form n+c (and integer with c negative), 

and the ratio r is a function of n, then t’ is negative and the eigen-pair asymptote 

lies on the interval [-1,0]. 

Proof 

Let the pair a,b arise from the quadratic: 

 

t
srtabsbanba

tttletcontradbothba

sttstssbarootstts










;;1,

0;'.;0,

0,''2;
2

'4,:0';
2

'2 

 

If a=-b then the ratio a+b/ab is 0. If a and b are both fixed constants then the ratio 

is not a function of n. From above, the ratio is s/t. If t =f(n) =O(n), and s is a fixed 

constant, then the asymptote is 0. Since s =a+b is a function of n so will t be a 

function of n. If both a and b are functions of n then a+b  has  

0)(:)()(  rasymppqnOhasabandnO qp

 

 Thus a=n+c>0 and b =k, k negative. Then: 

.

01)(.'',');0(;'';' 
k

rasympconstarecckckntcnsIf
 

Since a is an integer, b=k must be an integer too so that: 

Irasymprasympk  ]0,1[)(1)(1
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We have equality at the end the left hand end point of the interval for the 

complete graph (-1) since the quadratic for the complete graph is (see theorem 

5): 

2
)1(4)2()2(

)1()2(
2

2 


nnn
nn 

 

The interval [-1,0] is more convenient if it is a positive interval: we define the 

eigen-pair density of a class of eigen-bi-balanced graphs with asymptote r as: 

)()( rasympr 
 

So that the complete graph has eigen-pair density 1, which we propose is the 

largest density of all possible eigen-bi-balanced graphs (the maximum denity of a 

class of graphs will be the largest of its densities over all its possible ratios) : 

CONJECTURE 2 

The density of eigen-bi-balanced classes of graphs lie on the interval [0,1] with the 

largest density  that of complete graphs, which equals 1. 

 

THEOREM 3 

The eigen-balanced ratio areas of complete bipartite graphs, wheel graphs, the 

star graph with rays of length 2, are each bounded above by the area of the 

complete graph. 

Proof 

For the complete graph and the split complete bipartite graph, the areas are, 

respectively: 
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Replacing n with: 

ssomeforne s 1
 

In the former yields: 

)1())1()(( 2  seesee ssss
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Which proves our result. 

 

If the eigenvectors: 

21, vv
 

associated with the eigen-pair: 

 
a,b 

giving rise to the sum and product eigen-balanced ratios, have unit length then 
we have the matrix eigen-balanced ratio equation: 

ab
ba

AvvAvv
AvvAvv

tt
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Note that cycles are neither sum nor product eigen-pair balanced, while the class 

of dumbbell graphs consisting of two copies of n-cylces joined by a single edge, 

fall into this same category. 

 

THEOREM 4 

If a class of graphs has eigen-balanced ratio  

rbar
ba
ba


 )(
.

then 

11  brandar
 

So that if r is non-zero, the elements of the eigen pair a, b cannot both  be 1/r. 

Proof. 

Let: 

 rabba

rbar
ba
ba




 )(
.

 

If we let ab=y we get: 

1

1

2

2














ar
ab

ab
ar

ay

rayyary
a
ya

andryrabba

 

Thus 1ar ; swopping the roles of a and be we get the desired result. 
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Taking the join of the complement of the complete graph on 2 vertices and the 
complete graph on n vertices, we see from [l[12]] that this resulting graph has the 
conjugate pair of eigenvalues: 

2
8)1()1( 2 nnn 

 

So that their eigen-balanced ratio is  

n
n

2
1




 

Which tends to -1/2. 

The following theorem can be derived from [12]: 

 

THEOREM 5 

Define the class of graphs: 

 

 

Where m is fixed, and n, which  varies and is greater than 1. Then this class has 

eigen-pair 
2

4)1()1( 2 nknn 
 with asymptotic eigen-balanced  ratio: 

k
1

 and area: 

))1ln(1)(2)1(( 

 n

kk
n

kn
knnn

 

Proof 

The eigenvalue conjugate pair associated with this join is: 

nk KK 
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2
4)1()1( 2 nknn 

 

The sum is (n-1) and product is –kn which yields the result as n becomes 
increasingly large. Their eigen-balanced area is (with average degree D): 

)ln1()](11[2)1()(1 cn
kk

nDnd
kknkn

knnnknd
kn

nD 




   

 

