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Abstract

In this paper, we have made an attempt to discuss the role of octonions in gravity and dark
matter where, we have described the octonion space as the combination of two quaternionic spaces
namely gravitational G-space and electromagnetic EM-space. It is shown that octonionic hot dark
matter contains the photon and graviton (i.e. massless particles) while the octonionic cold dark

matter is associated with the W=, Z° (massive) bosons.

1 Introduction

The Standard Model (SM) [1I]-[5] of particle physics summarizes all [6]-[I1] we know about the funda-
mental forces of electromagnetism, as well as the weak and strong interactions [I12] (without gravity).
The Standard Model consists of elementary particles grouped into two classes [12]: bosons (particles
that transmit forces) and fermions (particles that make up matter). The bosons have particle spin that
is either 0, 1 or 2. The fermions have spin 1/2. On the other hand, particle physics strives to identify the
building blocks of matter and describe the interactions that bind them: the set of instructions needed
to create a universe. Our most succinct and (we believe) accurate set of instructions is encapsulated
in a quantum field theory [T}, B, 4] called the Standard Model, which describes a universe [I3] made up
of six types of quarks and six types of leptons, bound together by three fundamental forces: strong,
weak, and electromagnetic. The standard model is a relativistic quantum field theory [II, 2, B] that
incorporates the basic principles of quantum mechanics and special relativity. Like quantum electrody-
namics (QED) the standard model is a gauge theory [14]. However, with the non-Abelian gauge group
SUB)c ® SU(2), ® U(1)y instead of the simple Abelian U(1).,, gauge group of QED. The gauge
bosons are the photons mediating the electromagnetic interactions, the W=+ and Z° bosons mediating
the weak interactions [I2], as well as the gluons mediating the strong interactions [2] [B [12]. Gauge
theories can exist in several phases: in the Coulomb phase with massless gauge bosons (like in QED),

in the Higgs-phase with spontaneously broken gauge symmetry [I4] and with massive gauge bosons



(e.g. the W* and Z° bosons), and in the confinement phase, in which the gauge bosons do not appear
in the spectrum (like the gluons in quantum chromodynamics (QCD)). On the other hand, The Stan-
dard Model was formulated in the 1970s and tentatively established by experiments in the early 1980s.
Nearly three decades of exacting experiments have tested and verified the theory in meticulous detail,
confirming all of its predictions. Thus, the Standard Model of particle physics is the most successful
theory of nature in history, but increasingly there are signs that it must be extended by adding new
particles that play roles in high-energy reactions |15} [16].

Despite being the most successful theory of particle physics to date, the Standard Model is not
perfect [I7, I8]. The deficiencies of the Standard Model on the bans of experimental observations

which are not yet explain, are described as

» The standard model does not provide an explanation of gravity [L9]. Moreover it is incompatible

with the most successful theory of gravity to date, general relativity.

» Cosmological observations tell us that the standard model is able to explain only about 4% of the
energy present in the universe. Of the missing 96%, about 24% should be dark matter [20], i.e.
matter that behaves just like the other matter we know, but which interacts only weakly with the
standard model fields. The rest should be dark energy, a constant energy density for the vacuum.
Attempts to explain the dark energy in terms of vacuum energy of the standard model lead to a

mismatch of 120 orders of magnitude.

» According to the standard model the neutrinos are massless particles [21]. However, neutrino
oscillation experiments have shown that neutrinos do have mass. Mass terms for the neutrinos
can be added to the standard model by hand, but these lead to new theoretical problems [21].

(For example, the mass terms need to be extraordinarily small).

» The universe is made out of mostly matter. However, the standard model predicts that matter
and anti-matter [22] should have been created in (almost) equal amounts, which would have

annihilated each other as the universe cooled.
The standard model is also incomplete with respect to theoretical problems associated with

» Hierarchy problem — the standard model introduces particle masses through a process known
as spontaneous symmetry breaking caused by the Higgs field. Within the standard model, the
mass of the Higgs gets some very large quantum corrections due to the presence of virtual particles
(mostly virtual top quarks) [23]. These corrections are much larger than the actual mass of the
Higgs. This means that the bare mass parameter of the Higgs in the standard model must be fine
tuned in such a way that almost completely cancels the quantum corrections. This level of fine

tuning is deemed unnatural by many theorists.

