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Abstract: 
 

The goal of the following document is to demonstrate a proof of the Twin Prime Conjecture by 

determining bounds for the number of twin prime pairs between a number and its square and then 

proving that the lower bound is always greater than 1 for sufficiently large numbers.  
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We will use proof by deduction to prove ∃ infinitely many twin primes. Define a twin prime pair 𝐻 as a 
pair of integers (𝑘, 𝑘 + 2) s.t. 𝑘, 𝑘 + 2 ∈ 𝑃 {𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑟𝑖𝑚𝑒𝑠}, define ∅ as the value 𝑘 + 4, ∀ 𝐻, & 
define 𝑃 < 𝑀 as the largest prime number S that satisfies 𝑆 < 𝑀. ∴  𝑘 ≢ 0 𝑚𝑜𝑑 2      𝑘 ≢ 0 𝑚𝑜𝑑 3       𝑘 ≢ 0 𝑚𝑜𝑑 5 ⋮ 𝑘 ≢ 0 𝑚𝑜𝑑 𝑃 < 𝑘 

& ∴  𝑘 + 2 ≢ 0 𝑚𝑜𝑑 2      𝑘 + 2 ≢ 0 𝑚𝑜𝑑 3       𝑘 + 2 ≢ 0 𝑚𝑜𝑑 5 ⋮ 𝑘 + 2 ≢ 0 𝑚𝑜𝑑  𝑃 < 𝑘 + 2 ∴ by definition of ∅ we can assert that: ∅ ≢ 2, 4 𝑚𝑜𝑑 2 ∅ ≢ 2, 4 𝑚𝑜𝑑 3 ∅ ≢ 2, 4 𝑚𝑜𝑑 5 ⋮ ∅ ≢ 2, 4 𝑚𝑜𝑑 𝑃 < ∅ − 4 = 𝑘 

Define 𝐽′ as 𝑎 on the interval  𝐽 =  [𝑎, 𝑏] , 𝑃  ∈  𝑃, 𝑚 > 1 & consider the interval: 𝑄 = [𝑃 , 𝑃 ] 
It follows from the sieve of Eratosthenes (Sieve of … n.p.) that if 𝑅 ∈ ℤ 𝑠. 𝑡. 𝑅 ∈  𝑄  & 𝑅 ≢ 0 𝑚𝑜𝑑 2 𝑅 ≢ 0 𝑚𝑜𝑑 3 
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𝑅 ≢ 0 𝑚𝑜𝑑 5 ⋮ 𝑅 ≢ 0 𝑚𝑜𝑑 𝑃  →  𝑅 ∈ 𝑃. Given this definition it follows that ∃ 𝐻 ∈ 𝑄  iff ∃ (𝑘, 𝑘 + 2) s.t. k, k+2 ∈ 𝑃 → ∃ 𝐻 ∈ 𝑄  iff ∃ ∅ ∈ 𝑄  . ∵ the largest possible k+2 ∈ 𝑄  is 𝑃 − 2 →  the largest possible ∅ ∈ 𝑄  is 𝑃 . Note that 
by definition of ∅ and primality of (𝑘, 𝑘 + 2)  all ∅ must satisfy: ∅  ≢ 2, 4 𝑚𝑜𝑑 2 ∅  ≢ 2, 4 𝑚𝑜𝑑 3 ∅  ≢ 2, 4 𝑚𝑜𝑑 5 ⋮ ∅  ≢ 2,4  𝑚𝑜𝑑 𝑃  

It is trivial to show that: ∃ 𝑃 − 𝑃 + 1 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 ∈ 𝑄 = 𝑃 ,  𝑃  ∀ 𝑃 > 2 (𝑃𝑎𝑡𝑟𝑖𝑐𝑘 3)  

Lemma 1: 𝑇ℎ𝑒  𝑎𝑐𝑡𝑢𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝜆 ∈  𝑄  𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦  𝜆 ≢ 2,4  𝑚𝑜𝑑 𝑃 ∈ 𝑃, 𝑃 <  𝑃 , 𝑃  ≠ 2 ∈  𝑃 − 𝑃 + 1 𝑃 − 2𝑃 − 𝑃 − 1𝑃 ,𝑃 − 𝑃 + 1 𝑃 − 2𝑃 + 𝑃 − 1𝑃   
𝑊𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑛𝑜 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑟𝑖𝑚𝑎𝑙𝑖𝑡𝑦 𝑜𝑓 𝑃  𝑡𝑜 𝑚𝑎𝑘𝑒 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑓𝑜𝑟𝑚𝑢𝑙𝑎: 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 ∃ 𝑃 − 𝑃 + 1 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 ∈ 𝑄  