With k=1, the  area must be that of the complete graph on n+1 vertices which is 
(n)((n+1)-ln(n)) so that c=1- hence its area is: 

)1)(ln1)(2)1(( 

 n

kk
n

kn
knnn

 

Alternatively, we could have formed the join (with n vertices): 

 

which has  conjugate pairs: 
2

)(4)1(1 2 knkknkn 
 

with ratio: 
)(

1)(
)(

1
knk

kn
knk
nk







 which has asymptote as before: 
k
1

  

The area is: ))ln(1(]
)(

11[ ckn
kk

nDdn
knk

dn
k

D 


  

))ln(1)()(2)1)((( ckn
kk

n
n

knkknkn



 

When k=1 we must get area of complete graph so that c=0. 

 

CONJECTURE 3 

knk KK 
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The maximum eigen-balanced ratio area of classes of graphs on at least 6 vertices 
is that of the complete graph: n-ln(n-1) 

Note that for wheels with n spokes, the eigen-pair is: 

2
442 na 

 ; 
2

442 nb 
  so that; 

2.  nbaba  

For the join of two cycles of length n, there exist the pair of eigenvalues: (see [12]) 

n2  so that: 

2. nbaba   

Also, for q-cliqued graphs discussed below with eigen-pair : 

2
)1(411 


qa ;

2
)1(411

;



qb   

qbaba  .  

 

This suggests the following:
 

 

 

CONJECTURE 4 

If a class of non-complete graphs,  is eigen-bi-balanced with associated eigen-pair 
a,b of a member of the class,  the member having maximum(minimum) degree 
m(n) respetively, then 

0)(  baifi  then
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mnbaba  .  

0)(  baifii then 

1
.

 m
n
ba

 

 
There is much research on the energy of a graph  -it is related to the total π-
electron energy in a molecule represented by a (molecular) graph. 
The energy of a graph with adjacency matrix A  with eigenvalues 

A
n

AA   ...21  is: 





n

i

A
i

AE
1

  

How does the energy of a graph behave with respect to the asymptote associated 
with eigen-pair a,b ? 

The r-asymptotic eigen-balanced matrix )( ijr cC  ,associated with the adjacency 

matrix )( ijaA  of G on n vertices with an asmptotoic eigen-balanced ratio r, is 

defined as: 

jira

jia
c

j

ij
ij 




;)deg(

;
 

If G is k-regular and A has eigenvalues: nk   ...21 , 

then the eigenvalues of 
rC are: 

rkrkrk n   ...2 21  

In particular, if r=0 the 
0C  is the Signless Laplacian matrix (see [spectra]). 



28 
 

The energy of the r-asymptotic eigen-balanced matrix CCr  , associated with 
the graph G on n vertices and m edges, with eigenvalues: 

C
n

CC   ...21  is  (see[14]) is: 







n

i

C
i

C

n
mE r

1

2  

If r=0 then we get the energy of the Signless Laplacian matrix. 

If r is not zero, such as the complete graph G on n vertices and 
2

)1( nn
 edges, 

then its (-1)-asymptotic eigen-balanced energy is found as follows: the  
eigenvalues of G are: 

11 )1(;)1(  nn  so that the eigenvalues of 
1C  are: 

11 )1)1(1(;)1)1(1(  nnnn  

11 ))3(;)32(  nnn  so that the r-asymptotic eigen-balanced energy of G (with 
eigen pair a,b) is: 








n

i

C
i

C

n
mE

1

21    

432)1(2  nnn  

This energy is greater than the normal energy 2n-2  of a complete graph on a 
large number of vertices. This asymptotic energy can be regarded as the eigen-
pair balanced energy associated with the graph G as its size becomes increasingly 
large. 
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2.THE CONSRTUCTION OF Q-CLIQUED GRAPHS 

 

Construction of Adjacency matrix for q-clique design graphs,  *
KqG , for q ≥2 : 

 

For q=2, take 2 copies of 2K , namely .2,1;)( 2 iK i  together with a single vertex v. 
Join v to 2,1;1 iv i , so that v has degree 2. 

Generally: 

Label the vertices of each copy  of i
qK )(   as i

q
ii vvv ,...,, 21  

Join v to .,...2,1;1 qivi   so that v has degree q generally. 