» Strong CP problem — theoretically it can be argued that the standard model should contain
a term that breaks CP symmetry [24] —relating matter to antimatter— in the strong interaction
sector. Experimentally, however, no such violation has been found, implying that the coefficient

of this term is very close to zero. This fine tuning is also considered unnatural.

» Number of parameters — the standard model depends on 19 numerical parameters. Their
values are known from experiment, but the origin of the values is unknown. Some theorists have
tried to find relations between different parameters, for example, between the masses of particles

in different generations.



On the other hand, the two fundamental mathematical structures (division algebras) a physicist uses
in his everyday life are the real (R) and the complex (C) numbers. Complex numbers are described as
pairs of real numbers with a specific multiplication laws. One can however go even further and build
two other sets of numbers, known in mathematics as quaternions (H) [25] and octonions (Q) [26]. The
quaternions, formed as pairs of complex numbers are non-commutative whereas the octonions, formed as
pairs of quaternion numbers are both non-commutative and non-associative. The four sets of numbers
are mathematically known as division algebras. The octonions are the last division algebra, no further
generalization being consistent with the laws of mathematics. So, there exists four normed division
algebras [27]: the real numbers (R), complex numbers (C), quaternions (H) [25] 28], and octonions (Q)
[26, 29]. Thus octonions are regarded as a super-set of quaternions in the same way that quaternions

are a super-set of complex numbers, i.e.
» Scalars are represented by 1 number.
» Complex numbers are represented by 2 numbers (1 real and 1 imaginary).
» Quaternions are represented by 4 numbers (1 real and 3 imaginary).

» Octonions are represented by 8 numbers (1 real and 7 imaginary).

2 Octonion Definition

An octonion x is expressed [30, [3T] as a set of eight real numbers

x = (Tg, T1y...., T7) = To€o + T1€1 + Toea + Tze3 + Taey + Tres + Tees + Tre7
7
= moeo—l—ZmAeA (A=1,2,...,7) (1)
A=1
where e4(A = 1,2, .....,7) are imaginary octonion units and eq is the multiplicative unit element. The

octet (eg,e1,ea,e3,€eq, €5, €6, €7) is known as the octonion basis and its elements satisfy the following

multiplication rules

eo =1, eoea =eaeg =ea eaep = —0apeg+ fapcec. (A, B,C=1,2 ... 7) (2)

The structure constants fapc are completely antisymmetric and take the value 1 i.e. fapc = +1 =
(123), (471), (257), (165), (624), (543), (736). Here the octonion algebra O is described over the algebra
of rational numbers having the vector space of dimension 8. Octonion algebra is non associative and
multiplication rules for its basis elements given by equations are then generalized in the following
table:



L [er [ es [ea [es [ [ e ]
e[ 1 [ e [—eafl er [—ea] es [ —eu]
L2 —es [ 1] e [ es [ er [—ea] —es]
Les [l es [—er ][ 1] —es[ ea [ er | —eo]
Lea[—er [ —esl s [ 1 [-es] e | 1]
Les [ es [—erl—eafes [-1]-e] e |
Lo [[—es [ ea [—er[—eaex [ 1] es]
Ler[ea [es [ o [—er[—ea[—es | 1]
lea, eB] = 2fapcec; {ea, ep} = —dapeo; ealepec) # (eaen)ec; (3)

where brackets [ | and { } are used respectively for commutation and the anti commutation relations

while d4p is the usual Kronecker delta-Dirac symbol.Octonion conjugate is thus defined as,

x = Tp€p — T1€1 — X9€g — I3€3 — T4€4 — X5€5 — T — Tr€7

An Octonion can be decomposed in terms of its scalar (Sc(z)) and vector (Vec(x)) parts as

1 1 d
Sc(z) = 5(:10 +z)=1x9; Vec(z)= i(x —-I) = Z rA€A (5)
A=1

Conjugates of product of two octonions and its own are described as

@y) = yz; (2) == (6)

while the scalar product of two octonions is defined as

1 1
7 _ _ _ _
(0,y) =Yheg Tate=3@g+ys) = 3(@y+y2) (7
which can be written in terms of octonion units as
1 o . 1. _
(ea,ep) = 5(6,463 +epéa) = §(€A€B +€gea) = daB. (8)

The norm of the octonion N(z) is defined as



7
N(z)=Tzx =zZ :Zzieo (9)
a=0

which is zero if x = 0, and is always positive otherwise. It also satisfies the following property of normed

algebra

N(zy) =N(z)N(y) = N(y)N(z). (10)

