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ABSRTACT. In this paper, we introduced a method to modify the Dirichlet series over the
Mobius function by progressively eliminating the numbers that first have a prime factor 2, then
3, then 5, ..up to the prime p,. The properties of the new series are analyzed as p, approaches

infinity and its relationship to the function €Xp [E,((1—-s)log p,)] and the partial Euler
product is established and then used to examine the validity of the Riemann Hypothesis.

1- Introduction:

The Riemann Zeta function C(s) satisfies the following functional equation over the complex plain
(1.1) t(l—s)=2(2n)cos(0.5sm)(s)C(s) >

where s=0+it is a complex variable and s#0 [1].

For 0>1 (or R(s)>1), C(s) can be expressed by the following series

= =54

(1.3) 1/c(s)=f[(1— ls),

where P1=2, ] (1— 1/ pis) is the Euler product and I (1—1/ pis) is the partial Euler product. The
=1 i=1

series C(s) is absolutely convergent for o>1 .

The region of the convergence can be extended to R (s)>0 by using the alternating series 1 (s)
where

(14 nts)= 3

n=1 n



and

(15) £(s) = ().

One may notice that the term 1— 2'™ is zero at s = 1. This zero cancels the simple pole that G (s) has

at s =1 enabling the extension of the zeta function series representation over the critical strip
0<R(s)<l.

It is well known that all the non-trivial zeros of T (s) are located in the critical strip 0 <R (S)< 1.
Riemann stated that all the non-trivial zeros were very probably located on the critical line R(s)=1/2
[2]. There are many equivalent statements for the Riemann Hypothesis (RH) and one of them involves
the Dirichlet series with the Mobius function. The Mobius function W (n) is define as follows

w(n)=1,if n=1.
k

M(”):(—l)k, ”=H p;, p;'s aredistinct primes
i=1

u(n)=0, p’ln for some p.

The Dirichlet series Mu(s) with the Mobius function is defined as

Mu(s) = i u(s) )

N

n=1 N

This series is absolutely convergent to 1/C(s) for R(s)>1 and conditionally convergent to 1/Z(s)
for R(s)=1. The Riemann hypothesis is equivalent to the statement that Mu(s) satisfies the following
equation

(1.6) Mu(s) = i “<f) -

for R(s)>0.5.

In this paper, we have introduced a method to modify the Dirichlet series Mu(s) (defined by Equation
(1.6)) by first eliminating the numbers that have the prime factor 2 to generate the series Mu(s,2). For
the series Mu(s,2), we then eliminate the numbers with prime factor 3 to generate the series Mu(s, 3),
and so on, up to the prime number 2, . In essence, we have applied the sieving technique to modify the
series Mu(s) to include only the numbers with prime factors greater than p, . In the following sections,
the properties of the new series will be analyzed and its use to compute the prime counting function and
to examine the validity of the RH will be presented.

2- Applying the Sieving Method to the Dirichlet Series Mu(s):

The Dirichlet series Mu(s) with the Mobius function w(n) is defined as



where w(n) is the Mobius function. Thus,

Mu(s)zl—L—L—i-Q—i—i—i— ..... .

2 N 3 N 4 A 5 s 6 N

Now, we introduce the series Mu(s,2) by eliminating all the numbers that have a prime factor 2. Thus,
Mu(s,2) can be written as

Muls,2)=1—h L 1,0 1 1

357 9 110 137 15

To have the same index for both series Mu(s) and Mu(s,2) referring to the same term, the above series
can be re-written as

Mu(s,2)= 1+51—~1~+11——l—+11——J—+5l+~9~+ o . ;

2Y 3S 4S 55 6S 7S SS 9S 1 OS

or
(2.1 Mu(s,2)= ), u(nx,2) ,

n=1 n
where

w(n,2)=u(n),if n is an odd number.
w(n,2)=0, if n is an even number.

The above series Mu(s,2) can be further modified by eliminating all the numbers that have a prime
factor 3 to get the series Mu(s;3) where

Mals3) o1l l L L L 1 10

5 70 11° 13 177 19° 23° 25

or more conveniently

MM&Q=1+£—Q+Q—i+Q—L+Q+Q+O .....

223 4 5 6 7 8 9 10

and so on.

Let I(p,) represent, in ascending order, the integers with distinct prime factors that belong to the set
{pip>p.} . Let {1,1(p,)} bethesetofland I(p,) (for example, {1,/(2)} is the set of square free
odd numbers), then one may define the series Mu(s, p,) as



or
0 M n’ i
(22) Mu(S’pr):z ( sp ) ’
n=1 n
where

win,p,)=uln), it ne(L1(p,)}.
Otherwise, w(n,p,)=0

It can be easily shown that Mu(s, p,) converges absolutely for R (s)>1 for every prime number p, .
Furthermore, it can be also shown that, for ‘R(s)>l , Muls, p,.) satisfies the following equation

(2.3) Mu(s) = Mu(s, p,) H(l— .
i=1 VZ
Since
wu(s) =TT [1- )
i=1 P;

one may then conclude that, for R(s)>1, Mu(s, p,) approaches 1 as p, approaches infinity.

3- Convergence of the series Mu (s, p,) within the strip 0.5<®R(s)<1:

In this section, we will first deal with the question of the conditional convergence of the series
Mu(s, p,) over the strip 0.5<R (s)<1. Toward this end, we need to examine the convergence of the
series only along the real axis (or along the line 0.5<0<1 ). Theorem 1 establishes the relationship

along the line 0.5<0=<1 between the conditional convergence of the two series Mu(o, p,) and
Mu(o).

Theorem 1: For s=0+i0, 0.5<0=<1 and for every integer r, the series Mu(G) converges
conditionally if and only if the series Mu(o, p,) converges conditionally. Furthermore, Mu(o) and
Mu(o, p,) are related as follows

(3.1) Mu(o)= Mu(o, p,) " (1—%)'

The proof of Theorem 1 is outlined in Appendix 1.

Theorem 2: For s=c+it, 0.5<0<1 and for every integer r, the series Mu(s) converges
conditionally if and only if Mu(s, p,) converges conditionally. Moreover, Mu(s) and Mu(s, p,) are
related as follows



(3.2) Mu(s)= Mu(s, p,) r (1— L )

i= i

The proof of the first part of Theorem 2 follows from the fact that Mu(s, p,) is a Dirichlet series and
consequently this series is conditionally convergent if and only if the series Mu(o,p,) is
conditionally convergent.