1
1v       2

1v  

 

   v     

 

        

1
2v   

2
2v  

1
2 )(K 2

2 )(K
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i.e. join vertices  2
2

1
2 vandv  of  

1
2 )(K and 2

2 )(K  to form a 5-cycle. 

1
1v       2

1v  

 

   V     

 

 

           

1
2v   2

2v  

Label vertex v as vertex v , and then for each sub-clique, label the vertices starting 
from 푣 = 푣 , 푣 = 푣 , and	푣 = 푣 , 푣 = 푣 .	 

      

 

   V     

 

 

           

5-cycle 

1
2 )(K 2

2 )(K

1 
 

5-cycle 

v ⬚
v  

v  

v

1
2 )(K 2

2 )(K
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Then the 5x5 adjacency matrix of 
*

2KG ,where the rows are v … 	v 	and the 

columns are  v … 	v 	is: 























011
101
101

0101
1010

 

The polynomial  of  
*

2KG is  

255 35  

 The eigenvalues of this adjacency matrix are: 2 once; 22 )
2

51(;)
2

51(   

For q=3, 
*

3KG  :  we take 3 copies of 3K , namely 1
3 )(K  , 

2
3 )(K  , and 3

3 )(K together 

with a single centre vertex v. Join v to .3,2,1;1 ivi : 

  

 

 

      v 

 

 

 

 

v  

2
3 )(K

1
3 )(K

3
3 )(K

1
1v

2
1v

3
1v
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Join the remaining vertices of the 3 copies of 3K to form 3 5-cycles. i.e. 2
2

1
2 vandv

; 3
2

2
3 vandv ; 1

3
3
3 vandv   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1
2v

2
2v 2

3v

v

3
3v

3
2v

1
3v

3
1v

2
3 )(K

3
3 )(K

1
3 )(K

2
1v

1
1v



33 
 

Label vertex v as vertex v , and then for each sub-clique, label the vertices starting 
from 푣 = 푣 , 푣 = 푣 , 푣 = 푣 	and	푣 = 푣 ,푣 = 푣 ,푣 = 푣 	and	푣 = 푣 , 푣 =
푣 ,푣 = 푣 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Then the 10x10 adjacency matrix of *
3KG ,where the rows are v … 	v 	and the 

columns are  v … 	v 	is: 

v  

v  

v  v  

v  

v  

v  

v  

v  

v
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0111
1011
1101

1011
1011
1101

1011
1101

1101
11010

 

The characteristic equation of the adjacency matrix for q=3 is: 

1268751141444875615 234567810  
 

The eigenvalues of this adjacency matrix are: 

3, 1, -2, -2, 1.879, 1.879, -0.347, -0.347, -1.532, -1.532  

 22 )
2

91(;)
2

91( 
 

The graph 
*

4KG  : For q=4, take 4 copies of 4K , namely  1
4 )(K  , 

2
4 )(K  , 

3
4 )(K  ,and 

4
4 )(K together with a single centre vertex v. Join v to .4,3,2,1;1 iv i  Label each of 

the vertices within each copy of 4K anti-clockwise, starting with  
.4,3,2,1;;;; 4321 ivvvv iiii  
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v 

1
1v 2

1v

3
1v4

1v

1
4 )(K

4
4 )(K4

4 )(K

2
4 )(K

4
1v3

1v

2
1v
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Join vertices 푣  to 푣  for 1≤i≤n, where v = v , to form 4 5-cycles. 

Join vertex 푣  to 푣  for 1≤i≤n, where i is odd. 

 

 

 

 

 

 

 

 

 

 

 

 

  

5-cycle 

5-cycle 

5-cycle 

1
4 )(K

2
4 )(K

3
4 )(K

4
4 )(K

v

1
1v

1
4v

1
3v

1
2v 2

1v

2
2v 2

3v

2
4v

3
1v

3
2v

3
3v

3
4v

4
1v4

4v

4
3v

4
2v
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Label vertex v as vertex v , and then for each sub-clique, label the vertices 
clockwise for each sub-clique, starting from 푣 = 푣 ,푣 = 푣 , 푣 = 푣 , 푣 =
푣 	and	푣 = 푣 , 푣 = 푣 ,푣 = 푣 , 푣 = 푣 	and	푣 = 푣 , 푣 = 푣 ,푣 = 푣 ,푣 =
푣 ,	and	푣 = 푣 , 푣 = 푣 ,푣 = 푣 ,푣 = 푣 , 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5-cycle 