As such, for a nonzero octonion z , we define its inverse as

1 T
= 11
which shows that
el =zl =ley (vy) t=y ltah (12)

3 Octonion Gravitational and Electromagnetic interactions

Let us identify the octonion space (eight dimensional) as the combination of two quaternionic spaces
namely associated with the gravitational interaction (G-space) and electromagnetic interaction (EM-

space) [32, [33]. So, we may write the octonionic (gravitational-electromagnetic) space as

0= (ngspace P Oemfspace) — ((607 €1, €2, 63) 3 (64, €5, €6, 67)) 5 (13)

where (Og_space) is octonionic gravitational space consists eq, e1, €2, e3 octonion basis and (Oem—space)

is octonionic electromagnetic space consists ey, €5, €g, €7. S0
O:(60,61,62,63,@4,65,@6,67) = (Og+oem)- (14)

Any physical quantity X € O may be written as

X = Xg + Xem :(Xgoeo + Xglel + X9262 + X9363) + (Xemoe4 + Xemle5 + Xemgef} + Xem;;@?)
3 3
:Zngej +672Xemj6j' (15)
=0 =0

Accordingly, the octonion differential operator [ [34] [35] [36] also may be written as the combination

of the two quaternionic space (G-space & EM-space) [32] in the terms of eight dimensional space as



L= Elg + Uem :(89060 + 89161 + 89262 + 89363) + (8emoe4 + 8em1 es + 86771266 + aem367)
3 3
:Z@Qjej +€7zaemj€j. (16)
=0 =0

Thus, the octonion conjugate of equation may then be written as

=0y 4 Hem =(0goe0 — gy €1 — Ogp2 — 0ys€3) + (—Oemo€s — Oemy €5 — Oemy€6 — Oems7)

3 3
:89060 - Z 8gjej —e7 Z 8emj €j. (17)
j=1 7=0

Accordingly, the octonion valued potential, in eight dimensional formalism may also be written as the

combinations of two four dimensional quaternionic spaces (i.e. G-space and EM-space) as

V= (‘/_117 ‘/em) :((‘/07‘/17‘/27‘/3)7 (V47V57‘/65V7))
= ((ng Vgu ngvvgs) ’ (Vemw Vemy s Vema s Vema)) ) (18)

which can further be reduced to
\Y :(Vgoeo + Vg161 + ng€2 + Vg3e3) + (Vemo€4 + Vem1 es + Vem266 + Vem367)

3 3
=Y Vyejterd Vemes. (19)
j=0 Jj=0

As such, we may obtain the octonion potential wave equation for gravitational-electromagnetic space
by operating [J given by equation to octonion potential V in the following manner,

=e0{(0go Vgo + Og1 Vgy + 0y Vg + g3 Vs
+e1{(0go Vg1 — g1 Vo — 0go Vgs + Ogs Vs
+ea{(0go Vs — gy Vo + 0gy Vs — 095 Vs
+e3{(0go Vs — 0gs Vgo — Ogy Vg + agzvgl

( Oemg Vemo + Oemiy Vemy + Oems Vems + Oems Vems) }
(
(
(
+ea{(Bgo Vemgy + Ogy Vems + Ogy Vemy —
(
(0
e

—emo Vems + Oemy Vems — Oema Vemy + Oemg Vem) }
—0emg Vems — Oemy Vems + Oems Vemg + Oems Vemy ) }
—emy Vemo + Oemo Vem; — Oema Vems + Oemy Vems ) }
)+ (—0emo Vgo + Oemy Vs — Oems Vg — Oems Vi) }
+es{(0go Vemy — Ogy Vemy + Ogy Vems + 893Vem0) (=0emy Vo — Oemo Vs + Oema Vg — Oems Vg, ) }
+e6{ )+ (= )
)+ (= )