The second part of the theorem can be proved by first defining Mu(s, p,; N, N,) as the sum

N,
(3.3) Mu(s,pr;Nl’N2> — Z M(nyspr) .
n

n=N,

Then, one can write

(3.4) Mu(s, p,_,;1,Np,) = Mu(s, p,;1,Np,)——=Mu(s, p,; ,N) .
P

If both series Mu(s, p,_;) and Mu(s, p,) are convergent, then as N approaches infinity, we obtain

Mu(s, p,_,) = (1— ls)Mu(s,p,) .

r

By repeating this process r-1 times, we then obtain

r

Mu(s)=Mu(s, p,) ]

i=1

1

N

D;

1—

Note that if we multiply both sides of the above equation by H ( 1+ pl._s) , then as p, approaches
i=1
infinity, one may obtain

1

N

1+

65) Muls.p,) =

It should be pointed out that the sieving method applied to the Dirichlet series with Mobious function
can be also applied to the Dirichlet series with Lioville function. The Dirichlet series Lv(s) with
Lioville Function A(n) is defined as

(3.6) Lv(s) = i A(n) )

N

n=1 n

where A (n) is the Liouville function defined as
Mn)=1, ifn=1.
M(n) =1, if n has an even number of prime factors including multiplicities.



A(n) =-1, if n has an odd number of prime factors including multiplicities.

Following the same process, one may define the series Lv (s,p,) as

wis.p)= Y Mo,

ne(11(p,)} N

or

(3.7) Lv(s,p,)=

M-
=
S
=

where

Otherwise, A(n,p.) =0

It can be easily shown that Lv (s.p,) converges absolutely for R(s)>1 for every prime number p, .
Furthermore, it can also be shown that, for R (s )>l , Lv (S , p,) satisfies the following equation

r

(3.8) Lv(s,p,)=Lv(s)[]

i=1

1

DP;

1+

4- Relationship between the series Mu (s, p,) and the Exponential Integral
E,((s=1)1ogp,) :

In this section, we will derive a functional representation for the series Mu(s,p,) as p, approaches
infinity. This task can be easily achieved for 0>1 by noting that

4.1) I/C(s)=Mu(s)=Mu(s,p,)H

Since

therefore,

o0

Mu(s,p,)= 11

i=r+1

1— ls .
P;

For s=0+i0, the above equation can be written as



or

=¥ el L),
log(Mu(G,pr))— Z lg(l pio)

i=r+l

Hence,

1 1

> pizo 3 p3° - ) approaches zero as r/ approaches infinity.

However, for 6>0.5 , the sum Z

i=rl

Thus,

(42) 1og(f[(1-#)) _ z( L1 1 —) S S B

i=rl i i=rl pio 2p~20 3p-30 i=rl Pi

1 1

where 8=0(p,,'*°) is an arbitrary small number for sufficiently large 7/ .

On the other hand, using the Prime Number Theorem (PNT) with a suitable constant a > 0, the number
of primes less than x is given by [4, page 43]

(4.3) n(x) = Li(x)+0(xe e,
or
(4.4) n(x) = Li(x)+0(x/(logx)*] .

where Li(x) is the Logarithmic Integral of x and k& is a number greater than zero.

r2
Using Stieltjes integral [5], one may write the sum Z 1/pS for 0>1 as follows

i=rl

(4.5) > L - | dnlx).

Using Equation (4.4) for the representation of 7t(x) , one may then write the integral in Equation (4.5)
as [5, Theorem 2, page 57]



1

(4.6) ’ s ol —1
f x (logprl)k

b

where £ is a number greater than zero. Thus, Equation (4.6) can be written as

1
(log pr1>k

r2 ® 0
47 L_ L i—
(4.7) ; PR x:fp 0 ng =f = dx + O

Recalling that the Exponential Integral £ (r) is given by

and using the substitutions u=(o—1)logx, du=(c—1)dx/x and x°/x=e¢", then for 6>1, one may
write Equation (4.7) as

1
(log p,,)"

(4.8) pl = (0 l)logp,,) El((o—l)logpd) + 0
i=rl i

Combining Equations (4.2) and (4.8) and noting that £, ((0 —1)log pyg) approaches zero as p,,
approaches infinity, one may write Equation (4.1) for o>1 as

o0

—logt(o Zlog(l—p—)—Z%Jré,

or

—E,((o-1)logp,) = A>

logt(o Jrz:log(l—L
p

i=1 i

where AzO( 1/(log pr)k) is an arbitrarily small number attained by setting p, sufficiently large.
Therefore,

(4.9) C(o) exp(—El((G—l)logp,)) ij( 0) = I+A-

1
bi
As p, approaches infinity, A approaches zero. Thus, the right side of the above equation approaches
1 as p, approaches infinity. Similarly, for o>1, it can be shown that

=1.

(4.10) lim[C(s)ﬁ(l%) exp(—El((s—l)logp,))




Now, define the function G(s, p,) as

r—1
4.11) G(s,p,) = C(s) exp(—E ((s—1)log p, ) ( ) ,

i=1 i
where G(s,p,) isa regular (analytic and single valued) function for R(s)>1 . Referring to Equation
(4.10), the function G(s,p,) approaches 1 as p, approaches infinity. It should be noted that
G(s,p,) can be considered as a sequence of analytic functions. Furthermore, as p, (or r) approaches
infinity, this sequence is uniformly convergent over the half plane o>1 . Thus, using Weiestrass
theorem , the limit is also an analytic function [6] (Weiestrass theorem states that if the function
sequence f, is analytic over the region Q and f, is uniformly convergent to a function f,then f
is also analyticon Q and f', converges uniformly to 7 on Q). If we define this limit as G(s),
where

(4.12) G(s)=limG(s,p,),

r— o

then, G(s) is an analytic function over the half plane 0>1 and it is equal to 1 by the virtue of
Equation (4.10).

The Prime Number Theorem (PNT) allows us to extend the above results to the line s=1+it.
Moreover, we will show that if RH is valid, then for the strip s=0+if where 0.5<0<1 , the above
results will also be valid with the limit of G(s,p,) is1as p, approaches infinity.

We will start this task by showing that although both T (S) and £, ((S —1 )log p,) have a singularity at
s=1, the product G(s.p,) hasaremovable singularity at s=1, Furthermore, we will show that the
function G(s, p,) converges for every p, with s=1+it. This can be shown by first expanding C(s)
as a Laurent series about its singularity s=1

(4.13) 2;(s)=ﬁ+y ¥ils 1)+y2(S;,l> —y3<s3_‘,1> o

where Yy is the Euler-Mascheroni constant and Y;'s are the Stieltjes constants. For s=1+¢ , where
e=€+i0, € and O are arbitrary small numbers, the above equation can be written as

2 3

€
Y355

1
C( ):_+Y Y15+Y2 3/

2/

Furthermore, for the right side complex plain, using the definition of the Exponential Integral £, (s),
one may write £, (s) as

2 3 4

o _ S S _ S
(4.14) E,(s)=—y—logs+s 5533 2t

Thus, for s=1+¢, we have



elogp,) (elogp,)
exp(—E,((s—1)log p,)] = "¢ log p, exp —elogpﬂr( 2g2§? )| 3‘25?)

