On the Complexity Approach to Economic Development

By Sabiou Inoua*

Abstract The standard approath economic growth and development consists of Biyipy the products and
the inputs of an economy to aggregate variablesP @&bor and capital, thus overlooking the compiexrif
modern economies. Recently, two authors, HausmadnHidalgo, initiated an alternative framework wder
complexity is precisely the key concept, for itdentified to be the driving force behind economiévelopment:
rich countries have complex economies, and theyenpakducts that reflect this complexity. The aimtlus
paper is threefold. First, we discuss some coneémnd empirical limitations of the standard thesyiin
particular the aggregation problem they suffer fr@&acond, we make a succinct presentation of theplaxity
approach as an alternative account on economiclajgwent. Finally, we use a simple model to explia
phenomenon of divergence and poverty trap, buildingdeas developed by the authors. This modelvallwr
more: it provides a rationale for the interpretatad ECI as a measure of the productive knowledgkesided in
an economy (i.e. the number of capabilities it hasd its confrontation to the data will make itspible to
compute the number of capabilities for each couctryppatible with its observed ECI.
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1 Introduction

One of the striking facts about the world econosthie disparity in the economic prosperity
of nations: while few of them make the bulk of wbdroduction, many others are struggling
just to take off. Explaining why this is so is tbentral question in development economics.
To address it, the standard theories of econonoie/tlyr start by recognizing the following: to
produce more output, a country needs more inpaisietylabor andcapital, or a better use
of the available inputs (“productivity”). Thus, ey model production as a map between
aggregate inputs and aggregate output: this isthealledaggregate production function
Then, the problem is to assess empirically the néxte which the observed level (or the
variations) of income per capita can be explaingthk accumulation of the aggregate inputs;
the unexplained portion, interpreted as an efficyeterm, is usually referred to as Total
Factor Productivity or TFP.

Aggregate capital, or K, represents the total valuall the productive goods and facilities in
an economy (machinery, equipment, buildings, itftecsures, etc.); aggregate labor, or L,
corresponds to the labor force, i.e. the portiothefpopulation that either work or is available
for work. For simplicity, one usually assumes tlié economy produces one single
commodity.

Therefore, the fundamental feature of this view esndown to one wordaggregation
Indeed, it extends the neoclassical theory of ra’éirproduction to the economy as a whole,
by aggregating over the inputs and by simplifyimgak output to one commodity. The
economy as a whole is regarded as a nationwiderfatitat uses total inputs to produce total
output. Formally, if Y denotes aggregate outpug amites, in the simplest forny=F(L, K).
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A second aspect of this approach, particularlysrmost advanced formulations, corresponds
also to an extension of the neoclassical logih&orhacroeconomy: it consists of simplifying
collective rationality (i.e. the behavior of millie of people, firms and organizations) by
collapsing it to the decision making of onepresentative agentAll moves in a precise
direction as if there were a super-coordinatorharge. In fact, this simplification is a second
form of aggregation, relating this time to agents.

Aggregation induces a serious problem becauseetiayks an important feature of modern
economies, namely}complexity diversity of goods and heterogeneity of agenthisT
observation motivated the proposal of an altereatramework by Hausmann and Hidalgo
(HH 2009; HH 2011; HH et al. 2011). In this approacomplexity is precisely the key
concept for it is identified to be the driving ferdehind economic development: rich
countries have complex economies, and they makdupts that reflect this complexity.
Borrowing concepts from network theory, the authdesermined a way of defining and
measuring the complexity of economies; the resylinetric is called Economic Complexity
Index or ECI. This is a remarkable achievement bgea(i) ECI accounts for much of the
cross-country differences in income per capitg; i(ipredicts the future growth of nations;
and (iii) it explains the puzzling fact above-mengd, namely the spectacular long run
growth of some countries concomitantly with thdidifity of others to catch up. Technically,
this latter issue is referred to as the problemiwérgence

The aim of this paper is threefold. First, we elalt® on the conceptual and empirical
limitations of the standard theories (section Bcdhd, we make a succinct presentation of
the complexity approach as an alternative accomnteanomic development (section 3).
Concepts introduced includmpabilities diversificationand ECI. The authors defined ECI
through an iterative procedure referred to as ‘tiethod of reflections”. In this paper,
however, we adopt a slightly different—although muitally equivalent—formulation of
ECI. The advantage of this reformulation is thatvbids some mathematical difficulties
discussed in the appendix (A.3). Finally, we usenaple model to explain the phenomenon
of divergencdsection 4), building on ideas developed in Hausmeamd Hidalgo (2011). The
model allows more: it provides a rationale for theerpretation of ECI as a measure of the
productive knowledge embedded in an economy fieenumber of capabilities it has), and its
confrontation to the data will make it possiblectonpute the number of capabilities for each
country compatible with its observed ECI.

2 The dominant approach to economic growth

2.1 The aggregation problem

The fundamental problem with aggregation is thgtrésupposes the aggregate entities as
functionally identical and thereby perfectly subhgfble. Consider, for example, the
implication of the very concept afygregate stock of capitabuppose for simplicity that there
are two different types of capital goods, say computers and buildings, andeconomy
possessing; and K, worth of them respectively so thatk,+K,. Because all what matters is
the sunmk+K, that inputs the functior(), the composition of the country’s stock of capisal
completely ignored. In order words, an economy &rmatb with, say, $10billion worth of
buildings and $10billion worth of computers willrpm the same way as another endowed



with 20$ worth of buildings and 0$ worth of compsteA mathematical way of making this
rather obvious point is to observe the following:
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stating that two different types of capital inpirtsrease the level of production in exactly the
same way. This aggregation problem holds for threept oflabor as well.

More generally, the aggregate mappwg(L,K) overlooks the diversity of:

* Outputs(Y): in the real world, there are hundreds of diffeq@oducts, made by different
firms, using different production procedures, ubgdconsumers to satisfy different kinds
of needs, and, more importantly, requiring différeset of inputs and productive
knowledge. TheuN Standard International Trade ClassificatiahT€), for example,
counts about 772 different products (4-digit cadejsion 4). More disaggregated product
classifications also exist, like the World Custo@rganization Harmonized Systems],
listing about 5,000 commaodity groups (6-digit cade)

e Labor inputs(L): the labor force of a country is also heterogeseounature: there are
technicians, architects and engineers, specialinin@rious domains; factory employees,
accountants, marketers; scientists of many branchkasowledge; etc. For example, the
US Bureau of Labor Statistics’ Standard Occupa@tassification contains 840 different
occupations (2010). Clearly, two countries havinffjetent compositions of the labor
force are not expected to have the same econoapectory.

» Capital goodsgK): as argued above.