5-cycle 

5-cycle 
v  

v  v  

v  

v  

v  

v  v  

v  

v
v

v

v

v

v
v

v
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Then the 17x17 adjacency matrix of *
4KG ,where the rows are v … 	v 	and the 

columns are  v … 	v 	is: 

 







































































01111
10111
11011
11101

10111
11011

11011
11101

10111
10111
11011
11101

10111
11011

11101
11101

11110

 

 

All blank entries are zero. The eigenvalues for this adjacency matrix are: 

-2.303, 1.303,   4  , 3.403, 2.935, 2.303, -0.463, -0.684, -1.303, -1.719, -1.473, -2, -
2, -2, 0, 0, 0

 

22 )
2

131(;)
2

131(   
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For q=5, 
*

5KG is :  

 

 

 

 

 

 

 

 

 

  

 

     

        

 

 

 

 

 

v 

5-cycle 

5-cycle 

5-cycle 

5-cycle 

5-cycle 

1
5 )(K

2
5 )(K

3
5 )(K

4
5 )(K

5
5 )(K

1
5v

1
1v

1
4v

1
3v

1
2v
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Label vertex v as vertex v , and then for each sub-clique, label the vertices 
clockwise starting from 푣 , 1 ≤ 푗 ≤ 5.	The resultant 26x26 adjacency matrix of 

*
5KG ,where the rows are v … 	v 	and the columns are  v … 	v 	is: 

 

























































































011111
101111
110111
111011
111101

101111
110111

110111
111011
111101

101111
110111

110111
111011
111101

101111
110111

110111
111011
111101

101111
110111

111011
111101

111101
111110
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All blank entries are zero. 

Eigenvalues q=5: -2,562;1,562;5,00;4,381;4,381;3,447;3,447-1,662;-1,662;-1,272;-
1,272;-0,719;-0,719;-0,174;-0,174;0;0;0;0;0;-2;-2;-2;-2; -2. 

22 )
2

171(;)
2

171( 

 

 

The general construction of the (1 + 푛 )	x	(1 + 푛 ) adjacency matrix of  *
KnG , 

where the rows are v … 	v 	and the columns are  v … 	v 	is as follows: 

푎 ,  = 0,  1 ≤i≤ (n + 1) 

Join v to	풗풊ퟏ: 

 푎 , = 1,  0 ≤λ≤ n-1 

푎 , = 1,  0 ≤λ≤ n-1 

Sub-cliques: 

푎 , = 0,  0 ≤λ≤ n-1, k=1,2,…, n, l= 1,2,…,n, k=l 

푎 , = 1,  0 ≤λ≤ n-1, k=1,2,…, n, l= 1,2,…,n, k≠l 

풗풊풏 joins to 풗풊 ퟏ
ퟐ : 

푎 , ( ) = 1,  0 ≤λ≤ n-1 

푎 ( ) , = 1,  0 ≤λ≤ n-1 

풗풊
풋 joins to 풗풊 ퟏ

풋 ퟏ: 4≤j≤n-1, j even: 

푎 , ( ) ( )= 1,  0 ≤λ≤ n-1, 4≤j≤n-1, j even 

푎 ( ) ( ), = 1,  0 ≤λ≤ n-1, 4≤j≤n-1, j even 

풗풊
풋 joins to 풗풊 ퟏ

풋 : j=n-1, n even, i is odd: 
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푎 , ( ) = 1,   0 ≤λ≤  n-1,  j=n-1, n even, λ even 

 푎 ( ) , = 1,  0 ≤λ≤ n-1, j=n-1, n even, λ even 

If for 푎 ,  i>(n + 1), then i=i-푛 , and if for 푎 ,  j>(n + 1), then j=j-푛  

푎 ,  = 0, 1≤i≤ (n + 1),  1≤j≤ (n + 1),  otherwise. 

 

 

3.THE CONJUGATE EIGEN-PAIR OF Q-CLIQUED GRAPHS 

In this section we show that the cubic: 

)1()1()1(23  qqqqq   Is a factor of the characteristic equation 

determined by xxA  where A is the adjacency matrix of a q-cliqued graph 
constructed in section 2. 