By taking the product C (s) exp{—E ((s—1)log p,)} and allowing € to approach zero, one may then
obtain at s=1 (in the same sense as computing (sin x)/x at x=0)

(4.15) t(s) exp(—E,((s—1)log p,)| = ¢" log p, .

However, it well known that the partial Euler product at s=1 can be written as [3]

r

(4.16) I

i=1

e—Y

log p,

1

D;

1
(log p,)?

Multiplying Equations (4.15) and (4.16), one may conclude that at s=1, G(s,p,) approaches 1 as
P, approaches infinity. Furthermore, for s=1+i¢ and ¢#0, the value of exp(—£,(jix)) approaches
1 as |x| (or p,) approaches infinity and since

1im[§(s)f[(1 Lil=y,

row =1\

therefore, we conclude that, for s=1+it, we have the following

.
Di

r— 0 i=1

lim[C(S) ﬁ

eXp(El((Sl)logpr))} = 1.

To analyze the function G(s,p,) in the strip 0.5<%R (s)<1 assuming RH is valid, we first notice that
the function G(s, p,) is an entire function for every P, . In the following (assuming RH is valid), we
will prove that, for 0.5<o<1 , the function G(o,p,) is convergent as P, approaches infinity. In
Appendix 3, we will extends these results for the strip 0.5<0<1 . To show that the function G (0.p,)
1s convergent as P, approaches infinity, we first write the expressions for G(O , p,,) and G(O , prg)
(where r1<r2)

i=1 i

@) 6la,p,) = Elo) ool o= g, 1T [1-5).

@IT)  Glo,p,)=tlo) expl—E, ((o—1)log p,) ﬁ(l—%) -

i=1 i

Dividing Equation (4.17b) by Equation (4.17a) and taking the logarithm

G(O’pr2>

G o, pr])

= El((o—l)log pr])_El(<0_1)10gpr2)+log

r2—1 1
jpu——
i=r1_1[—1( Pi ))



To compute the logarithm of the partial Euler product in the above equation, we recall Equation (4.2)

r2 r2 r2
(11| - B[ st st | S

i=rl i pP; 2]?, 3]9, i=rl P

log

1720)

where 8=0( Dr, . Also, since we are assuming that RH is valid, then

(4.19) nt(x) =Li(x)+0(\/}logx),

where Li(x) is the Logarithmic Integral of x. Using this representation for the prime counting function,
one may then obtain (Appendix 2)

Y =5 = Eil(o=1)logp,)~E\((0=1)log p,s)+e,

i=ri—-1 Pi
4 -0
where €=0 m pnl/z log(p,)| and Equation (4.18) can be written as
Glo,
log —( Pr) =g+,
G(G, pr])

where, for 6>0.5, €+0 approaches zero as p,, approaches infinity. Hence,

e+d

G(G’pﬂ) = G<0’prl> e

Since €+0 can be made arbitrary small by choosing p,, arbitrary large, thus the limit of G(o,p,)
as p,, approaches infinity exists and is given by

G(o)=lim Glo,p,)

P ®

This proves that, assuming RH, G (o,p,) is convergent as P, approaches infinity and thus G(o)
exists for 0>0.5 . In Appendix 3, we have proved the same results for s=o0+it where 6>0.5 . In
other words; we have proved that assuming RH is valid, then for 6>0.5, G(s.p,) is convergent as
P, approaches infinity and therefore G(s) exists for 6>0.5 .

It should be noted that while the function sequence G(s.p,) isnot uniformly convergent when the
region of convergence is extended to the line 0=0.5. It is however uniformly convergence for any
strip 0.5+e<o0<1 where € is an arbitrary small number. The uniform convergence is a necessary
requirement for the function sequence G(s.p,)to converge to an analytic function (Weiestrass
theorem [6]). Since G(s,p,) is uniformly convergent in the strip 0.5+e<o<1, therefore G(s)is an
analytic function. Furthermore, since this strip ( 0.5+ €e<o<1) is connected to the half plane (o=1)
where the function G(s) is equal to 1, thus the function G(s) should also be equal to 1 for
0.5+e<o<l1,where € is arbitrary small. Hence, we have the following theorem,



Theorem 3 (Main Theorem 1): For s=0+itand 0>0.5, the followings hold if RH is valid

(4.20) lim C(s)exp(—El((s—l)logpr))lL[ 1- 1.; =1,
rove =1\ pi

and

(4.21) lim [Mu(s, p,) exp(E,((s—1)logp,)|| =1.

r— 0

Using Theorem 3, we can provide on RH an estimate of how well the partial Euler product represents
C(s) inthe strip 0.5<o0<1 . Referring to Appendix 3 and Equation (A3-3), where we set p,;=p,
and let p,, approaches infinity, one may write Equation (4.20) for 0>0.5 as follows

f 1/2 Iy
(0] 1

r

(4.22) c(ls) = exp(—E,((s—1)logp,)) ]J

-
Pi

exp

Equation (4.22) is obtained using Theorem 3 to have the following

)

where the equality of both sides is attained as p, approaches infinity. It should be pointed out that both
functions logT (s) and £, ((s— 1 ) log p,z) have a branch cut along the real axis where 0.5<o<1 .
Alternatively, the above equation can be written as

log C(s) = E,((s—1)logp,,) — Zlog(l——) Zlog(l—p—)

log T(s) = E,((s—1)logp,,) — Zlog(

Since

r2 1
—2. log|1-—
i=r P;

t 12—0

=—E ((s—1)log p,,) + E,((s—1)log p,) + O mp,ﬂ log(p,)|,

therefore

t 1/2—c

(o—0s) " log(p,)

4.23)  logT(s) = E((s—1)logp,) Zlog +0

l%

From which Equation (4.22) follows. For sufficiently large p,, Equation (4.22) can be written as



t 1/2—0o

T -\ r 10 r
((5—-0,5)2}7 gp

1+0

o = (1— 2) expl £ ((s—1)log p,)

i

For the cases where E,((s—1)log p,)=0 (or, CXP(—El((S— 1)log pr))zl ), one obtains

7

tls) I1

i=1

1

N

D;

I-—| = 1+0

t (1/2-0)
mpr log pr) -

For 0.5<0<1, one way to achieve this result (i.e. E,((s—1)log p,)=0)is to choose ¢ sufficiently
large. In this case, we take advantage of the following asymptotic representation of the Exponential

Integral
1
z

(4.24) E(z)=

z

1+0

With z=(c+iz—1)log p, , one may then obtain

-0
Pr 1
E ((s—1)1 = .
‘ 1((S ) ngr) thgpr tlogpr)
Thus,
p 1-o
(425) ‘CXp(E]((S—l)lngr)) = 140 Tgpr .
By the virtue of Equation (4.22), we then have
(4.26) C(s) IL[ - L - 1+0 %prm_"logpr +0 i .
p=2\ D (6-0.5) tlog p,

For 0.75<o<1 and assuming RH is valid, by choosing 7 and p, such that p) << p? " we

may use the partial Euler product as a good representation for T(s) . In the next section, we will use
the von Manglodt function to provide a better estimate for the first O term that allows the use of the
partial Euler product over the range 0.5<o0<1 with the proper choice of 7 and p, .