+er{

90 cﬂw + 891 Vﬁﬂn 892 Vemo + 6‘93 VEM3
ems 891 Vemo - 892 Veml 893 Vem2

+
+
+ (—0ems Vg + Oemo Vgy — Oemy Vg — Oems Vys)}

+ (—0ems Vg + Oemo Vay + Oemy Vo + Oema Vs )} (20)

which can further be reduced to

i
<
[

F:((FOaF17F27F3)7(F4vF5aF67F7))7 (21)



where F(Fy, F1, Fy, F3, Fy, F5, Fs, F7) is also an octonion reproduces the field strength of generalized

gravitational-electromagnetic fields of dyons. Thus, we may be express F as

F:Fg—i_Fem:((Fganglvng?F) (FemovFemlvFEmerms))
=(Fyoeo + Fg,e1 + Fy,ea + Fysez) + (Femoea + Femy €5 + Fem,e6 + Femger), (22)

where the component of F (Fy,, Fy,, Fy,, Fgs, Femg, Femy , Fems, Fems) are expressed as

Fgo ={(990 Vo + 991 Va1 + 095 Vs + g3 V) + €7(=0ems Voo + Oemo Vg + Oemy Vs + Oemay Vs )}

Fg, ={(0g0 Vg1 — 891 Vigg — Ogo Vgs + 0g3 Vo) + €7(—0emo Vo + Oemy Vgz — Oems Vs — Oems Vgr

Fg, ={(0g9 Vg — Ogo Vo + gy Vg — 893 Vg, ) + €7(—0emy Vgo — Oemo Vs + Oems Vg, — Oems Vo

Fgy ={(0g9Vgs — 093 Vo — Og1 Vo + 0y Vg, ) + €7(—0ems Vg + Ocmo Vs — Oemy Vg, — Oems Vs )}
Femg ={(8g¢ Vemo + 8¢y Vems + Ogo Vema — Og3 Vemy ) + €7(—0emo Vems + Oemy Vema — Oemo Vemy + Oems Vemo )}
Fem, ={(8g0Vem, — 0gy Vems + gy Vems + Og3 Vemg) + €7(—0emo Vems — Oemy Vems + Ocms Vemo + Oems Vemy )}
Femy ={(9g Vema + 991 Vem; — 9g; Vemg + 9g3 Vems) + €7(—09emy Vemg + Oemo Vem; — Oema Vemy + emz Vem, )}

Femg ={(8go Vemg — g1 Vemg — 9gs Vemy — g3 Vems) + €7(Demq Vemo + Oemy Vemy + Bems Vems + Gemg Vems)}  (23)

( )
( )
( )
( )
( )
( )+
( )+
( )+

using the Lorentz Gauge conditions in the equation , ie. Fyy = Femy = 0. Thus, equation

may be written as

F=F,+ F., =(Fye1 + Fyg,ea + Fy e3) + (Femg€a + Fem, €5 + Femses). (24)

Here, the first term (F, = Fy,, Fy,, Fy,) is defined as the field strength of the gravitational interaction
in G-space while the second term (Fepn, = Femgs Femys Fem,) 1S associated with the field strength of
the electromagnetic interaction in EM-space. Hence, we may obtain the octonionic field equation in

gravitational-electromagnetic space on applying the differential operator to equation (24) as

UF =— 60{(891Fg1 + 0y, Fg, + 393Fg3) + (Oemo Femo + Oems Fem, + Oemsy Fems, )}

+e1{(9go Fyy + 0y, Fgy + 0gs Fg,) + (—Oemy Femy + Ocmz Femy — Oemg Fem,) }
+e2{(9go Fy, — 0y, Fgy + 0gs Fg,) + (—O0emy Femg + Oemo Fems — Oema Femy )}
+e3{(0gy Fgs + 0g, Fyy — 09, Fg,) + (—Oemo Femy + Oemy Femo — Oemy Fems) }
+ea{(9go Femo = 0go Femy + Ogs Fem,) + (=0em, Fos + Oemy Foy + Oems Fg))}
+e5{(0go Fem, + gy Fem, — 893 Femgy) + (=0emy Fgy + Oemg Fyy + Oems Iy, ) }
+e6{(9g Fems — Ogy Femy + 0y Femy) + (—0emo Fgy + Ocmy Fgy + Ocms Fy;)}
—|—e7{(8glFem0 + O0gy Fem, + O0gs Femsy) + (—0emo Fgi — Ocmy Fgy — Oem, Fyy)}- (25)

which is further reduced to the compact notation in terms of an octonionic gravitational-electromagnetic

space as

OF = J= ((JO;JI;J27J3)7 (J47J57J67J7))a (26)



where J(Jo, J1, Jo, J3, Ju, J5, Jg, J7) is also an octonion reproduces the field current source of dyons. So,

it may be expressed as

a]] (J()aJ17J27J37J47J57J67J7)