The conjugate pairs arise out if the “tightness” of the connection between two 
adjacent cliques – for convention we chose the first and last clique: 

3.1 Vertex notation convention:  

First vertex (central vertex), second vertex, anchor vertex (vertex of last clique 
joined to first), {generating vertices on second last clique=vertices of second last 
clique adjacent to vertices in the last clique}, last vertex, ,third vertex and 
switching vertices (third and second last vertices whose sum is 0) = (respectively):

',,,)},;
2

;
2

1(,...,;{,,, 321 21 xxxxevenqqtoroddqqtxxxxxx lkkka t 


  

Generating set = 

)};
2

;
2

1(;,...,;{},{ 2121
' evenqqtoroddqqtxxxxxTTS tkkk 
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If };,...,,{ 21 kxxxS   we define:  
k

ixS
1

 

 

3.2  The two main equations that generate the conjugate eigen-pairs 

We use the relationship xxA  to create the two equations: 

(*)
))1((

)1(

)1()1(


 








q
xqS

xqSqS

l

l




 

(**)2
ll qxxS    which yield the following: 

1;
)1(

)1( 2 



qqxx

q
xq

ll
l 




 

So that: 

0))1()((

0)1()1()1(

))1(())1(()1(

2

23

2







qq

qqqqq

qqqq







 

This gives us 3 eigenvalues: q and our conjugate pair: 

2
)1(411  q

 

With sum -1 and product 1-q. 
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3.3  The case q=2 

 























01100
10001
10010
00101
01010























5

4

3

2

1

x
x
x
x
x

























5

4

3

2

1

x
x
x
x
x

  

 

142 xxx   

231 xxx   

352 xxx   

451 xxx   

543 xxx   

 

)( 543 xxx   

Taking the neighbours of 푥 and 푥 , we get 

)()()( 435152 xxxxxx    

)(2)( 5521 xxxx   

(**)2)( 55
2

21 xxxx    

 

Taking the neighbours of 푥 and 푥 , we get 
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)()()( 213142 xxxxxx    

)()()( 214321 xxxxxx    

)()( 21521 xxxxx    

  521 )(1 xxx    

(*)
1

)( 521 xxx






 

Substitute (*) into (**) to get 

 

1;2
1 55

25 




 xxx

 

)1(2)1(2    

02323    

)1)(2( 2    

Eigenvalue of 2 (degree of graph) and our conjugate pairs! 

2
411 
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3.4 The case q =3 







































0110000100
1011000000
1100000001
0100110000
0001011000
0001100001
0000100110
1000001010
0000001101
0010010010







































10

9

8

7

6

5

4

3

2

1

x
x
x
x
x
x
x
x
x
x

. 

 

 




















































983

1087

1091

965

754

761

632

1042

431

852

xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx









































10

9

8

7

6

5

4

3

2

1

x
x
x
x
x
x
x
x
x
x
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10983 xxxx   

)(()()()( 10108710911042 xxxxxxxxxx   

(**)3)( 1010
2

987421 xxxxxxxx    

0; 984  xxxSet  

),,( 721 xandxxSLet   

Then the neighbor set S’’ of S is a subset of the lhs of (**) 

)()()()( 721965431852 xxxxxxxxxxxx  
 

)(0, 984 abovefromxxxSet  and set 

10576213 ;2;0; xxxxxxx   

)()2222( 7215721 xxxxxxx  
 

 

 

)(2)(2 72110721 xxxxxxx    

(*)
2

2 10
721 


xxxx  

 

Substitute (*) into (**) to get 

 

1;3
2

2
1010

210 




 xxx
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)2(3)2(2 2    

0652 23    

)2)(3( 2    

 

Two eigenvalues 3 and 

2
91

2
4.211 



 

Eigenvector is: 

 

                           




















































983

1087

1091

965

754

761

632

1042

431

852

xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx











































10

9

8

7

6

5

4

3

2

1

x
x
x
x
x
x
x
x
x
x

     

10
9
8
7
6
5
4
3
2
1

0

2

0

2

3
2

2

10

8

7

7

10

8

1

1

81

1087

101

107

7108

71

71

108

81

810
































































































x

x
x
x
x
x

x

x

xx
xxx

xx
xx

xxx
xx
xx
xx
xx
xx









 

we use the generating set GsumtheirwithxxxS  },,{' 721  which we found 
from using equation 10. Now: 

 )( 721 xxx  using equations 1,2 and 7, noting that the variable 2x  is 0: 

GxGxxxxxxxxx   10107110781810 22220.2222

(*)
2

2 10




xG  
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We used 2x  even though it is 0. 