The rest of this section will be devoted to the derivation of an expression for C'(s) using Equation
(4.20). As mentioned earlier, assuming the validity of RH, the function sequence G(s,p,) (defined in
Equation (4.11)) is analytic and uniformly convergent for any 0>0.5+ € . Thus, by the Weiestrass
theorem, the limit of G(s, p,) asr approaches infinity is also an analytic function. We denoted this
limit as G(s) and we showed that G(s)=1. Weiestrass theorem also states that as » approaches
infinity, the derivative function sequence G (s, p,) should also converge uniformly to G'(s)=0.



Thus, assuming the validity of RH and for 0>0.5, we obtain

(4.27) C'(s) lim exp(—E( 1)log p, )H 1— ) _

ds| -«

~t(s) < lun[exp( £ ((s=1)tog p,) T (11S)}
i=1 pi

For s=1+it where ;%0 , we have lim E,((s—1)log p,)=0. We also have for s=1+ir where 70

r— o

7

C(s) = lim

r— 00

i=1

Thus, for s=1+ir where (0, one can write Equation (4.27) as

ds |5

() = —2(s) da 1im[exp(—E1((s—1)10gpr)) rl (1_ 1S)] .

Hence,
, ) e*(vl)logpr r log p
(4.28) t'(s) = ¢ls) lim|&—r = > ’ :
S N
or
, —itlog p, r )
(4.29) t'(s) = ¢(s) lim|E— —Z%
r— o0 (lt) i=1 pi‘v(l_piis)

Each term (of the the two terms) on the right side of Equation (4.28) doesn't converge as p,
approaches infinity. However, we can show that the sum of these two terms converges as 7,
approaches infinity. If we denote T (s, ), for 1#0, as

, —itlog p, r 10 i
C(S,V) = C(S) e('t) —Z% s
1 i=1 p; (l—pi )
then
' ' —itlog p,, —itlog p,, r2 1 A
s, r2)=C(s,rl) = ¢(s) ]| & 0g p;
W W & -]

In Appendix 4, we have shown that using the prime number theorem, the above equation can be written



as
t(s,r2)-tl(s,rl) = C,(S)O(l/logpr,)_

Thus, the limit of the sum on the right side of Equation (4.29) exists (although each term does not
converge). Therefore, Equation (4.29) can be used to compute C'(s) on the line o=1 (where ¢#0).

5- Partial Euler Product Functional Representation of T (s) Using the von
Mangoldt Function:

In the previous section, we have shown (Equation 4.23) that

+ E,((s=1)log p,) + O| —— p,"*“log(p,)| -

N 1
1 =— -
(5.1) logC(s) glog(l 7 (o 0sF "

i

The O term is derived using the prime counting function (Equation (4.19)). Equation (5.1) represents
well the singularity at s=1 and it allows analytic continuation for values of s with o<1 . This analytic
continuation should extend all the way to the non-trivial zero('s) with the highest value of o .
Unfortunately, Equation (5.1) poorly represents the singularities in the critical strip (or non-trivial
zeros) as the O term grows much faster than the growth of logZ(s) in the vicinity of the simple non-
trivial zeros. In the following, we will use the von Mangoldt function to provide a better representation

for logC (s) in the vicinity of the no-trivial zeros.
r2
The derivation of Equation (5.1) was based on computing the sum Z 1/p,” (see Appendix 3) as

i=rl

follows
2 1 P P,
>L = [ Lany = | dx + f —dO(\/xlogx)
i=rl pi‘ x:p[x X=P x logx xX= pl

The above sum can be also computed using the von Mangoldt function A (n) (where A (n)=10g p if
n=p" for some prime p and integer k=1, otherwise A (n)=0) to obtain

1 < 1
(5.2) = 2 ———An) +9,
i=rl pl n=rl N logl’l

where §=0(p, 1(0'57“)) is added to eliminate the contribution by the terms of the form 7, where

:pk and 23k<log2p,2,

Since the Chebyshev function ¥(x) is given by the following sum
= 2. Aln)
n=1

therefore, using the Stieltjes integral, one may write the sum of Equation (5.2) as the following integral



2 r2

(5.3) Lo [ L uy(x)+s,

= p; 5 x'logx

where V(x) is also given by [1]

— — - x7 i _
(5.4) P(x) = x > + T )

It should be pointed out that the first term x in Equation (5.4) is attributed to the pole of T(s) ats=1,
the sum over P (or non-travail zeros) is attributed to the non-trivial zeros in the critical strip and the
sum over 7 is attributed to the trivial zeros. Hence, Equation (5.3) can be written as

r2 P P o
(5.5) - dx— [ d(zp:%)+6-

t:rl p; P, logx p, X logx

In Appendix 3, we have shown that

P

(5.6) f

b, X logx

_E1((S_ l)logp,z) + El((s_l)logpr]) :

Similarly, for 0>0.5, we can also show that

67 f ( "—"):Z(—El«s—pnogp,z)+E1<<s—p>logp,,>).

X logx P 0

For the above integral, the interchange between the differentiation and summation is permissible by the

virtue of the convergence of the sum Z (x°7p) (alternatively, one may integrate by parts to get the
P

same results where the sum becomes the integrand and the differentiation is applied to the term
1/(x"log x) instead of the sum). Also, the interchange between the integral and the sum is permissible

by the virtue of the convergence of the sum on the right side of Equation (5.7) for values of s with o

higher than R(p) for every p . The proof that this sum is convergent is outlined in Appendix 5.

i)

where the equality of both sides is attained as p,, approaches infinity. Alternatively,

l_p_)

Using Theorem (3), on RH and for 0>0.5, we have shown that

log &(s) = E,((s=1)log p,,) Zlog(

log €(s) = E,((s—1)log p,,) - Zlog(l——) Zlog




or

(5.8) logT(s) = E,((s—1)logp,)— Zlog (p,' 7).