2.2 The issue of collective rationality

As said earlier, the standard framework deals Wighdecision making of agents in a manner
that could be referred to as a second form of aggree simplification: theepresentative
agent The macroeconomy is made up of people, orgapisi@nd institutions, that are many
in number and heterogeneous in nature, and prqdubish are also divers&herefore, its
evolution is hardly deducible from the mere ratidgaf a decision maker, be it an individual
or an organization, representative or not; becétise whole is more than the sum of its
parts™. Using an analody DNA like all molecules is composed of atoms amthasomic
entities. To study its structure, however, molecudalogists did not have to model the
guantum mechanical behavior of the constituentiggast This possibly holds for emergent
macroeconomic phenomena as well. Thus, rationaityot what one should focus on
necessarily.

! Complexity scientists often refer to this definipmpperty of complex systems by the term “emergérte
idea that, from the interaction of the parts ofystem emerge properties that are not directly déthurom the
individual behaviors. Economists sometimes refehi® as the “fallacy of composition”.

2 This analogy is made in a conference paper by &shhann: “Taking Stock of Complexity Economics: A
Comment” (2012).



3.3 Growth empirics: a risk of spurious inferences

Aggregate variables are conceptually problemateydver, it is strongly held in economics
that one should judge a theory on its adequacy thighdata and not on the realism of its
hypotheses. Consequently, we consider the follongugstion: do aggregate variables
explain economic development? In many cases, o fa strong correlation between capital
per worker and income per worker as illustratefigri.®. Here we consider the possibility that
this may correspond in reality to a spurious catreh.

Figure 1: Income per worker (in log) vs. capital per workierlog).
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The problem is that two unrelated random variableB can strongly correlate when they are
both normalized (i.e. divided) by a third randommiaile X. This risk of spurious correlation,
attached to ratios in general, was well known #digicians more than a century ago (i.e.
since the beginnings of modern statistics), amdmgy ¢greatest ones like Pearson, who,
incidentally, developed the concept of correlatmefficient (cf. Kim (1999) or Aldrich
(1995)). Table 1 illustrates this point: the nonzation of randomly generated variables A to

E by an also randomly generated variable X aréfigicreates strongly correlated ones, A/X
to E/X.

Table 1 The normalization of randomly generated varialfle® E (left panel) by
an also randomly generated variable X artificiatlyeates strongly correlated
variables A/X to E/X (right panel). The entriestle arrays are Pearson correlations.

A B C D E A/X B/X C/X D/X E/X
A 1.00 A/X 1.00
B 0.17 1.00 B/X 0.85 1.00
C -0.03 -0.05 1.00 C/X 0.57 0.56 1.00
D 0.07 -0.15 -0.05 1.00 D/X 0.74 0.59 0.63 1.00
E 0.13 0.01 -0.04 -0.05 1.00||E/X 0.86 0.88 0.61 0.60 1.00

% The data is from Easterly and Levine (2001).



What is at stake? Relating incomper workerand capitalper workeris suggested by an
assumption usually made about the aggregate pioduitinction F¢), namely homogeneity
of degree one, generally referred tocasstant returns to scal@his says that if labor and
capital were both to double, for example, the potida will also double. More generally, for
any\ > 0:

FOAK,AL) = AF(K,L) = AY @)

This implies, by letting\ = 1/L, that income per worker is a function of capital p@rker:
Y/L=F(K/L,1). For concreteness, consider the functional form useghost empirical works,

namely the so-called Cobb-Douglas production famct(K L) = AK°L'. The
multiplicative factor Ais designed to reflect “efficiency” or the state“tdchnology” in the
economy, andy is a positive parameter verifying< 1. Generally, raw labor L is replaced by
labor adjusted for human capital or H so that AK“H'~. From this, income per capita can
be written aqY/L] =A[K/L] {H/L] "*. To measure the impact of capital and human capital

income, one takes logarithms both sides of thieedatquation, leading to the following
econometric specification:

log[Y/L] = logA ,+ 3, logIK/L] + g$ + error term (3)

for every country;. The variables is the average year of schooling in countryhich is a
proxy for the log of human capital per labor.

Thus, if the correlation betweeng[y/L] andlog[k/L] were to be an artificially increased one,
a regression like equation (3) could be misleadmgerms of causation. Moreover, the
presence of th&/L regressor might even discredit a true relationgiepveeny/L and a

potentially pertinent regressor (e.g. the educatranable S). Indeed, it is commonly
believed that education relates to inc8mget many empirical works fail to establish this
relationship: s, is either negative or not even statistically digant (see Cohen and Soto

(2007) for a review). Many explanations have bemergto these findings, such as the low
quality of the education data or a possible codlirtg problem. And if this were simply the
result of the problem above-mentioned, namely igleof a spurious correlation betwegft
andK/L? In reality, regressing ratios is a common practicgrowth empirics; for example,
some regressions include, instead ofKhe variable, a regressor of the tykgr, i.e. capital
per output.

Even disregarding this spurious correlation problemany authors, using a method called
growth or development accountingpnsider that the aggregate inputs account fame per
capita to a limited extent only (see, for instanEasterly and Levine (2001)): it is the
“something else”, the “variable” A, which represetite bulk of income per capita. In theory,
this factor is interpreted as “technical change&chnology”, “efficiency”, “total factor

* Schooling explains income because it represemis,sense, a portion of an economy’s productivevenge;
in this regard, however, economic complexity index, alternative measure of productive knowledge as
discussed later, outperforms it (see Hausmann,I¢id& al., 2011).



productivity”, etc.); however, from an economefpmint of view, this is merely a “residual’,
that is, what remains unexplained about incomecpeita once the effect of the aggregate
inputs have been left out. It is therefore a “noieasof our ignorance” and covers many
components “such as measurement error, omittechblad, aggregation bias, and model
misspecification” (Hulten, 2001).

3 The complexity approach to economic development

Opposing the previous view, Hausmann and Hidalgopgse a new framework where
complexityis precisely the central concept. One of the nestéitions of economic complexity
is thediversity of productsThe authors regard products thereforduamslamentally different
Furthermore, the difference between rich countaes poor ones lies non how muctihey
produce on aggregate, butwhatthey make.

3.1 The idea of economic complexity

Products are different in nature particularly bessathey require different types of inputs and
productive knowledge, which the authors cal@dductive capabilitiesFor example, the
production of an aircraft requires a set of physio@ans of productions (raw materials,
buildings and equipment, etc.), but more imporigral set of precise skills and expertise,
such as a knowledge in : aerodynamics; electrioaichanical and materials engineering ;
flight dynamics and control ; security analysisgmputer simulation techniques; wing
configuration ; design ; manufacturing ; administia, accounting and marketing. Because it
embodies a huge amount of productive capabiliags;oduct like an aircraft can be called a
“complex product” or a “sophisticated product”.

For a country to make such product, it has to msss#l the physical inputs and the set of
production knowledge involvédThis leads to the concept of economic complejitst as a
product requiring many capabilities was termed aniplex product”, an economy that
embeds a large amount of productive capabilitiesbeacalled a “complex economy”.