& 𝑡𝑟𝑖𝑣𝑖𝑎𝑙𝑙𝑦 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑎𝑡 𝜆 ∈  𝑄  , 𝜆 ≢ 2,4 𝑚𝑜𝑑 𝑃 ∈ 𝑃, 𝑃 <  𝑃 , 𝑃  ≠ 2 = 𝑃 − 2𝑃  

∴  ∃ 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑙𝑦 𝑃 − 𝑃 + 1 𝑃 − 2𝑃  𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒  𝜆 

𝐻𝑜𝑤𝑒𝑣𝑒𝑟 𝑡ℎ𝑒𝑟𝑒 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝜆 → 𝑇ℎ𝑒  𝑎𝑐𝑡𝑢𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝜆 ∈  𝑄  𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦  𝜆 ≢ 2,4  𝑚𝑜𝑑 𝑃 ∈ 𝑃, 𝑃 <  𝑃 ,𝑃  ≠ 2,∈ 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 , 𝑃 − 𝑃 + 1 𝑃 − 2𝑃  
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𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 − 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 ≤  𝑃 − 1𝑃   
& 𝑡ℎ𝑎𝑡  𝑃 − 𝑃 + 1 𝑃 − 2𝑃 − 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 ≤  𝑃 − 1𝑃   

→ 𝑇ℎ𝑒 𝑒𝑟𝑟𝑜𝑟 𝑖𝑛 𝑡ℎ𝑒 𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝜆 ∈  𝑄  𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦  𝜆 ≢ 2,4  𝑚𝑜𝑑 𝑃 ∈ 𝑃, 𝑃 <  𝑃 , 𝑃  ≠ 2 ∈ − 𝑃 − 1𝑃  , 𝑃 − 1𝑃   𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑠𝑖𝑧𝑒 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 , 𝑃 − 𝑃 + 1 𝑃 − 2𝑃  ∈   𝑃 − 𝑃 + 1 𝑃 − 2𝑃 − 𝑃 − 1𝑃 ,𝑃 − 𝑃 + 1 𝑃 − 2𝑃 + 𝑃 − 1𝑃  

 ∵  𝑇ℎ𝑒  𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝜆 ∈  𝑄  𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦  𝜆 ≢ 2,4  𝑚𝑜𝑑 𝑃 ∈ 𝑃, 𝑃 <  𝑃 ,𝑃 > 2,∈ 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 , 𝑃 − 𝑃 + 1 𝑃 − 2𝑃  

& 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 , 𝑃 − 𝑃 + 1 𝑃 − 2𝑃  ∈  𝑃 − 𝑃 + 1 𝑃 − 2𝑃 − 𝑃 − 1𝑃 , 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 + 𝑃 − 1𝑃  

∴ 𝑇ℎ𝑒  𝑎𝑐𝑡𝑢𝑎𝑙 𝑜𝑓 𝜆 ∈  𝑄  𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦  𝜆 ≢ 2,4  𝑚𝑜𝑑 𝑃 ∈ 𝑃, 𝑃 <  𝑃 ,𝑃 > 2,∈  𝑃 − 𝑃 + 1 𝑃 − 2𝑃 − 𝑃 − 1𝑃 , 𝑃 − 𝑃 + 1 𝑃 − 2𝑃 + 𝑃 − 1𝑃  

 𝐸𝑛𝑑 𝐿𝑒𝑚𝑚𝑎: 
Now reconsider: ∅  ≢ 2, 4 𝑚𝑜𝑑 2 ∅  ≢ 2, 4 𝑚𝑜𝑑 3 ∅  ≢ 2, 4 𝑚𝑜𝑑 5 ⋮ ∅  ≢ 2,4  𝑚𝑜𝑑 𝑃  
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Lemma 2: 𝐴𝑐𝑡𝑢𝑎𝑙 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ∅ ∈  𝑄 ∈ 𝑅=   𝑃 − 𝑃 + 1 12 𝑃 −  2𝑃( )  −  𝜋(𝑃 ),
 𝑃 − 𝑃 + 1 12 𝑃 −  2𝑃( )  +  𝜋(𝑃 )  

𝑁𝑜𝑡𝑒 𝑓𝑟𝑜𝑚 𝐿𝑒𝑚𝑚𝑎 1:  
𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏 ∈  𝑄  , 𝑏 ∈  ℤ , 𝑏 ≢ 2,4  𝑚𝑜𝑑 𝑃 ∈ 𝑃, 𝑃 <  𝑃 ,𝑃 > 2, = 𝑃 −  2𝑃   