1——)+Z

Using Equations (5.5), (5.6) and (5.7) with p,,=p, and noting that £, ((s—p)log p,,) in Equation
(5.7) approaches zero when R(s—p)=0 and s#p (forevery p and R(s)>0.5)as p,, approaches
infinity. we may then have the following theorem.

Theorem 4 (Main Theorem 2): If ER(s—p)ZO and s#p for every non-trivial zero P where
R(s)>0.5, then

(5.9) log T (s Zlog(l—— +E((s llogp ZE (s— plogp) b

1

(0.570))

where, 8=0(p,,

The differentiation of logT(s) or T'(s)/T(s) has been extensively used in the in the analysis of the
Riemann zeta function. Using Equation (5.9), we may have the following expression for C "(s)IT(s)

Corollary 1: If R(s—p)=0 and s#p for every non-trivial zero p where R(s)>0.5, then

(s 1) p)

Y

(04570)) .

where, §=0(p,,

Examining Equation (5.9), one may note that in the vicinity to the right of the non-trivial zero p,,,
logT(s) grows as log(s—p,,) and therefore logT(s) approaches —oo as s approaches p,, .

However, in the vicinity of P, , the terms —z log(l —l/pl-s) and E,((s—1)logp,) of Equation (5.9)
i=1
are analytic. Therefore, in the vicinity of p,, , Equation (5.9) gives the value of logT(s) as

+E,((p,—1)logp,) + O(ls—p,l) — 2. E,((s—p)log p,)+ 5 .

i=1 i

(5.10) log C(s Z 1og(1—L

Furthermore, examining Equation (5.10), one may notice that as s approaches p,,, logC(s) can be
written as log(s—p,,)+O(1) . Moreover, as s approaches P, and p, approaches infinity,

Zp E ((s—p)log p,) can be written as E,((s—p, )log p,)+O(1) . Hence, we may re-write Equation
(5.10) as follows

r 1
log(s—p,)+0(1) =3 log(l——pm 4 E,((p,—1)logp,) + log(s—p, )+ loglog p,
i=1

i




Thus, as s approaches pP,, , we have

— E((p,—1)log p,) = loglogp, + O(1)

(5.11) Zrzlog(

Sa- Using Theorem 4 for estimating the sums of the form Zir:l (log p,)"I p;:

The following equation has been used in the literature to to estimate the sums of the form

> (logp,)"p,.
RS

In the following, we will use corollary 1 of theorem 4 to compute these sums. We will start with task of

L+ /(201024 7)1 f ) (y)=1i(y))dy.

I\);;k

P<x

computing the sum 2::1 log p,/ p, . Toward this end, we set s=1+€ (where € is an arbitrary small

positive number) to obtain

r —€ —(1+e—p)
C'(1+¢) log p; P, P 05-0
= == — +) F——40 :
§(1+€) IZ‘; lee(l p—l e) € - 1+e—p (pr )
Since
1 e’ e3
C(1+€) _+Y Y15+Y22 )’33 s
and
, 1 ¢
C (1+€) === YitY,6e—Y¥Ys 5t ...,
€ 2!
thus

=——+y+0(e

C'(1+e) 1
T(1+¢) € (e).

Also, we have

—€

P
€

= %+logp,+0(e) .

Therefore, as € approaches zero, we obtain



r

log p,

5.12 — v
( ) i=1 pi(l_pi )

= logp,—y+A,

where

(l—p)

z prOSfG) .

p

Furthermore, the above equation can be also written as

r

— log p, log p,
(5.13) > = logp,—y—) ———+A.
=1 Di i=1 pi(l_pi )

Similarly, we can compute the sum z;l (log p,)*/ p, . Toward this end, we differentiate the ratio
T'(s)/T(s) with respect to s and then set s=1+¢€ to obtain

Cr(i4e) (T(1+e) Z logp, _p. ", dA

§(1+€) (C(H‘G P 1+e 1 pil e)z > de
Since

(C(+e) _ 1 2>/
(C(1+€))2 & +y +0( )
and
p. " 1 logp,  (logp,)
e ? € " 2 +O(€>'

therefore, as € approaches zero, we obtain

Iz

log p,)? 1 :
<ngl) — (ngr) +2y1 y2+d_§

i=1 pi(l_p;l)z 2

The above equation can be also written as

dA

(514) Z(logp> — (10gpr>2 T .

2

i=1 D; i=1




Similarly, sums of the form Z::l (log p,)" p, for m greater than 2 can be computed.

r2
Sb- The sum Zf:ﬂ 1/ p; and Riemann Hypothesis:

In the following, we will use theorem 4 to compute the sum ZZ,] 1/ p;” and the role of the roots of

the Riemann zeta function on its convergence. Toward this end, we assume that there are non-trivial
zeros off the critical line and we assume that the right half plane with R (s)>a (where a>0.5)is
void of non-trivial zeros. In other words, we assume that non-trivial zeros exist with R(s)=a or with
R (s) arbitrary close but not equal to a. We then define the function J (S, P, prg) as

r2

515)  Jls.ppa) = 2+ E((s—1logp,) — E,((s—1)logp,,).

i=rl pi

The function J (S, D p,z) is analytic for every p,;, P,, ands. This can be shown by noting that

although the functions £, ((s—1)log p,;) and E,((s—1)log p,,) have a branch cut on the negative
real axis, the difference does not have a branch cut. Moreover, although the functions
E,\((s=1)logp,,) and E,((s—1)log p,,) have a singularity at s#1 , the difference has a removable
singularity at s#1 . This follows from the fact the as s approaches zero, the difference can be written
as

E\((s=1)logp,,) = E\((s—1)log p,,) = —log((s—1)log p,,)—y+E,((s—1)log p,,)+y
or,
E\((s—1)logp,) - E,((s—1)log p,,) = —loglog p,, + loglog p,,
Hence, the function J(S,pﬂ,prz) is analytic for every p,;, P,, ands.

Using Theorem 4, we then have

G.16) J(s,pupo) = 2 (—E,((s—p)log p,,) + E,((s—p)log p,))|+0(p,/ "),

P

and referring to Appendix 5, we then obtain (if |s—p|=e>0 forevery p)

s p -5 p
P2 P Pri P (0.5-0)
(5.17) J(s,pr ,pr) = - +O(pr ).
! ? lOg Py S—pP log Piop S—p !

Hence,

a—o
rl

=1 4+0(p,").
logprl !