3.2 Quantifying economic complexity

The question is then how to measure economic coampld he difficulty lies in the fact that,
in practice, one cannot measure the complexity rofeaonomy (or the complexity of a
product) by directly counting the number of capébg it has (or require), because the
concept of capability is not enough unified anahdtdized; that is, there is no practical way
of enumerating capabilities which is non-arbitrafpwever, these two levels of complexity
(complexity at the level of a country and complgxét the level of a product) mutually imply
one another: a complex economy has a tendencyke nmmplex products; and conversely, a
product tend to reflect the level of complexitytbé countries making it. This fundamental

® Notice, however, the difference between these tipes of capabilities: while physical inputs can dasily

acquirable through trade, production skills areeesally non-tradable or hardly tradable. It caketalecades for
a country to acquire them, by having pre-establisthe appropriate institutions (specialized schoedsearch
institutes, laboratories, etc.) and incentives tlaailitate their accumulation. Therefore, as far economic
development is concerned, non-tradable inputs aogvledge are the most critical ones.



interdependence is what the authors use to meastoromic complexity in a simple
mathematical way. To do so, however, one needsuirderstand the type of data involved,
and some few concepts borrowed from network theory.

A. Method and data

Capabilities are “the building blocks of econom@plexity”: (i) the number of capabilities
a product requires determines its sophisticfi@nd (i) the number of capabilities an
economy has determines its complexity. Formallys tborresponds to the notion of a
network, more precisely, @ipartite network which connects countries to the capabilities
they have and products to the capabilities theyiredfig.2A).

@ ®

countries capabilifies  products countries products

Figure 2 (A) country-capability-product tripartite netwo(B) country-product bipartite network

This network is not empirically observable, becaakéhe above-mentioned reason, namely
the impossibility of a practical enumeration of abijlities. However, thdipartite network
connecting countries to the product they mekén contrast, an observable network (fig.2B).
This bipartite network is the cornerstone of thdirenframework, since from it will be
estimated the complexity of countries and produatsprder words, it can be used to
reconstitute approximately the former one.

This bipartite network, like all networks, are repented by a matrix called the adjacency
matrix: M = [m, ], where

1 if country: makes produgt

"™ =10 otherwise 4)

® Complexity and sophistication are synonymous; hamefor simplicity of exposition, we will refer to
complexity at the level of products as “producthgspcation”, and to complexity at the level of amonomy as
“economic complexity”, so that from now on we wille talking about a “complex economy”, but a
“sophisticated product”.



The data involved is simple: given a standarddigiroducts like the one in the SITC or in the
HS systems, one only needs to know, for each cpumthich products it makes (which
implies a binary data). There is however a practoastraint: such data is not yet gathered.
Instead, there is a data on what countries exphket,the one compiled by Feenstra and al.
(2005), using the SITC product classification. Vée ase this trade data as a substitute for the
one missing by assuming that the diversity of antgts export is representative of the
diversity of the products it makes in general.

Another practical consideration concerns the coaliphty of products, because (a) they are
not equally significant in a given economy (sometloém represent a great part of its
productive structure, while others are almost mggle), and (b) they are made in different
intensities from one country to another. For tieason, the authors consider in a country’s
list of products only those in which it has a certeevealed comparative advantage (RCA)
more precisely, ifRCA  is the revealed comparative advantage of countiry product;, this

reads:

1 ifRCA, > R*
"™ =10 otherwise ®)

whereR* is a threshold, typically set to unit*=1).

Unless otherwise mentioned, the matrix data constlthroughout this paper corresponds to
the one used in Hidalgo and Hausmann (2009).domsputed from the trade data by Feenstra
and al. (2005) and consists of 129 countries ar&lpr@ducts listed according to the SITC-4

product categories.

Essentially, this is all what is required for theasure of economic complexity and product
sophistication.

B. Diversification as a first approximation of economt complexity

An immediate implication of the notion of econondomplexity is the fact thatomplex
economies tend to be diversified in products, whda-complex economies make products
that on average are made almost everywhere, ieg. thake ubiquitous productEhe reason
for this is direct: because by definition they hawany capabilities, complex economies can
make almost all types of products, sophisticated] arfortiori, less sophisticated ones. From
this, it follows that the number of products thatcaintry makes, also calleliversificationor
productdiversity, is an indicator of its complexity; that is,

d?‘ = Z]’ mt) (6)

is an approximation of the economic complexity ofictry ;. The central proposition of this

theory is that rich countries have complex econspifdat were correct, the data should show
that rich countries tend to have the biggest ditsera products. This is exactly the case as
reported in table 2: the most developed econortikesGermany, United States, Italy, Spain,

" As defined by Bella Balassa.



and United Kingdom, are also the most diversifiestsy and, conversely, less developed
economies, like Burundi, Niger, Rwanda, and Camereorrespond to the smaller levels of

diversification—this, incidentally, contrasts withe classical theory of trade, which focuses
on specialization.

Even though this strongly supports the complexigwy there are apparently two slight
deviations from what is expected. First, while cows like Algeria, Oman, and Gabon are
among the bottom 10 in terms of product diverditgy are surely not among the bottom 10
in terms of income per capita. Second, a counkg [China is among the top 10 most
diversified countries, even though it is far froeirg among the richest countries in terms of
income per capita. What is interesting to obsesvéhat both points are in fact compatible
with the complexity view: the first economies am nomplex, but something else raises their
income from what is expectedatural resource’ the second countries, on the other hand,
are poorer than suggested by their diversificatlmersause it may take time for complexity to
convert into prosperity. China, for example, is agthe fastest growing economies because
it is simply converging to an income level matchitsgeconomic complexity.

Table 2The world’'s most and least diversified economigsa¢ 2000)

Top 10 countries by product diversification  Bottom 10 countries by product diversification

Country Diversiftcatiorr Rank Country Diversiftcation  Ran
Germany 357 1 Cameroon 22 119
United States 332 2 Algeria 21 120
Italy 331 3 Oman 18 121

Spain 315 4 Gambia 17 122
Austria 301 5 Rwanda 17 123
Czech Republic 295 6 Niger 17 124
Poland 287 7 Gabon 14 125
Netherlands 268 8 Central Afr. Rep. 13 126
United Kingdom 268 9 Samoa 11 127
China 244 10 Burundi 10 128

The explanatory power of diversification is evemosger when related to GDP (fig.3):
diversification explains more than 70% of the crosantry differences in GDRin log), with

natural resource based economies, however, dayifitom the expected relationship, as
previously mentioned.

8 A single product like oil was sufficient to generaigher incomes for these countries.

°All income figures used in this are from the Penorl Table Version 7.1 by Alan Heston, Robert Sumsme
and Bettina Aten (Center for International Companis of Production, Income and Prices at the Unityecs
Pennsylvania, July 2012). They are PPP figuresesged in international dollars (1$).
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On should not judge, however, a development indrcan its ability to explain total income,
but rather income iper capitaterms. In this regard, diversification, even thoagstill good
indicator, becomes less accurate (correlation=0rb, see fig.4).