(Jg g)0 + J(emfem)o)eO
(Jg 91 + J(em em),
(

+

Jer
T (Jg-g), T Jiem—em), )e2
+(Jtg-g), + Jem—em), )es
HJem—g)y T J(g—em), ) €4
(J(em 9)1 +J(,] em)1)65
F(Jem—g), + J(g—em), €6
)

+(Jem—g), + Jg—em), )er- (27)

Here Jig_g), Jiem—em)> J(em—g)s J(g—em) are defined for the octonionic current source respectively for

gravitational-gravitational, electromagnetic-electromagnetic, electromagnetic-gravitational, gravitational-

electromagnetic interaction [32], 33| 34, [35] B6]. As such, the components of octonionic current source

J are described as

J(g—g) (391 y + 0go Fgy + 893Fg3)a J(em—em)o = (OemoFemo + Ocms Femy + OcmaFem,);

Jig—g), =(O0goFgy + 09y Fgs + 095 Fg,)s  Jiem—em), = (—=0emy Femy + Ocmy Fem, — Oems Femy);

Jg-9), = g0 Fg = 091 oo + 8g3F s Jem—em), = (=OemaFemq + Oemo Fema — Oems Fem, );

Jig-9), (890 s +0g Fg, — 04, Fy,), Jem—em), = (—OemoFems + Oemy Femy — Oems Fems );
Tem—g)y =(0go Femo — Ogo Femy, + agsFeml), Jig—em)y = (—Oemy Fyy + Oemy Fyy + aemgFgl)
J(em—g), :( Femy + 0, Femy — OgsFemg)s  J(g—em), = (—0ems Fgy + Oemo Fygs + Ocms Fy, )3
Jem—g), =(OgoFems — Ogy Fem, +892Femo)a Jig—em), = (—OemoFgy + Oem, Fy +3em3F3),
J(em—g), :(5‘g1ch0 + Ogo Femy + 0gsFems),  Jg—em), = (—0emoFgr — Oemy Fygy — Oem, Fyy);  (28)

which are analogous to the generalized Dirac-Maxwell’s (GDM) equations in presence of gravitational-
gravitational (G-G), electromagnetic-electromagnetic (EM-EM), electromagnetic-gravitational (EM-
G), gravitational-electromagnetic (G-EM) interaction.

Consequently, the octonionic radius vector (R = Ry, Ry, Ro, Rs, R4, Rs, R, R7) is defined the combina-

tion of two quaternionic space in the following manner,

R :(R07 R17 R27 R3) 9 (R47 R57 R67 R7)
:(RQEQ + Rie1 + Roes + R363) + (R4€4 + Rses + Rgeg + R7€7). (29)

which yields the velocity (v) in the octonionic (gravitational-electromagnetic) representation as

OR 0
v :E e (Roeo + Rie1 + Roes + R363) (R4€4 + Rses + Rgeg + R767)}
=(voep + vier + vaes + vzes) + (vseq + vses + vees + vrer), (30)



we may also described the charge and mass [33] of the particle in octonionic space as

Jig-9)y = Qug-g)¥0r  Jem—em), = Q(em—em),0;
Jg-9), = Qo—9),15  Jlem—em), = Qlem—em), V13
Jig-9), = Quo—9),v20  Jlem—em), = Qem—em),V2;
Jg-9), = Qug-9),V30  Jlem—em), = Q(em—cm),V3;
Jem—g), = Qem—g), V1, J(g—em), = Q(g—em), V43
Jem—g), = Qem—g),V5:  J(g—em), = Q(g—em), U5}
Jem—g), = Qem—g),V6,  J(g—em), = Q(g—em),V6;
Jem—-g), = Qem—9),07  Jig—em), = Qg—em), V7 (31)

where Q(g—g), Q(em—g)> @(g—em) are respectively denoted the “Mass” of the gravitational - gravitational
(G-G), electromagnetic - gravitational (EM-G), gravitational - electromagnetic (G-EM) interactions
while @Q(em—em) represent the “Charge” of the electromagnetic - electromagnetic (EM-EM) interaction.
So, the Q(4—g),Q(em—g)s Q(g—em) a0d Q(em—em) Tespectively describe the “Generalized mass” and “Gen-
eralized charge” [33]. From the equations , and , we may obtain the four-type of subfields

in the octonionic electromagnetic-gravitational fields [32] [33] as

» Gravitational-Gravitational (G-G) subfield.
» Electromagnetic-Gravitational (EM-G) subfield.
» Electromagnetic-Electromagnetic (EM-EM) subfield.