J(S’prl’prZ) = O




Consequently, on RH, we have

r2
1 D—0
(5.18) 2 i —E,((s—1)log p,,) + E,((s—1)log p,,)+ O (p,** ™).
i=rl i

Also, on RH and for s=1, we have

r2
1 5-0

2 i loglog p,, — loglog p,, + O(p,**").

i=rl i

Thus, we conclude that the sum zzﬂ 1/ p° is convergent for 0.5<o<1 if and only if the Riemann

Hypothesis is true.

6- Representation of Mu (s, p,) using Mellin Transform:

In section 2, we showed that the series Mu(s, p,) converges absolutely or conditionally wherever the
series Mu(s) converges absolutely or conditionally. Furthermore, if series Mu(s, p,) is convergent,
then it can written as

Mu(s,p,): rMu(s) _ : 1

(6.1) 1 1

I-— | Cls)ll{1-—

i=1 p; i=1 Pi
The Mertens function M(x) is defined as
M(x)= Mu(0+i0;1,x) = Zu(n) .
n=1

Similarly, we can define the function M (x,p,) as
(6.2) M(x,p,)=Mu(0+i0,p,,,'l,x)=Zu(n,p,,).

n=1

Using the Stieltjes integral, for R(s)>1 (or R(s)>0.5 on RH), Equation (6.1) can be written as

0

, ( 1) = [xram(xp).
1_

0

Using integration by parts, one can write the above equation as a Mellin transform,



(6.3) - = | x*"M(x,p,)dx,
i=1
where R(s)>1.

Referring to Equation (6.3), one may use the Mellin inversion theorem to compute M (x,p,) asthe
integral

O+i
(64 mixp) = 5= | E S
i 1
c—ioo sCT(s) (1— s)
i=1 Pi

where the integral is valid for 0>1 .

X r 1
Theorem 5: For 0>1, the functions M(x,pr)=z u(n,pr) and 1/(sC(s) (1_ V)) are Mellin
n=1

transform pair where

0
(6.52) rl 1 ZIX_S_IM(x,pr>dxa
se(s) 1 [1- ) g
i=1 Pi
o+ioo
(6.5b) M(x,pr):# f rx ds .
27 1
O—ioo SC(S) I——
i=1 Di

Similar results can be obtained using Perron's formula for R (s )> 1 . We first recall Lemma 3.12 in
Reference [7] that states:

S a
Let Z— for R(z)>1,
n

n=1

where a,=0{y(n)], y(n) being non-decreasing and as o— 1

Then, if ¢>0, 0+c>1 and x is an integer, we have



c+iT

iyt = o [ f(z+s)Zds+0
n

x—1

P(2x)x'"logx
T

x 2T[lc .

xC
+
T(o-l—c—l)“} 0

+0[—”’(X)XOJ .
T

n=1

Applying this lemma to the series Mu(s, p,) , where ¢>1 and a=1, one may obtain

B c+iT
< M(n’pr) M(x’pr) _ 1 f xS d
S

+
e—iT sC(z+s)[][1-
i=1

n=1 nz 2xz 2mi

z+s

bi

c -0 =Y

X x logx X
i+ :
T(G+c—l)] 0[ T T }

Let x be an even number (thus, W (x, p,)=0 ). Hence, as T approaches infinity, one can state the
following theorem:

+ O + O

Theorem 6: For R(z)+c>1 and ¢ > 0,

c+ioo
Mu (Z )23 7 Z n p = ! J‘ X dS_
=1 2mi r 1
c—100 SC(Z+S) (1— Z+S)
i=1 Di
Hence, for z= 0+i0 and ¢ > 1
c+ioo
X 1 xS
(6.6) Mlxp) = Tulnp) = 7 [ : ds |
n=1 19 1
c—io SC(S) (1— .
i=l Pi

For o>1, Equation (6.6) of Theorem 6 can be written as

O+io

6.7) M(x,p,) f H(

Equation (6.7) becomes evident if one denotes A as the integral

O+iw

4= f by) .

27 Ky
O—i®

then, A=1 if xy>1, 4=0 if xy<l and A4=0.5 if xy=1 [1].

In the following section, we will use Theorems 5 and 6 to drive a formula for the prime counting



function.

7- The Prime Counting Function m(x) :

The prime counting function 7(x) is a function that gives the number of primes less than or equal to x.
In this section, we will use Theorem 5 to compute this function. We first recall that

u(x, p,)=0 for x<p,,
u(x, p,)=1 ifxisa prime number and p,<x<p,’,
u(x, p,)=0 ifxisa composite number and p,<x<p,’ .

Thus, for Pr<X<Pr2 , M(x , p,)ZK(X)—Tt(pr) . By the virtue of Theorem 5, one can state the
following theorem.

Theorem 7: For p,<x<p,”, the prime counting function 7(x) is given by
O+ioo

. xlx) = x(p)+ 5 | e,

27i

where o>1.

Note that for 0>1 and p,<x< p,2 , Equation (7.1) can be written as

o+ioo
7.2 = f dt .
(7.2) n(x) = nlp) + 3= H( )
O—i®
For sufficiently large » and for p.<x<p,’, , one may also write Equation (7.2) as follows
O+iw
I
Tt = + — -
(x) = nl(p) + 5 exp Zp,
O—i®

The sum in the exponent can be written as the following integral

dn(x)

2.p

I
D 8

Hence, for p,<x<p,”, one may obtain the following



Oo+io

(7.3) x(x) = n(p)+ 5 [ xsexp(fd’;@

dt.
27 Ky )
O—i®

In Appendix 6, we will use Theorem 3 to derive a formula for the growth of the difference between the
actual prime numbers p; and their ideal values of Li™'(i).

In the following, we will apply Theorem 4 to Equation (7.2) to show that 7t(x)=Li(x)+O(vx) . This
task is achieved by first writing Equation (7.2) as follows

O+ioo

1 g S 1
n(x)-n(p,) = 5 f x?exp Zlog(lx))dt
O—i® o Pi

where 0=1+€ and € is arbitrary small. Referring to Equations (4.2), (5.2) and (5.5), one may write
the above Equations as follows

o+in O+io
(7.4) n(x)—n(p,)zL_ f X exp(—A)dt+—— X exp(R)dt,
2mi s

Oo—ioo O0—io0
where A4 is given by

A=E,((s—1)log Pr)—z E\((s—p)logp,),

P

ns

and R is the sum of terms of the form 1/p ™ where n=2 . Consequently, the order of the second

o +ioo S

integral (i.e. % 1] x—exp(R)dt)is given by o(Vp,).