Figure 4income per capita (in log) vs. product diversity.
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There are at least two reasons for this. The éirg is econometric and has to do with the
existence of a correlation between diversificateora population (about 0.3), implying that

diversification is not an intrinsic characterisbicthe productive structure of an economy, but
relates also to population: a country can make rpooducts than another not because of its
better productive capabilities, but simply becaitshas more people to make them. The
second limitation of diversification is conceptaald more important: counting the number of
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products in such a way that diversification doesie® down to assigning equal weights to
different products. The case of Japan and Slovidlkistrates this weakness: while the two
countries make exactly the same number of prodidet204), income in Japan is more than
twice that of Slovakia. This reveals an essentifiér@nce between the two economies that
diversification missed, namely the fact that Japangroducts are on average more
sophisticated than the Slovak ones.

This leads to Economic Complexity Ind@xCl), a metric free from the above limitations.

C. Economic Complexity Index (ECI)

As shown in Hausmann and Hidalgo (2Q1the country-product matrix when appropriately
rearranged hastaangular shape(see fig.5 for a stylized illustratiojVhat does this mean?
First, this triangularity summarizes the previouscdssion. Namely, there are two types of
countries: the C1 countries that are rich diversified(like Germany, the US, UK, Japan, the
Netherlands, Italy and Spain) and the C2 counftles others). On the other hand, there are
two types of products: the P1 products exclusivelgde by the C1 countries (like X-ray
machines), and the P2 products, the remainder, hwhre ubiquitous (i.e. made almost
everywhere). Thus, the P1 products are highly istipated products, and the C1 countries
have the most complex economies.

F Figure 5. The triangular shape of the country-product matim a

C 1 stylized form). The “1” at the (1,1) position, fekample, means that
L ~ countries C1 make products of type P1, while the &0the (2,0)
c position indicates that countries C2 make nondéefR1 products.

o+~ U
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But more interestingly, this empirical fact allows to indirectly quantify the complexity of
an economy and the degree of sophistication obdyamt as follows:

(i) the more complex an economy is, the more sophisticproducts it makes
(i) the sophistication of a product is related to tbenglexity of the typical country
making it.

The first property simply says that a complex ecopaoes not only make many products (as
suggested by diversification), but, more importgrits products are on average sophisticated
ones. For this definition to be operational, howgwae needs first measure the sophistication
of products, hence the second property. This lgiteperty is apparently less intuitive than
the first one. To see why it is likely to work camyway, consider a certain prodycbout
which we knew nothing but the fact that it is madecountries possessing very few
capabilities (i.e. poorly complex economies). Fribns mere information, however, we can
safely conclude that it is not a highly sophisechfproduct like an airplane or an X-ray
machine. In other words, the average complexityhef countries making a product tells
something about its level of sophistication. Moreqgsely, complexity and sophistication can
be measured as follows:

(i) the complexity of a country is proportional to theerage sophistication of the
products it makes,

(i) the sophistication of a product is proportionalthe complexity of the countries
making it.
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Notice the chicken and egg nature of the probleompdexity and sophistication mutually
define one another. There is however a mathematiaglof breaking this circularity. Here is
how.

Let ¢ measure the complexity of countryands,, the sophistication of product The
interdependence between these two variables camitben as follows:

c = ay  ws, @)
S = 0)_,wic, (8)
where the weights, andw’, are defined as:

Wi = Z]'mij 9)

wh =

TSy (10)
anda andg, some proportionality constants. Notice tlEajtw,.] =Y w, =1. These weights
can be interpreted as probabilitiestepresents the probability that, among the productde
by country: (the number of which ii}mv ), one could randomly choose the produycind,
likewise, w: represents the probability that, among the coemtmaking the produg{the
number of which isy " m, ), one could randomly choose the countryhus, ¢, corresponds

to the sophistication of the typical product magiecbuntry;, ands, reflects the complexity of
the typical country making the prodyct

Supposing there are N countries and P products, let

C=1[C |” be the N 1 vector of countriesmplexities,
s=1[g,.,3]' betheR 1 vector of produstghistications
W=(w,) be the Nx P matrix of the weights,,  and
W*=(w’,) be the Px N matriof the weightsw’,.

Then, equations (9) and (10) read in matrix form:

c=aWs (11)
s = gW+*c (12)
Using (12) in (11) and vice-versa, they simplify to
(WW*)c = Ac (13)
(W*W)s = As (14)

where\ = (a3).
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Mathematically, this says that the complexity ofommmies can be measured by an
eigenvector of the matrix WW*, and the sophisticatbf products by an eigenvector of the
matrix W*W°, The eigenvectors to use for ¢ and s are thoseciassd with the second
largest eigenvalue: among all the possible eigenvectors, they areties that correspond to
the maximum variability in ¢ and s, thereby beihg bnes that best discriminate between
countries and between products respectively. Haosmend Hidalgo defineeconomic

complexity indeXECI) andproduct complexity indefPCl) as the standardized valuescof
and s; that is:

__ C-mean(C)

ECI = and pCl= Smean(3

std(c) std(9 f15

ECI explains income per capita with an even greateuracy than product diversity (fig.6):

 the correlation between income per capita and E@bout 0.73,
* itis independent from population (correlation=dnly),
it clearly discriminates between countries that endthe same number of products like

Japan (“*JPN”) and Slovakia (“SVK”): the Japanesenetny is considered almost as
twice as complex as the Slovak is.

Figure 6income per capita vs. economic complexity indegly).
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Natural resource based economies, however, arerstiiverage richer than suggested by their
economic complexity; and countries like China, éndnd Brazil are less richer than expected
given their complexity (predicting positive growthtes for theri). In the final analysis,

9 The reader familiar with the literature on eigectee centrality may have recognized a parallel Witéinberg
centrality; see the appendix (A.2) for a discussiorthis.

" For a study of ECI as a predictor of economic ghosete Hidalgo and Hausmann (2009) or Hausmann €0dl1),
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therefore, one can conclude that rich countriegtasse whose economies are complex, even
though it may take time for this complexity to fulleflect economic well-being; otherwise,
they simply happen to be endowed with natural neessu

ECI is a purely empirical estimation of complexity;the following section, we will show,
using a simple model, that it indeed matches tlewipus theoretical definition of economic
complexity, namely the number of capabilities endsetlin an economy.

4 Explaining divergence
4.1 A simple model of how complexity builds up

The framework

Capabilitiesare the foundations of economic complexity; ad safore, they correspond to a
series of skills and physical inputs that are nemgsfor making products. One can refer to
them symbolically as, b, ¢, d, e .... A product like a word corresponds to a particular
combination of capabilities: a combination that kes sense&g j = cab) *%. In other words,
there is a coherence constraint on the combinataficapabilities, since skills and physical
inputs combine only if they areompatible and complementarghen can firms and
organizations put them together, harmoniously, takenvaluable outcomes that we call
products. The sophisticatiagnof a product istheoretically® the number of capabilities it
requires(eg s = 3, forj = cab).