» Gravitational-Electromagnetic (G-EM) subfield.

Thus, from above four subfields, we have describe the octonion dark matter in the following section.

4 QOctonion Dark Matter

The Dark Matter [20, 22] is a type of matter hypothesized to account for a large part of the total
mass in the universe. Dark matter cannot be seen directly with telescopes which is neither emits nor
absorbs light or other electromagnetic radiation at any significant level. Instead, its existence and
properties are inferred from its gravitational effects on visible matter, radiation and the large scale
structure of the universe. The majority of dark matter in the universe cannot be baryons, and thus
does not form atoms. It also cannot interact with ordinary matter as electromagnetic forces, i.e. the
dark matter particles do not carry any electric charge. The nonbaryonic dark matter may include the
photon, graviton, intermediate bosons and neutrinos, or supersymmetric particles. Unlike baryonic
matter, nonbaryonic dark matter does not contribute to the formulation of the elements in the universe
as its presence is revealed only via its gravitational attraction. Thus, the nonbaryonic dark matter
[20] 2], 22] is evident through its gravitational effect only. There are two type of nonbaryonic dark
matter respectively defined as hot dark matter and cold dark matter. Here, we have made an attempt

to express the nonbaryonic dark matter in terms of octonion representation in the following subsections.

4.1 Octonion Hot Dark Matter (OHDM):

Octonions hot dark matter assumed to compose of particles that have zero or near-zero mass. The spe-

cial theory of relativity requires that massless particles move at the speed of light while near-zero mass



particles move at nearly the speed of light. Thus, the octonionic hot dark matter may be associated with
the gravitational-gravitational (G-G) and electromagnetic-electromagnetic (EM-EM) subfields. Thus,
the octonionic hot dark matter (OHDM) includes the photon and graviton. As such, we may write the
quantum equation for octonionic hot dark matter in terms of potential, field and current equations. So,
the potential wave equations from and , may be written in the quaternionic (G-G) space as

DQXQ :(69060 + a9161 + 89262 + a9363) : (Xgoeo + Xglel + X9262 + nge?))
=Vig=9)00 + Vig—g), €1 + Vig—g)2€2 + Vig—g)s€3, (for G-G space) (32)

which may further be written for EM-EM sector as

|:lem)(mn :(aem0€4 + é’)eml €5 + aemgeﬁ + a(:'7’17.367) : (Xemoe4 + Xem1 €5 + Xeerﬁ + Xem367)
:Vv(emfem)oeo + Vr(emfem)lel + Vv(emfem)geQ + Vv(emfem)3637 (fOY EM-EM Space) (33)

Thus, equations and reduces to

EQVQ =(9go€0 — Og,€1 — Og,e2 — Og€3) - (Vgoeo + Vg, e1 + Ve + Vgyes)
=Flg—g)n€0 + Flg—g), 1 + Fg—g),€2 + F(g—g),€3, (for G-G space) (34)

and

EemV:zTn :(*aemoeél - 8em,l €5 — aern;ze6 - aem;;e’?) . (V:smoe4 + Vveml €5 + Vemgeﬁ + ‘/cm367)
:F(em—em)oe() + F(em—em)lel + F(em—em)geQ + F(em—em)ge?n (fOT EM-EM space) (35)

Accordingly, the field source equations from and , are respectively described as

BgFg =(0gp€0 + Ogy€1 + g2 + Ogye3) - (Fyoeo + Fy e1 + Fy,ea + Fyes)
=J(g—g)0€0 + J(g—g). €1 + J(g—g).€2 + J(g—g),€3, (for G-G space) (36)

and

DemFl'im :(aemoeél + 8eml €5 + aemgeﬁ + aem;;e?) . (Femoe4 + Fem1 €5 + F€m266 + Fem3e7)
:J(em—em)oe() + J(em—em)lel + J(em—em)geZ + J(em—em)363~ (fOT EM-EM space) (37)

These two equations , describe the generalized Dirac-Maxwell’s equations of dyons in terms
of octonionic hot dark matter comparizing gravitational-gravitational (G-G) and electromagnetic-
electromagnetic (EM-EM) interactions. Hence, we may conclude that the quantum equations for
octonionic hot dark matter (i.e. photon and graviton) are expressed in the terms of quaternionic

representations of octonions.