The first integral in Equation (7.4) is computed by first expanding the term exp( —A4) as

4 4
exp(—4)=1 —A+2—/—3—/+...
Only the first and second terms (i.e. 1— 4 ) contribute to the first integral of Equation (7.4) when
1<x<p,’. The third term ( 4%/2/ ) contributes to the integral only if x> p,”, the fourth term

contributes to the integral only if x> p,” and so on. Thus, for 1<x<p,’, we have

O +ioo Oo+ioo
1 J‘ x’ 1 J‘ x’
7.5) — — —Aldt=—— —|1-F —1)1 +) E —p)l dt.
039 57 | Sewl-dld=g | (1= (s=1oep )+ T £ ((sp)logp)
O —100 O—1®
The integral on the right side is the sum of integrals of the form % [ L E((s—2)b)dt where,
lo-in §

a,b>0, Z=X+iY . This integral is computed using Cauchy's residue theorem where the integral is



performed over the line extending from o—iT to o+iT, then the counter continues from o+i7 over
a semicircle until it reaches just above the horizontal line i(Y +€) . The counter then continues along
this line from left to right until it reaches Z +i € . The counter continues along a semicircle around Z
until it reaches Z—i e . The counter then continues along the line just below the line i(Y —€) from
right to left and then complete the semicircle at 0 —i7 . The only singularity within this counter is at
s=0 and therefore, we may have the following,

1 o+iT s X+i(Y+e) s *T‘H'(Y*G)

5| | SEs=2p)v+ [ TE(s-2)b)axt [ LE(s-Z)b)dx |=E,(~2b),

2mi o—iT ~T+i(Y+e) S x+i(Y—e)

where the integral along the semicircle approaches zero as T' approaches infinity. Since, for x>0 and
as € approaches zero we have £ (—x +i €)=—Ei (x )16 , hence the second and third integrals on the
right side can be written as,

X+i(Y+e) ~T+i(Y—¢) |
| ZE(s—2b)ax+ [ LE((s—2)b)dx=
~T+i(Y+e) s X+i(Y —¢) S

xloga+t (Y +¢€)loga =T  xloga+i(Y—¢)loga

—lT[f Y dx+in£de.

=T
Hence as € approaches zero, we have

X+i(Y+e) —T+i(Y—e€)

xloga+i(Y)loga

[ ZE(s—2)p)ax+ [ S E((s-2)b)dx=—2in [ i
; S : s x+iY
—T+i(Y+e) X+i(Y —e) -T

Thus,
O +ico .
1 as exloga+1(Y)]0ga
— | L£E((s-z = E(-zb)+ | &——anr.
77 SE(=20)dy = B2+ [ E—p—ds
Since the conjugate of every non-trivial zero is also a zero, hence
1 O +io P
57§ SE(s=2)0)+ E(s=2)]dy = E\(~2b)+E,(~Z"b)
O—10

xloga
+2f ¢ Y2(xcos(Yloga)+Ysin(Yloga))dx

2
X

Using the following two identities,

xe” 1 _ @c A Vb
fax2+bdx exp( l\/a )(E(

I—+x

Va

+exp

2 c\/\/ab)El(C(—l%-F




. )
—Ei|lc|li—=+x
va

e” S —i\/—zc X c\b 1c—z£ X
Jﬂaxz-l-bdx_%/;\/gexp( Va )[e p(2 \/E)E( ( \/a+

we may then obtain,

xloga
2 f xe2+ 7 (xcos(Yloga)+Ysin(Yloga))dx=

(eiin°g”Li(aZ)+ em"g”Li(aZ*))cos(Y loga)—i(eiiYI"g”Li(aZ)+em°gaLi(azk))sin(Y loga).

This can be simplified as follows

X o loea '
2_{0 oy (xcos(Yloga)+Ysm(Yloga))dx=
Li(az)+Li(aZ‘)+isin(Yloga)cos(Yloga)(Li(aZ)Li(aZ*)).
Hence,
o+io
(7.6) 2%” ) %(El((s—z)b)wl(s—z*))dy:El(—Zb)+El(—z*b)+Li(aZ)+Li(aZ‘)
o—io

Equation (7.6) can then be used to compute the integral of Equation (7.5) to obtain

o | (1B thogp )+ X Al (s-plteg ) Jar=

1-Li(p +Z(L1 ")+Li(x*) ]+ Li(x) = [Li () + Li(x"))
Consequently,
7.7) x)= 2 (Li(¥)+ Li(x") |+ O(Vx)

p

8- Some Properties of the Function M (x s Pr) :

In this section, we will use Theorems 5 and 6 to examine the properties of M (x.p,) asr approaches
infinity. Using s=1+€+i¢, in Equation (6.5b) and letting € approaches zero, one may obtain



1+io0

=2m‘ 4 1
1—ioo (1+itl)C(S)H 1- -
i=1 Pi
or
1+ioo _
it,
M(x:pr)zzx. f wx —1 dtl'
Ui . 1
1—ioo (1+it) [T [1-—
i=r Pi

However, by the virtue of Equation (4.4), one may have

r

1
e |1 =exp| £,((s—=1)1og p,)} (1+0(1/(log p,)")) .
i=1 ;
Hence,
1+ic0 ; L
M(x. p) =X J‘ x ‘(1+0(1/(10gp,,) ))
PO (14it,) exp|E, (it log p,)] "
1—io0
Let x=p,”, then
1+ic0 . .
e peci | Splionionp (1+0(1Mogp )
P (1+it,) exp|E, (it,log p,) | b

1—ioo

With the change of variables ¢=?,10g p, , the above integral can be rewritten as

1+ioo (i )(I—I—O(l/(l )k))
expliwt 0
8.1) M(x,p)=g—"— f T o
2nlog p.i J 1+— | ex (E,(it))
1—io0 log p, P&,

For sufficiently large r, the above integral can be further simplified to

I +ico
82 Mlxp)=si— | [1+0(11t10g p.1)) exp(~E, (ie)) exprert) ar.

If define the above integral without the term O(1/(log p,)*) as M Ax.p,), then



1+io0

M%) g | exp(= (i) explion) dr.
1—ioo
or
" 14+io0
83) MA(x,p,)Z#rgpri | expl= (i) expliorr) a.
1—io0

Notice that the integral in Equation (8.3) is the Fourier transform of the function exp(—E,(it)) and it
is independent of p, . Since the function exp( —E, (il‘ )) is an entire function with an infinite order,
thus the decay of its Fourier transform has the form O(exp (—o) log(co))) and M, (x, p,.) may be

written as [8]
o loa| - A
g 0 0 '

Thus, for p,<x<p,” (or 1<w<2), M ,(x, p,) has the value of Li(x). M ,(x,p,) continues to
grow for values of w greater than 2 and reaches its maximum for values of w at or around p, . For
w>p,. M, (x,p,) decays to zero as determined by Equation (8.4).