Countries, on the other hand, possess specificesulag these capabilities. Similarly to a
product, the complexity of an economytisgoretically the number of capabilities it has.

The hypotheses

If products, like words, are “meaningful” combirais of capabilities, then, from a
theoretical point of view, production is essenyialproblem of combinatoricso know what
products a country will make given its endowmentcapabilities, one has to answer the
following questions:

* what are the possible “meaningful” combinationsapbabilities?
» if a combination is potentially “meaningful”, widl country possessing all the required
capabilities be able to turn it into an actual prct@

On both issues one needs to make an assumption.

2 The metaphor betwegmoductsas combinations of capabilities awdrdsas combinations of letters is also
due to Hausmann et al. (2011); this is an attemgake it seriously in terms of mathematical foratian.

13 Recall that, in practice, the number of capabtitis not a directly observable variable, makirig definition
purely theoretical.
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First issue: Of all the possible combinations etapabilities, only some portion makes sense
in terms of actual products; that is, only a parta them corresponds to skills and physical
inputs that are compatible and complementary th e#lcer, so that they can be put together
to make products. Moreover, the more capabilitieshave the more difficult it is to organize
them coherently, in the same way that it is diffica make a meaningful word out of 8, 9, 10
or more letters. Consequently, we make the folhgyassumption:

H1: If scapabilities are put together, the probabilitys) that they make a coherent whole is
a decreasing function of.

This is indeed a theoretical translation of the that highly sophisticated products are rare
(or non-ubiquitouy since they are hard to make. For reasons thatxased in the appendix
(A.1), we assume an exponentially (or geometrig¢algcaying function o and specify H1
as follows:

H1: The probability that a combination sfcapabilities makes sense as a produgtds=S.

In this form, H1 constitutes the first hypothesitgiee model. We will be contempt to justify it
here by simply pointing out that more capabilitiesplies less chances that they are
compatible with each other; however, the probabdibes not simply decrease linearly, but
rather gets reduced by a factor. More preciselyenelier we go frons to s+1 capabilities,

the probability gets multiplied by a factok 1 (again, see the appendix for a more elaborate
rationale for this specification).

One can reformulate H1 as follows: among all ﬁﬁ% s-combinations from K capabilities,

only ws(é) of them make sense as proditts

Second issue: Even when a country has all what it takes in teofinsapabilities, in the short
run, there areparticular problems that may prevent it from tugnipotentially “meaningful”
combinations of them into actual products: ignoeanaf how capabilities combine,
misallocation of resources, etc. These barriersiateternal however; therefore, as far as the
very long run is concerned (which is the case comeg economic development), we assume,
as Hausmann and Hidalgo (2011) did, that:

H2: A country will make a product provided it has aHat it takes in terms of capabilities.
In other words, the only limitation on a countrysoduction possibilities is the lack of

capabilities; this is not a light constraint howevéa country lacks even one of the required
capabilities, no production will take place. Thiargcular relationship between available

4 Notice that, contrarily tavords in the case oproductsthe order of “letters” doesn’t matter: saying that

requires the capabilitiesa-bis the same as saying that it requids-c, hence the numbe{rjé).
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inputs and possible output corresponds to a Leltyfpe production function(see Hausmann
& Hidalgo, 2011).

It is worth noticing that, from the two hypothedd$ and H2 joined, there is no reason to
considerr as country-specific: it characterizes the comloines of capabilities, and not the
considered economy.

The predictions

This simple model allows the following predictions:

P1:A country’s diversification is an exponential fuoatof the number of capabilities it has.
P2. The theoretical definition of economic complexitgincides with its empirical
counterpart, namelfeCl; in order words,ECI is indeed a good measure of the number of

capabilities a country has.

In all what follows,K stands for the number of capabilities of a countryts complexity as
estimated in the previous section, and ECI, the standardized value of Keeping in mind

that, among all theé'é) possible combinations &f capabilities chosen from K capabilities,

only ws(g) of them make sense as products, proving P1 arisl dRéct.

Proving P1: Thediversification of a country endowed with K capélgk is simply:

dZZTI‘S(}é):(l-ﬁ-ﬂ')K—l%(l-‘rﬂ')K (16)
using thebinomial theorem.

Proving P2: the economic complexity of a country has been estimategirically as the
average sophistication of the products it makesdggn(7)). The interesting question to ask
is whether one is indeed expected to be measunmgumber of capabilities of the country
by applying this empirical estimation. In other @y isECI an estimator of K? All the
previous section has proven it to be the casek:@raccounts for the observed income data.
Here we would like to provide a theoretical justifiion thereto.

Equation(7) can be viewed as a particular “reatzétof this theoretical and general formula:

¢ =a) su(9 (17)
S=1
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wherée?®:

w(s) = the probability of picking a product sophistication s out of the li

# of products of sophistication s
of products made by the count¥y =" of products in total or d (18)

and o, a positive proportionality constant. We shoulddtée to relate and K beforehand,
that is, before applying the method to a particdita.

Under the assumptions of the model, the probabilityreads:

K K K K-1
_«a Kl. s _ «a K-1)_s _ oK, - K-1) _s4 _ oK, - K-1}s*
Thereforee = 53 s{§ = = 5305 5[5 Jo* = sem ) [ )o = s (9
S=.
which simplifies to:

¢~ W(liﬂ') K (19)

using the property' |=% (X1} the change of variable = s- 1 and the binomial theorem.
S s| Sl

Because: is proportional tok, its standardization gives:

K.—K
X, = — (20)

IK

wherex.is thebeforehandECI of countryi, K.its (unobserved) number of capabilities;
the world average number of capabilities; andhe standard deviation of K.

Thus, one is expected to be indeed “counting” tbhelmer of capabilities of countries by
computing their ECI as proposed by Hausmann andlgfid

5 The relationship between the weight in (18) and weight in (7) is that the former is theoreticalda
unobservable, while the latter can be viewed asrticplar realization thereof, an operational ceupért. In
practice, products are indexed according to a givemenclature like the SITG=1, ...,772), while in this
abstract framework the natural way of indexing pad is by their sophistications. Apart from thide two
notions match.
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Interpreting the predictions

Before confronting the predictions to the real \dathta, one caa priori make the following
comments:

1. The prediction P2 constitutes a rationale for titerpretation of ECI as a measure of
the amount of productive knowledge embedded in uniry. The fact that ECI is
negative for some countries simply means, from goug0), that they are below the
average world complexifi; <K) .