We now consider the case of 2: (𝑏  ≢ 2 𝑚𝑜𝑑 2) ≡ (𝑏  ≢ 4 𝑚𝑜𝑑 2)  ∵ 2 ≡ 4 𝑚𝑜𝑑 2 → 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏 ≢ 2,4 𝑚𝑜𝑑 2 = 12     𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖𝑛𝑐𝑜𝑛𝑔𝑟𝑢𝑒𝑛𝑐𝑒 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 𝑎 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑐𝑡𝑖𝑜𝑛 

𝑃(𝑏 ≢ 2,4 𝑚𝑜𝑑 2) = 12  

𝑃(𝑏 ≢ 2,4 𝑚𝑜𝑑 3) = 13  

𝑃(𝑏 ≢ 2,4 𝑚𝑜𝑑 5) = 35  ⋮ 
𝑃(𝑏 ≢ 2,4 𝑚𝑜𝑑 𝑃 ) = 𝑃 − 2𝑃  

→ 𝑃 𝑏 ∈ {∅}(𝑁𝑂𝑇 𝑇𝐻𝐸 𝐸𝑀𝑃𝑇𝑌 𝑆𝐸𝑇) =  12 13 35 … 𝑃 − 2𝑃 = 12 𝑃 − 2𝑃  

∴ 𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ∅ ∈  𝑄 = (𝑃 − 𝑃 +  1) 12 𝑃 − 2𝑃   
𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑒𝑎𝑐ℎ 𝑡𝑒𝑟𝑚 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑠 𝑎𝑛  𝑒𝑟𝑟𝑜𝑟 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑠𝑖𝑧𝑒:  

𝐸𝑟𝑟𝑜𝑟 𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟(𝑏 ≢ 2,4 𝑚𝑜𝑑 𝑃 ) ∈ − 𝑃 −  1𝑃 , 𝑃 −  1𝑃  
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∴ 𝐸𝑟𝑟𝑜𝑟 𝑜𝑓 𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ∅  ∈  𝑄∈ − 12 − 23 − 45 … − 𝑃 −  1𝑃 , 12 + 23 + 45 … + 𝑃 −  1𝑃   

= − 𝑃 −  1𝑃 , 𝑃 −  1𝑃   

𝑁𝑜𝑡𝑒: 𝑃 −  1𝑃 < 1 ∀ 𝑃  ∈ 𝑃 

∴  − 𝑃 −  1𝑃 , 𝑃 −  1𝑃   ∈ − [1] , [1] = [−𝑚, 𝑚] = [−𝜋(𝑃 ), 𝜋(𝑃 )] 
𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝜋(𝑃 ) = 𝜋(𝑃 ) − 1 →   𝜋(𝑃 ) <  𝜋(𝑃 ) → [−𝜋(𝑃 ), 𝜋(𝑃 )] ∈  [−𝜋(𝑃 ), 𝜋(𝑃 )] 𝐶𝑜𝑚𝑏𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑜𝑓 𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑣𝑎𝑙𝑢𝑒 𝑤𝑖𝑡ℎ 𝑒𝑟𝑟𝑜𝑟: 𝐴𝑐𝑡𝑢𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ∅  ∈  𝑄  ∈  𝑅=  (𝑃 − 𝑃 +  1) 12 𝑃 − 2𝑃( )  −  𝜋(𝑃 ) ,

(𝑃 − 𝑃 +  1) 12 𝑃 − 2𝑃( )  + 𝜋(𝑃 )  

𝐸𝑛𝑑 𝐿𝑒𝑚𝑚𝑎: 
Lemma 3: 13 35 57 … 𝑃 −  2𝑃 = 𝑃 −  2𝑃 ≥ 13 𝑃𝑃 = 13 35 57 … 𝑃𝑃 = 1𝑃  

𝑁𝑜𝑡𝑒 𝑖𝑡 𝑖𝑠 𝑡𝑟𝑖𝑣𝑎𝑙 𝑡𝑜 𝑠ℎ𝑜𝑤: 13 𝑃𝑃 = 13 35 57 … 𝑃𝑃 = 1𝑃  

∵ 13 35 = 15   13 35 57 = 17  

𝑎𝑛𝑑 𝑏𝑦 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛: 13 35 57 … 𝑃𝑃 = 1𝑃  
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𝑁𝑜𝑡𝑒 𝑃 > 2 ∈ {𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟𝑠} →  𝑃 − 𝑃 ≥ 2 & 𝑃 − 𝑃 ∈ {𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟𝑠} ∀ 𝑛 > 1 𝑖𝑓 𝑃 = 11 → 𝑃 = 7 →  = ≤ =   → ≤     𝑖𝑓 𝑃 = 11. 
∴ 𝑖𝑓 𝑃 − 𝑃 = 2 ∀ 𝑃  ≠ 11, 𝑃 −  2𝑃 ≥ 𝑃𝑃 =   1𝑃  