Now we get the next equation (this should be first in construction above). Using 
equation 10: 

8110 xxx    using 3 (not 1!!!) and 8 in RHS: 

)11(101108 xxxx   we need an 7x  so we use equation 9 which gives us: 

)12(1078 xxx    substituting (12) into (11) gives us: 

(**)333 1010
2

10
2

1072110
2

1071 xxGxxxxxxxxx    

We take 2x  =0 here as we do not need 2x . 

 

3.5 The Case q=4 

For  q=4: 

171615143 xxxxx   

)(#)()(

)()()(

161514317151412

17161413171615117542

xxxxxxxx

xxxxxxxxxxxx






 

 

)(4)(2 171713121615145421 xxxxxxxxxxx   

Set  16151454 ;0 xxxxx   

We take  the set },,,{ 131221
' xxxxS  , which is a subset of the lhs of (#) and the 

neighbours of S’ to be S’’. Then S’ is a subset of S’’. 

;4 17
2

17131221 xxxxxx   

(*)4 1717
2

131221 xxxxxx    
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Main: 131221 xxxx  - neighbors yield: 

 )( 141062 xxxx  )( 5431 xxxx  

 )( 16131110 xxxx )( 15121110 xxxx  )( 131221 xxxx    

16151454 ;0, xxxxxaboveFrom   
0121110131110311062  xxxxxxxxxxx  

023 131211106321  xxxxxxxx  

613

12

211

13

1710

2

0

2

;

xxSet

x

xxSet

xxSet

xxSet









 

 

)(33232 1312211312217121 xxxxxxxxxxx    

)(3)(3 13122117131221 xxxxxxxxx    

(**)
3

3 17
131221 


xxxxx  

(**) substitute in (*) 

 

3
3 17


x

1717
2 4xx    

171717
2 3)3(4)3( xxx    

031243 17172617
2

17
3  xxxxx   
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01273 172617
2

17
3  xxxx  ;40)3)(4( 17

2   x  

2
131

2
)3.4(11 



  

The eigenvector is: 

 

 

 

 

 

  

 

 

 

 

Equations 1,2,12 and 13 yield: 

17131221 33333 xxxxx   + 

 





























































































































































































































































































































































































































17
16
15
14
13
12
11
10
9
8
7
6
5
4
3
2
1

0

0

2
0
0

2

002

0
0

0

2
20
20

02
02

00
002

02

17

16

16

13

2

17

9

8

7

13

1

2

1

1

1716

171613

171

16217

1613217

13179

1321

28713

9713

9813

9871

712

821

172

11

17132

17

16

15

14

13

12

11

10

9

8

7

6

5

4

3

2

1

1615143

17151412

17161413

1716151

15121110

16131110

1312109

1312111

11876

9764

9865

9871

7432

8253

17542

1543

141062

x
x
x

x

x
x
x
x
x
x

x
x
x

x
xx

xxx
xx

xxx
xxxx

xxx
xxx

xxxx
xxx
xxx
xxxx
xxx
xxx

xx
xx

xxx

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
xxxx
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)(3)(3 13122117131221 xxxxxxxxx    our first equation. 

 

Next: equation 17 and 3 gives: 

 

0000)2( 172117  xxxx   equation 14 gives: 

 

0171  xx  and 15 +16 gives: 02 1713  xx  

So that: 1713122117
2 4xxxxxx   

 

3.6  The Case q=5 

Step 1 – write down first equation using last vertex: 

26252423223 xxxxxx     

Expand left hand side with their neighbors  has vertices belonging to set S: 

266542 xxxxx   262524231 xxxxx   2625242221 xxxxx   

2625232220 xxxxx   262423224 xxxxx   
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26

25

24

23

22

21

20

19

18

17

16

15

14

13

12

11

10

9

8

7

6

5

4

3

2

1

252423223

262423224

2625232220

2625242221

262524231

2320191817

2421191817

2120181715

2120191716

212019181

1815141312

1916141312

1615131210

1615141211

161514131

1310987

1411987

1110875

1110976

1110981

85432

96432

256532

266542

65431

22171272

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
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Step 2: put 2425 xx   (second and third largest have opposite signs) – this 
guarantees no 24 and 25 not  in  S- called switching pair. 

)(5332 262322212065421 Rxxxxxxxxxx    

Step 3: put 0;3;0 2322654  xxxxx  

R will become (**) after we have generating set. 