2. Even more interestingly, if proven correct, P2 waillow us to determine K for each
country.

3. Finally, the exponential-type nonlinearity in thelationship between d and K
predicted in P1 is the key factor behind the dieeag in the development trajectories
of nations. This point is so important that we #vor the following subsection.

Confronting predictions to actual data
The two predictions:

for countries: = 1,...,N are not directly testable, for K is anobservabldor laten{) variable;
however, when combined, they imply a testable imahip between the two observable
variablesd and x. More precisely, the two predictions aneiegent of the following ones:

d =b-at (P
K. = K+o.X, (P2

i

where a=(1+r)’« and b=(1+)X are constants that are not directly observable, damt be

estimated using a simple regression. Thus, we hawea testable relationstip’, namely an
exponential relationship between d and ECI. Doéstite actual data?

Testing P1' comes down to testing a linear relationship betweg(x) and x:

log(d;) = o, + a,X, + error term (P1") 21]

where:

(22)

@
a, =

Klog(1 + )
« log(1 + )

The results of this regression (21) are reportedhie 3 below, regression (1).
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Table 3: Regression results

(1) (2)

VARIABLES log(d) log(d)
ECI 0.605*** 0.958***

(0.0500) (0.0309)
Constant 4,338+ 5.376***

(0.0502) (0.0307)
Observations 128 128
R-squared 0.537 0.884

Standard errors in parentheses
*** p-value <0.01

From this, it follows that the predicted relatioipstbetween diversification and ECI is
significant (p-value <0.01, R2=54%). The expondrdiepe is clearly visible in fig.7.

Figure 7the predicted exponential relationship betweermification (d)
and ECI fits the actual data.
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The fit becomes even better if we lift the RCA riesion in the definition of the country-
product matrix data1 = (m,), namely if we consider all the producjs exported by the

country;, whetheri has a RCA injor not: m, =1 if i exportsj, and O otherwise. The

regression for this extended data correspond teesspn (2) in table 3 (R?=0.88). In fig.8,
one can see an even more accurate exponential fit.
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Figure 8: the predicted exponential relationship betweeeification (d)
and ECI fits the empirical data even better if @ARrestriction is imposed.
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The implications of lifting the RCA restriction wibe discussed later.

4.2 How many capabilities does each country have?

The predictiorfP2)combined with the equations {@2) allows us to estimate a number of
capabilities for each country compatible with ibsserved ECI as follows:

— % |
K, = log(1+7) + log(1+7) ECI, (23)

The problem is thatis unknown.However, there is no loss of information in norraiag all

the Ks by a reference level, for example therage world complexitK=q, / log(l + 7)
(expression derived from(22)), which correspondsattiypothetical country of ECl=zero
(close to the Indonesian economy). lket=K /K denote these normalized Ks. To see why
there is no loss of generality in working witt instead oK, notice that rewritingP1 as

d, = [(1+ K 1%/ =" wheres=(1 4+ )¢, implies no conceptual modification other than a
mere change of the exponential base. Thus, webwitlontempt to knowing:, the number of
capabilities for each country in terms of the ageravorld complexity:

K; =14 JLECI,

or more explicitly:

- _ 14 covog d ECI)
Ki=1+ mean [0g d)

i

ECI. (24)
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since, from equation(21), the least squares esbmaf the parameters, anda, simplifies to
o,= mearflog dando,= coldog dECI), after taking into account the fact that, by difm,
meanECI)=0 and vargCl)=1.

The numerical values of* range from 0.73 for Malawi to 1.35 for Japan. If eansider the
extended data (namely the data where no RCA r8etrics imposed), therk* ranges from
0.4 (Samoa) to 1.23 (Germany). Taking- 0.2 for the sake of illustration, one gets a number
of capabilities ranging from 17 (Malawi) to 32 (dap for the restricted data; and from 12
(Samoa) to 36 (Germany) in the second case da&n twugh the results are similar in both
data, the differences are informative. To distisguhe two cases, let the metriECl, and K
computed from the extended data be referred exesnded], extendedECI andextended,

or, in shortd®, ECI®, and K. One can identify the countries for which the eliéhce(K® —K,)

is significant by noticing that the ratio:
d°/d, = (L S5

is close tol+[log(1+r)I(K® — K,), if (K®—K,)is small,using a Taylor expansion. That is, it
approximates a linear function ¢k® —K,) for (K® —K,) small, otherwise, the ratio grows
exponentially withKe —K,). Because this general pattern does not dependhyparticular
value ofr, we will set it to be 0.2, for example. From fig\®here the ratiod®/d is plotted
against the differengg® —K.), it is obvious that this latters significant for oil-based

economies only.

Figure 9: the difference between the “extended” and thsttieted” number
of capabilities is significant only for natural cesce based economies.

20
|

ASAU

A countries with natural resource export
greater than 10% of GDP AOMN

15

ARN

ApzA AVEN
SREANGR
® pPHL

5
|

ratio of extented to restricted diversification
0 10
Il Il

-5 0 10
difference between extented and restricted capabilities

It is worth noting, however, that the RCA restactiwvas not negligible in explaining income
per capita in the previous section, since the tatiom between GDP per capita and ECI,
which was about 0.73, beconlesser with the extended data, namely 0.68.
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4.3 Divergence: economic history and the exponentifunction

Great Divergencds the period in world economic history correspogdio the sustained
cross-country disparities in income per capitestdéirts from the industrial revolution and is
still a topical issue, as many countries are stiliggling to catch up.

The fundamental cause behind divergence is thenexpial-type nonlinearity inherent to
economic development, as exhibited in the relahgnbetween income per capita and ECI
(fig.6), which reads, after regressiogDPpc~ 5000 exp (EClland also in the relationship
between diversification and the number of capaedi{prediction P1). We will concentrate on
the latter relationship, bearing in mind that tinalgsis is of general applicability as far as an
exponential relationship is concerned. Up to new have used it in a cross-sectional form to
allow for cross-country comparisons at a fixed ti(te2000); here we will consider it in a
more general form, in a spatiotemporal form towall@r historical considerations as well:
d, = (1+ m)%. In addition, it will prove useful to treat thember of capabilities in terms of

the world average, thereby writing = b5/ with b=(1 + 7)¥.

How can this nonlinearity explain divergence? Aedirway of figuring this out is to notice
that a country endowed witk capabilities hasi + ) times more opportunities to diversify

in products than another having one fewer capgpilit+ 7)> times more opportunities than

another with two fewer capabilities, and so on.other words, the ratio of diversification
between a typical rich country and a typical pooe grows exponentially with the difference
in their numbers of capabilities.

More profoundly however, one can identify, rougbpeaking, two rhythms in the evolution
of dwith respect t (as in any exponential evolution):

» for relatively small values of K (with respect toetworld average), d grows very
slowly, almost linearly with respect to K; thistiee case of poor countries.

» it is only for relatively big values of K (with rpsct to the world average) that the
power of the exponential growth starts to fully nfest itself; this is the case of rich
countries, which have complex economies.