4.2 Octonion Cold Dark Matter (OCDM):

Like wise, the octonions cold dark matter may be described as the composition of the massive ob-
jects moving at sub-relativistic velocities. So, the difference between the octonions cold dark matter
(OCDM) and the octonions hot dark matter (OHDM) is significant in the formulation of structure,

because the velocities of octonions hot dark matter cause it to wipe out structure on small scales.

10



Thus, the octonions cold dark matter is associated with the electromagnetic-gravitational (EM-G) and
gravitational-electromagnetic (G-EM) subfields. Hence, the octonions cold dark matter (OCDM) is
assumed to include intermediate particles (i.e. W*, Z° particles). So, we may write the quantum equa-
tions for octonions cold dark matter in terms of potential, field and current equations. The potential
wave equations from and may then be written respectively as

Deng :(aem064 + 8emle5 + aem266 + 8em3€7) . (Xgoeo + Xglel + X9262 + ngeg)
=Viem—g)o€4 T Viem—g)1€5 + Viem—g)2€6 + Viem—g)s€7, (for EM-G space) (38)

and

By Xem =(0go€0 + g, €1 + Og,e2 + 9yse3) - (Xempes + Xem, €5 + Xem,e6 + Xemszer)
=Vig—em)o€0 + Vig—em),€1 + Vig—em)o€2 + Vig—em)s €3 + Vig—em)u€a + Vig—em); €5
+ Vig—em)s€6 + Vig—em),€7. (for G-EM space) (39)

Accordingly, the field equations from and are respectively described as

HemVy =(0emg€a — Oemy €5 — Oems€s — Oemger) - (Vgoeo + Vgye1 + Vgyea + Vyes)
:F(em—g)oe4 + F(em—g)le5 + F(em_g)2€6 + F(em—g)ge77 (for EM-G space) (40)

and

EQVEW :(89080 - 89161 - 89262 - 8g363) : (‘/emoeék + Vem1 es + ‘/emzeﬁ + ‘/vemg,e?)
:F(g—em)oeo + F(g—em)lel + F(g—em)262 + F(g—em)363 + F(g—em)4e4 + F(g—em)565
+ Flg—em)s€6 + Flg—em).€7. (for G-EM space) (41)

On the other hand the field source equations and are expressed as

ElemFg :(aemoe4 + 8em1 es + 3@7”266 + aem367) : (Fgoeo + Fg1 e1+ F92€2 + F9363)
=J(em—g)0€4 T Jem—g)1€5 T J(em—g)»€6 + J(em—g)s€7, (for EM-G space) (42)

and

By Ferm =(0goe4 + Og 5 + g, €6 + Ogge7) - (Fgoeo + Fgre1 + Fgyea + Fyyes)
=J(g—em)o€0 T J(g—em) €1 + J(g—em)s€2 + J(g—em); €3 T J(g—em)s€a + J(g—em)s €5
+ Jig—em)s€6 + J(g—em)-€7. (for G-EM space) (43)

These equation on simplification, describe the generalized Dirac-Maxwell’s equations of dyons for oc-
tonionic cold dark matter in the presence of electromagnetic-gravitational (EM-G) and gravitational-
electromagnetic (G-EM) interactions. So, the quantum equations for octonionic cold dark matter (i.e.
W+, Z° particles) may easily be expressed in the terms of simpler and compact notation of octonions
representations.

Thus, the nonbaryonic dark matter is evident through its gravitational effect only. Octonions
hot dark matter is composed of particles that have zero or near-zero mass. So, the octonionic hot
dark matter (OHDM) includes the photon and graviton. As such, we have established the various

quantum equation for octonionic hot dark matter in terms of potential, field and current equations
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given by equations ([32))-(37). It is concluded that the quantum equations for octonionic hot dark matter

(i.e.

photon and graviton) are expressed in the terms of quaternionic representations of octonions.

Accordingly, the octonions cold dark matter has been described as the composition of the massive

objects moving at sub-relativistic velocities. Hence, the octonions cold dark matter (OCDM) includes

the intermediate particles (i.e. W, Z° particles) may easily be expressed in the terms of octonions

representations. So, we have established the quantum equations for octonions cold dark matter in terms
of potential, field and current equations given by equations —.
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