Step 4: select generating set S’ as (n= total number vertices): . Put all vertices in S’ 
that belong to the second last clique and are neighbors  of the last  clique– in this 
case  

2120; xx  

Add the first 2: 

 21; xx  

So with q=5,  generating set is: 

},,,{' 212021 xxxxS    

Write down neighbors of S’ 

22171272 xxxxx  65431 xxxxx   

2421191817 xxxxx  2320191817 xxxxx   

)( 212021 xxxx      

pairswitchingxx 2524  . 

22171272 xxxxx  65431 xxxxx   
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2421191817 xxxxx  2320191817 xxxxx   

 

23252221

20191817127564321 223
xxxx

xxxxxxxxxxxx




 





252221

201918171276321 223
xxx

xxxxxxxxxx
 

From R:  

242225226 2;3 xxxxx    

Must watch 2 switching pair equations so that last vertex 26x  is not 0: 

Put: 261271 4;3 xxxx   

23 3xx   

21192018 2
3;

2
3 xxxx   

01754  xxx
 

We have from R:  

pairswitchingxxx 252423 ;0   

Now get (*) 

)(
4)(4

212021

26212021

xxxx
xxxxx
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The eigenvector is: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 





































































































































































































































































































26
25
24
23
22
21
20

6

3
2
1

0

000
20
2

0
0

0
2
3

2
3

2
2
3

2
3

2
30

3
33

43

26

25

25

22

21

20

19

18

17

16

15

14

13

12

11

10

9

8

7

6

5

4

3

2

1

223

262222

26222220

262221

261

202120

22212120

21202015

26222

2221

222612

x
x
x

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

xx
xxx
xxxx

xxx
xx

xxx

xxxx

xxxx

xxx
xxx

xxxx
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Adding equations 1,2,20 and 21 yield  

)(4)(4 21202126212021 xxxxxxxxx    

24 +25 yield )27(022 262220  xxx  

22 and 3 from 26 yield: 

261 0 xx  )28(3 26
2

26222 xxxx   

And 23 gives: )29(00 262221  xxx  

27,28 and 29 yield: 

2626
2

212021 5)( xxxxxx    

 

 

 

3.7 General Construction. 

Vertex notation convention reminder: 

First vertex, second vertex, anchor vertex (vertex of last clique joined to first), 
{generating vertices on second last clique}, last vertex, ,third vertex and switching 
vertices (third and second last vertices whose sum is 0) = (respectively):

',,,)},;
2

;
2

1(,...,;{,,, 321 21 xxxxevenqqtoroddqqtxxxxxx lkkka t 


  

Generating set = 

)};
2

;
2

1(;,...,;{},{ 2121
' evenqqtoroddqqtxxxxxTTS tkkk 
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'...: 3213 xxxxxxxxneighbors laaal    ; 

all vertices in },...,,{ 321  laa xxxQ  :which give “0” equations 

)0';;( allxxxl  

la xxxxxneighbors  ': 1  all others 0 from Q 

 

)...()...(')2()2(
)2(,..)2(...)2(,)2()2(

...

2121

321

15421

2

st rrrkkkl

ltaaaa

qq

l

l

xxxxxxqxxqxq
xqxqxqxqxq

xxxxxx
x

x














 

Put   ,';)2(};0,...,0,0{;0... 154 xxxqxQxxx aqq    

)0...00()...()2()2(
00...00)2(

)2(0...00

21

21
2






tkkkl

a

al

xxxqxxqxq
xq

xqxxx
 

)...( 2121
2

tkkkll xxxqxxxx   

)...( 2121
2

tkkkll xxxxxqxx   

This gives equation (**) 

Now we look at the neighbors of the generating set S: 

)};
2

;
2

1(;,...,;{},{ 2121
' evenqqtoroddqqtxxxxxTTS tkkk 


  

aqqqq xxxxxx  )1(222221 ,....,,,:  

1,4312 ,...,,,: qxxxxx  
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')()1( '' QPtTtTofNeighbours   

where  

- P= t vertices from 2nd last clique, other than T’, excluding , )2(2  qqx  

- Q’ is a subset of Q, whose vertices join backwards to vertices of T’ 

Let the sum of the elements of S be Z: 

Therefore the sum of the neighbors of the elements of S: 

')()1(

)...())(....(
'