𝑖𝑓 𝑃 − 𝑃 ≠ 2 ∀ 𝑃 , 𝑃 −  2𝑃 ≥ 𝑃𝑃 =   1𝑃  

∴ 𝑃 −  2𝑃 ≥ 13 𝑃𝑃 =   1𝑃   
𝐸𝑛𝑑 𝐿𝑒𝑚𝑚𝑎: 

∴  𝑅 =  𝑃 − 𝑃 + 1 12 𝑃 −  2𝑃( )  −  𝜋(𝑃 ) ≥  𝑅
=    𝑃 − 𝑃 + 1 12 13 𝑃𝑃( )  −   𝜋(𝑃 )
=   𝑃 − 𝑃 + 1 12 1𝑃 −  𝜋(𝑃 ) 

Now we make an additional note that  𝑃 >  𝑃  ∵ 𝑃 is an ordered infinitely large set due to the work 
of Euclid1. 

∴ 𝑅 =   𝑃 − 𝑃 + 1 12 1𝑃 −  𝜋(𝑃 ) ≥  𝑅=   𝑃 − 𝑃 + 1 12 1𝑃 −  𝜋(𝑃 ) 

Note that: 𝜋(𝑥) <  1.25506 𝑥log (𝑥) ∀ 𝑥 ∈  ℝ, 𝑥 ≥ 17 (𝑅𝑜𝑠𝑠𝑒𝑟, 𝑆𝑐ℎ𝑜𝑒𝑛𝑓𝑖𝑒𝑙𝑑 2) 

∴  𝑅 =   𝑃 − 𝑃 + 1 12 1𝑃 −  𝜋(𝑃 ) ≥ 𝑅=   𝑃 − 𝑃 + 1 12 1𝑃 −  1.25506 𝑃log (𝑃 )  ∀ 𝑃 ≥ 17 
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Lemma 4: ∀  𝑃 ≥ 17 𝑅 =   𝑃 − 𝑃 + 1 12 1𝑃 −  1.25506 𝑃log (𝑃 ) ≥ 1, ∀ 𝑃 ≥ 341. 
𝐿𝑒𝑡 𝑓 ∈  ℝ 

( 𝑓 −  𝑓 + 1) 12 1𝑓 −  1.25506 𝑓log(𝑓) ≥ 1  𝑓𝑜𝑟 𝑓 = 341  
 𝑑𝑑𝑃 ( 𝑓 −  𝑓 + 1) 12 1𝑓 −  1.25506 𝑓log(𝑓) ≥ 0 ∀ 𝑓 ≥ 341 

→  ( 𝑓 −  𝑓 + 1) 12 1𝑓 −  1.25506 𝑓log(𝑓) ≥ 1  ∀ 𝑓 ≥ 341  
→   𝑃 − 𝑃 + 1 12 1𝑃 −  1.25506 𝑃log (𝑃 ) ≥ 1, ∀ 𝑃 ≥ 𝑓 ≥ 341 

𝐸𝑛𝑑 𝐿𝑒𝑚𝑚𝑎 

Now note: 𝑅 ≥ 1 ∀ 𝑃 ≥ 341 𝑅 ≥  𝑅 ≥ 1 ∀ 𝑃 ≥ 341 𝑅 ≥  𝑅 ≥  𝑅 ≥ 1 ∀ 𝑃 ≥ 341 𝑅 ≥  𝑅 ≥  𝑅 ≥  𝑅 ≥ 1  ∀ 𝑃 ≥ 341 →  𝑅 ≥ 1 ∀ 𝑃 ≥ 341 →  𝑇ℎ𝑒 𝑎𝑐𝑡𝑢𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ∅ ∈  𝑄  ≥ 1 ∀  𝑃 ≥ 341 

Conclusion: 
 ∵ ∃ 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑄 ∈ 𝑃 𝑜𝑓 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑖𝑙𝑦 𝑙𝑎𝑟𝑔𝑒 𝑠𝑖𝑧𝑒 → ∃ 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒   𝑃 ≥ 341 ∴  ∃ 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑚𝑎𝑛𝑦 ∅ ∴  ∃ 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑚𝑎𝑛𝑦 𝐻 ∴  ∃ 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑚𝑎𝑛𝑦 𝑡𝑤𝑖𝑛 𝑝𝑟𝑖𝑚𝑒 𝑝𝑎𝑖𝑟𝑠 

 𝑄. 𝐸. 𝐷. 
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