This follows from the fact that, for small valuesio, /K,

d, = bF =14 (logh)(K,/K) + (10§b)2 (K Q) + (1O§b)ls(K B
collapses to almost+ (logb)(K,/K) , since higher powers of: are negligible. Therefore, poor
countries, contrarily to rich countries, have nobegh capabilities to “fully benefit from an
exponential diversification’— loosely speaking; yheemain stuck in a slow phase, in a
“quiescence trap”’(Hausmann & Hidalgo, 2011). In order words, thetk hardly be a sign
of takeoff in these economies, namely, a depaftora this quiescent rhythm, until the time
when their complexity becomes comparable to thddvaverage (close to the complexity of
the Indonesian economy, amergingcountry). Thereforepoverty trapis essentially a “lack
of capability trap”.
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In the light of this analysis, the so-call&lropean miraclecan be interpreted as the
consequence of the extraordinary multiplication aafpabilities made possible by the
succession of two major events occurred in Weskmope mainly: the scientific and the
industrial revolutions.

5 Conclusion

In summary, complexity is not only a fundamentglest of modern economies, but also their
major driving force. From a theoretical point oewi, accounting for economic complexity
implies surprisingly very little modeling difficuéis. The exponential-type nonlinearity
involved in the process of development explainsdhstained divergence between rich and
poor countries, the latter being trapped into asgent situation due to a lack of capabilities.
The implication for development policy is straigitiard: poor countries should build up
complexity by accumulatingarioustypes of capabilities. In this regard, howevere should
bear in mind the fundamental difference betweerattemulation of capabilities and that of
labor or capital, generally considered: capabditias previously noted, are non-tradable and
hardly transferrable from one country to anotheoulgh trade, migration, aid, or other means.
A capital good, for example, can be bought by anggd to a country; but a capability can be
but the crystallization of decades of scientificl aachnical knowledge internally developed.
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Appendix

A.1 A rationale for the p(s) = =° specification

It is a matter of common sense that the more clpedione considers, the less likely they are
compatible and complementary with each other, ddefore the less likely they can be
combined to make a product; hence the assumptemntile probabilityy(s) is a decreasing

function ofs. Many functional specifications are possibleigy; however, we would like to

find one that derives naturally from the processwiyjch sophistication builds up. It is
reasonable to assume, for this purpose, that ptedmow in sophistication by a progressive
addition of complementary capabilities to alreadhaerent ones: if a country can make a
product j = cap, it could also make a more sophisticated ghe,cape, by incorporating to

cap a complementary capabiliédy provided this latter can harmoniously combine wiitle

first three Therefore, the key parameter is the probabilitgt ta certain capabilitk, in
general, can incorporate an already coherent seamdbilities. In this regard, we make the
following assumption:

H1A: given a combination of capabilities that makesgenf we add up to it one additional
capability, the probability to have a still coheramole isx.

This additive process, however, has to start soraesyHrom a particular type of capability
that we call acore capabilityor thecore of the productThis special type of capability should
verify two (related) properties:

« first, it may take the form of atand-alone capabilitythat is, a capability that can be
used alone to make a product;

* second, when combined with other capabilities tonfa more sophisticated product,
it represents theore of the resulting new product, hence its name.

About it, we assume the following:

H1B: the probability that a capability is a core ogse:i Put differently, the probability that a
certain capability can be used in a stand-alone twaynake a one-capability product is
p(l)=a.

The two hypotheses H1A and H1B combined are eqemialf saying that:

H1: the probability that a combination of capabilities make sense as a produgidg-a>*.

One can prove this as follows: fer 1, p(3 (1) =s'~ =, which coincides with H1B. To
computey(s)in the general case of Gapabilitieskk,....k, one can consider the following
events (in the probabilistic sense):
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E,: k, is a core capability
E,: k, is complementary ti
E,: k, is complementary to the grous,

Es : & is complementary to the groug, ... & ,

Saying that the combinatiof,....k; makes sense as a product is the same as saying, in
probabilistic terms, that nE n..n E is realized. Therefore, using the generalized
multiplication law of probability:

ps)= HE) pEIE)N EIEN E)-fl EIFY NN & Fa-m-7m-o-m = an?
since, according to H1AYE,|IE)=pEIEN E)= .=~ EIEN ENn..N § ¥
Proving the predictions wheny(s)=arS*.

» Diversification is an exponential function of thember of capabilities in an economy:
¢ K ~ s[K
d= ;aw“[ S] = awlgws[ S] =ar '[1+ ™) -1

using thebinomial theorem. Approximately,

d=~ar'(1+m)" (25)

» ECIis expected to give a standardized estimat&for

¢ = a)su(s, wheew(s)=ar*"

s=1

K
/ Z ars! [lé
s=1

amﬂ[KS]/d.

(K < K-1 < (K-1 :
Therefore,c = ‘—éaZS[ s J7rSI =%ay s %[ S__l]ﬂ'H %aZ[ o+ ]Ws* = %a(l + ), which
s=1 s=1 s=0
reduces to:
c= ﬂ'(loj’ﬂ') K (26)

cis proportional tok, therefore:

X; = o (27)
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We have simplified the model in section 4 to on®hservable parameter, namelyby
imposingz = 7, thereby letting p(s) = =5, because the general insight conveyed by the
predictionsdoes not depend om(which anyway cancels out in the second predictiding
limitation in doing so, however, is the fact thae tprobability,, as opposed te, could
depend on K, and thus beuntry-specific. In this regard, becomes an interesting parameter
in itself, for it can be used to account for thi#edences in the endowment of countries in core
capabilities, by assuming, for example, that regmesthe proportion of core capabilities in
countryi: a = a;, = K¢/K,, wherek® stands for the number of core capabilities in count

This might shade light on issues like:

» the globalization and the “splicing up of the vaklain”, due to the fact that more and
more companies in the industrialized world haveraléncy to concentrate on the “core”
of their products and leave the rest for other cammgs offshore, particularly those of
developing countries; therefore, a country may bented among the exporters of a
product, while in reality it did but “add some valuo the core,

» the specificity of natural-resource based economigsre many western companies have
based their equipment and other capabilities.

However, we leave these points as a lead for futwmestigations.

A.2 ECI and PCI as centrality measures

There is a parallel between ECI and PCI and theeatrof eigenvector centrality. This metric
indicates how important or central each node isiwita network; it is computed as an
eigenvector of the adjacency matrix representiegitwork. We would like to relate in what
follows the concept of economic complexity to thgeavector centrality literature. One can,
from the outset, interpret diversification and whig as centrality measures: they correspond
to thedegreesof the nodes (countries and products, respeclivalyd, as such, adegree-
centrality measures.