1431)1(22222

QPtTt

xxxxxxxxxx
Z

qqaqqqq



 


 

From before:  

Put   ,';)2(};0,...,0,0{;0... 154 xxxqxQxxx aqq  

2
'

31)1(22222

)()1(

))2(0...0()....(










l

aqqqq

xPtTt

xqxxxxxx
Z

 

2
'

)1(2222321

)()1(

....)2(









l

qqqqa

xPtTt

xxxxqxxx
 

Set 

 

12

)2(2

22

12

23

)3(

0

)1(

)2(
;)2(


















lal

qqqa

lq

q

xxqx

xx
xqx

xqx
xqx
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a

ala

xqPtTt
xxqxqxqxqxx

Z

)3()()1(
0....)1()2()2()2( 

'

1221



 


 

)()1()1()1()1( '
21 PtTtxqxqxq l  

 

Set 

tt kp

kp

kp

x
t

tqx

x
t

tqx

x
t

tqx










...

;

22

11

 





 








)...()...)(1(

)1()1()1(

2121

21

tt kkkkkk

l

xxx
t

tqtxxxt

xqxqxq
Z




 

 

)...)(1()1()1()1(
2121 tkkkl xxxqxqxqxq 




 
 

lkkk xqxxxxxq
t

)1()...)(1(
2121 
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3.8 General Eigenvector 

 

For (**)  last equation                              axxl 3:  

Second last equation:                          laa xxqxl  )3(:1  

Third last equation:              laa xxxqxltal  )3(:)1(::2  

2'  lxvertexswitchingtoconnectedisandTxwhere   

                     Will have q-4-(t-1) equations equal to 0 which have 

                                                          'xxxx la                  

                  ------------------------------------------------------------------------------- 

                                                

Zero equations (obtained from all vertices in the last clique, who connect 
backwards to the (q-1) clique, ie to the vertices of }'\{ xT   (t-1) of these such 
equations      

          quationssuchtxxxxxxxx lkallla )1(0)(: 211
    

            
 xxandtwhere k  ,1

   Anchor vertex                    

lllltaaa xxxxxxxxxaql   112211 .......:)1(  

 Sum of generating set T’ without x :  ;)1()1(}'\{)2(: qakk xtPtxTtx
ii   

Equation for x in generation set:        ;}'\{: 2  lqa xxPxTx   

 

Third vertex:                 lq xxxxxx  16542 ...:3  
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Second vertex:              1431 ...:2  qxxxx  

First vertex:                   aqaqq xxxxx   ....:1 2222  

 

 

3.9 The Final General Equations 

 

We need to create the two equations: 

(*)
))1((

)1(

)1()1(


 








q
xqS

xqSqS

l

l




 

(**)2
ll qxxS    which yield the following: 

 

The last vertex equation for lx yields using  equations for 3, xxa :  

lqllltaaa xxxxxxxxxxxxx   1654212211 ..........

yields: lql xxxxx 2121
2    

Switching vertices yields: 022  tala xxx  

Adding the 0 equations yields:: )1(21 ..)1()1(   taaala xxxxtxt  

Other 0 equations yield q-4-(t-1) of la xx   

All yields : 
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]))[1(4(..)1()1(

222

)1(21

1212

lataaalata

lalql

xxtqxxxxtxtx
xxxxxxx









 sum of elements from generating set = la qxxq  )2(  

aq xqx )2(1   yields our equation (**). 

Using equations from S we get equation (*) by assigning each vertex, respectively, 

in P the value: kx
t

t 1
 where 'Txk   , and 0 to each vertex qxxx ,...,, 54 and each 

vertex adjacent to the first except  qqa xxx 222 ,,  , and making 

lqq xqxxqxxqx )1(;)1(;)1( 221223    , aq xqx )2(1  . 

12 )3(   lal xxqx . 

We have now proved the first part of the following theorem. The second and 
third part are  proved in section 1 above and the last part is easily verifiable. 

 

THEOREM 6 

The class of q-cliqued graphs : 

(a) Is sum*(-1)* eigen-pair and product*(1-q) eigen-pair balanced with respect 
to the eigen-pair: 

2
)1(411  q

 

(b)  Has ratio: 
q


1

1
 ,  asymptote 0 and density 0. 

(c) Has area: )11ln312(1  nnn  

(d) Is critically eigen-bi-balanced with respect to the central vertex. 
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