Equations (11) and (12) read in matrix form

0 w 0 w
[W* 0][2]:/\[21 or AX=Ax, where A{W* 0 and x:{z] (28)

after assuming (without loss of generality) the egroportionality constant for both ¢ and s,
a =g, and letting, here) = o' = 3'. The matrix A can be viewed as the adjacency
matrix'® of the weighted and directed country-product hifmmetwork where a country

16 Technical detail: the term “adjacency matrix” hesen used previously in reference to the countoghpet
matrix M. Strictly speaking, however, an adjacen@trix is a square matrix—like the matrix A in etjaa (28)

; the matrix M—like W for the matrix A—is only onef its two nonzero blocks, the other beitw] — W*
respectively. The zero blocks simply denote the flaat in a bipartite network, by definition, thaseno direct

relationship between elements of the same nature=( 0 if  andj are both countries or both products). Some
authors use the term “biadjacency matrix” to réfea matrix like M.
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connects to a produgtwith the weightw,_ (in the country-product direction), and the product
j connects to the countrywith the weightw: (in the product-country direction). From this,

it follows that ECI and PCI measure indeed the migetor centralities of countries and
products. More precisely, they correspond to theirnflerg’shub and authority centrality
measures (Kleinberg, 1999), introduced in web $eaantext, and consisting of ranking
webpages according to their pertinence on a givemygAuthoritativepagesare the ones that
contain the most relevant information about therguelow can one identify such pages on
the www? Kleinberg propose to consider a second clasag@éghub pageswhich are not
relevant by themselves, but have the interestirmgpenty of pointing to many authoritative
pages (think of forums on the web where peopleuds@nd suggest to each other websites
that they judge interesting about a given topitle problem of finding hubs and authorities is
the same as the one we have dealt with previonalyely the circularity involved: to know if
a page is a good hub, one needs to know the defraathority of pages it points to; and,
reciprocally, knowing the authority of a page inegliknowing how many good hubs endorse
it. Breaking this circularity lead to equations yseimilar to (13) and(14).

There is however a slight difference: Kleinberginkd a hub and an authority measure for
each node, since a webpage can be at the sama tmle and an authority. For the sake of
making a conceptual parallel with the Hausmann Hidhlgo’s measures of complexity,

however, we will suppose predefined a list of pogmubs and a list of potential authorities,
and reduce the problem to the finding of the madhearitative nodes among the potential
authorities, and the most hub-central nodes amdrwg gotential hubs. This requires

associating only one variable to each node. Corsgtyl Kleinberg centrality becomes a

particular case of the general concept of eigewvemntrality, namely an eigenvector of the
adjacency matrix of the bipartite network connegtpotential authorities to potential hubs.
Here is why. The “focused subgraph of thgvw” (i.e. the portion of the Web pertinent to

the problem) is the network of potential hubs antharities with regard to the particular

query. Its adjacency matrix reads

(o0 M
A‘[MT 0

where thgbiadjacency) matrim = (m,) is defined as

L if the authorityi is pointed to by thmibj
7|0 otherwise

Denoting bya, and h, respectively, the degree of authority of paged the hub-centrality of
pagej, the relationship between hubs and authoritiesbeanritten as follows:

wherea is a proportionality constant.
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This states simply that the degree of authoritg abde is proportional to the sum of the hub-
centralities of the pages pointing to it, and vie¥sa. Denoting bya and tthe vectors of
authority and hub measures, respectively, thesatems read in matrix form:

a
h

a

[0 M or AX = XX, withx =

MT 0

f?] and\ = ol

These equations and the ones in the previous cassjaivalent. Indeed, the analogy between
the two approaches is not only mathematical: ashe complexity framework, one can
interpret the observable hub-authority bipartiteamek as the projection of the unobservable
tripartite network connecting authorities to thformation they containand hubs to the
information they lead toOne cannot “observe” the latter network becaulse type of
information contained on a webpage is not eastgssable beforehand. This analogy can be
summarized as follows:

chpiies < information
compkronomies «  authoritive pages
sophisticdtproducts <  hubs
problem: capabilities are not directly countable  olggem: information is not déctly measurable
(limits of text-based ranking)
solution: indirect measure of complexity based  lutian: indirect measure okatrality based on
on the links of the country-product network  thehub-autority links

A.3 The “method of reflections” and convergence

Originally, the authors defined ECI and PCI accogdto the following recursive process,
which they refer to as the “method of reflectiofididalgo & Hausmann, 2008)

Cin = ijijsjn—l
_ *
Sjn - Eiwjicin—l

under the initial conditions :

(i.e. diversificatior
(i.e. ubiquity)

After some iterations, the values ofind sarenormalized to have ECI and PCI. The reason
why we have adopted a slightly different formulatis that, as such, this iterative process
converges to a multiple of the vector [1..1h other words, all countries and all products are

Y They use a different notation from the one adopigtis paper.
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assigned an equal complexity, which is not meanindiherefore, the number of iterations to
stop at seems arbitrary.

The study of this dynamical system is more easigedby writing it the following matrix
form:

Xn :AX n—1 (29)

0 w
, and A:[W* 0
of economic complexities and product sophisticaiaorresponding to the™ iteration.
Equation (29) implies that

Wherex":[:"] X —[2"-1 . for every k, ¢ and, being respectively the vector

n-1""

n n-1

X, =A"X,. (30)

To prove the convergence ®fto[1..1], it is convenient to write the initial conditiepas a
linear combination of the eigenvectors of the nxa#j which we refer to as,,...,v, :

Xy :Z: oV (31)

We will supposey,,...v, to be associated with the eigenvalyes,) , respectively, and
assume), to be the dominant eigenvalue in absolute sensthatw, can also be called the

dominant eigenvector of A, i.e. the eigenvectoroaesged with the dominant eigenvalue.
Using (31) in (30) gives:

Xn,:Zkak)\lzvk = oAV, + Zk>1()\k/)\1)nvk (32)

By the assumption that\ is the dominant eigenvalug,’ (\/)\)"v, — 0asn — oo;
thereforex, — a\'v, asn — . Because every column of the matrix A sums to 1
(Z,%ZZ,“’} =1), the vector[l...1]"is an eigenvector of A associated with the eigare/al

Finally, from the Perron-Frobenius theorem, whitdtes that the dominant eigenvector of a
non-negative matrixs the onlypositive eigenvector it has (omitting the trivial multiples
thereof), we can conclutfihaty, = 1,v, =[1..1] and:

x, — o1...1] asn — oo (33)

It is worth pointing out that this convergence Isoldr any initial conditions.

Later, the authors propose To take as ECI and #€leigenvectors corresponding to the
second largest eigenvalue of the matrix WW*, andWVfHausmann et al., 2011). These
vectors correspond indeed to the eigenveejaof the matrixA, since A and its square

18 Assuming that the country-product network is arfivected” one.
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Ao [WwH 0
~l o WHW

have the same eigenvectors. Because one can cothe sgame eigenvectors using a more
direct definition like the one given by equation$ and (8), we have avoided this iterative
method in section 3.