O(exp—wlog(w)) = O

(84) Mylx,p) = =0

log p, b

9- The series Mu(s, p,) ats=1:

In this section, we will show that if we define the function f (a , p,) as

a

9.1) f(a,pr):Mu(l,pr;ljpra):Zl@’

a
»
n=

then, as P, approaches infinity, the function f (a,p,) approaches a deterministic function F (a) that

is independent of p, and is dependent on only a . In other words; if we plot Mu(1,p,;1,N) (where
N=p“ as a function log(N)/log(p,) (or a), then for each value for @, as p, approaches infinity,
F (a) approaches a unique value that is independent of p, .

This can be shown by first dividing the prime numbers that are in the range p,<x< p’ into N sections.
The first section comprises of all the prime numbers that are in the range p,<x<p. . The second

section comprises of all the prime numbers that are in the range p. " “<x< pr(”e)z and so on (where the
i-th section comprises of all the prime numbers that are in the range pf_l+€)’<x< pr(He)M ). Hence,
(1+e)¥ =2,

or



log2
(9.2) _log2
TN

The process of dividing the prime numbers into sections continues for primes greater than p,”. Thus,
the total number of sections M over the range p,<x< p. is given by

(9.3) y=loga
€

If we define K; as the sum of the reciprocal of the prime numbers in section i, then by Mertens'
Theorem K, is given by

1+€)1+l

K, = log logp(, — loglog p(rHe)’ +0(1/logp,) .

Hence, for sufficiently small € and for sufficiently large p,, one may then obtain
(9.4) K, = e+0(1/logp,),

where O(1/log p,) can be made arbitrary small by selecting p, arbitrary large. Thus, K, will have
the same value € for each of the M sections as P, approaches infinity.

In the following, we will device an algorithm to construct a series that is equivalent to the series
Mu(1,p,;1,p,") from these M sections (that are comprised of the prime numbers) and the products of
these sections (with the appropriate signs). This series starts with the number 1. Then, instead of
subtracting the terms 1/p, (in the order based on their values, where p,<p,<p. ), we subtract the
values of K;'s of the first N sections. These sections are ordered based on the value of the largest
member within each section. It should pointed out that, the value of Mu(1,p,;1,p,’) constructed by
this method is given 1—log2 (plus a factor that is determined by the sum of N terms of the form
O(1/10g p,) and, as mentioned earlier, this factor can be made arbitrary small by selecting 7-
arbitrary large).

The terms of the series Mu(1, p, 1, p,") inthe range p>< p,<p. are either a reciprocal of a prime or
a reciprocal of the product of two primes. To reconstruct these terms, we subtract the sum of K;'s for
the sections of primes in the range p.< p,<p. and then add it to the sum of the terms that are the
product of K;'sand K 's for any two sections of the prime numbers where the maximum value of
members within the product is less than p) .

Similarly, we reconstruct the terms of Mu(1, p,; 1, p,") in the range pfs pi< pf by subtracting the
sum of K;'s for the sections of primes in the range p,< p,<p: and then adding it to the sum of the
terms that are the product of K;'sand K ;'s for any two sections of the prime numbers where the
maximum value of the members within the product is less than p? . We then subtract the result from
the sum of the terms that are the product of K;'s, K ;'sand K,'s for any three sections of the prime
numbers where the maximum value of the members within the product is less than p; .



We repeat this process a—1 times to reconstruct all the terms of Mu(1, p,;1,p,") . Thus, one may
conclude that except for the terms of the form O(1/log p,) (that can made arbitrarily small by
choosing P, arbitrarily large), Mu(1,p, 1, p,") is only dependent on M =loga /e (i.e. the number
of sections used to construct Mu(1,p,;1,p,"))and € (the value associated with the sum of the
reciprocal of the primes within each section). Hence, Mu(1,p,;1,p,") is independent of P, .

However, it is well known through elementary methods that for every integer N>1, we have have the
following inequality [3];

S oul))
|Z—j | = ul1:1,0)] <1.
j=1

Thus, using Theorem 1, both Mu(1; p,") and Mu(1,p,,1,p,") have a limit as @ approaches infinity
(i.e. as J approaches infinity). Therefore, one may conclude that as € approaches zero (and at the same
time, P, approaches infinity since we have to keep the terms of the form O (1/1og p,) much smaller

than €), Mu(1,p, ;1,p,") becomes dependent on only @ . This implies that for sufficiently large 2, ,
the value of Mu(1,p,) is the same for all P, 's. However, Theorem 2 states that for every 2, we have

r

Mu(1) = Mu(1,p,)] ]

i=1

1

D;

This can be achieved only if
Mu(1) = Mu(1,p,) = 0.

It should be pointed out that the series generated by this algorithm includes both square-free terms (that
forms Mu(1,p,,;1,p,")) as well as the non square-free terms. Therefore, the series generated by this
algorithm is in fact Lv(1, p,; 1, p,“) instead of Mu(1, p,,1,p,") . In the following, we will show that
as P, approaches infinity, the contribution by the non square-free terms approaches zero as well. Thus,
our analysis in this sections holds for both Lv(1,p,) and Mu(1,p,) . Toward this end, let S, be the
sum of the terms associated with the square of the prime 2. . Let S,+1 be the sum of the remaining
terms that are associated with the square of the prime 7,+1 , and so on. Let 7'be sum of all the terms
associated with non square-free terms of Lv(1,p,,; 1, p,") . Thus, Tis given by

1 1 1
T = —2S0 + TSI + ..+2—SL71 s
pr pr+l pr+L

where p,,,” is the largest prime square that is less than p,”. However,

1S3, 1Su], s 1S, < TH= 4t +L
23 pr
Thus,
1Sol, ISy, s 1S,y < logp,.




Hence,

1 1 1
I <|—S+—+.+——|alogp,,

pr pr+1 pr+L

or

a logp,
< —
P

Thus, for any @, T approaches zero as P, approaches zero. Therefore, both Lv(1,p,) and Mu(1,p,)
attain the same value of zero for all 2, 's.

10- The series Mu (s , p,) for R (s)<1 and the validity of the Riemann Hypothesis:

In this section, we modify the method described in the previous section to provide an estimate for the
decay of the function Mu(1,p,,1,p,") asaand P, approach infinity. We then establish the
relationship between Mu(1,p,;1,p,") and Mu(o, p,;1,p, ) where o<1 asaand P, approach
infinity. Our analysis shows that the series Mu( 1, p,) fails to converge for o<1 and this is the basis

for our claim that RH is invalid. In fact, our analysis points to the presence of non-trival zeros arbitrary
close to 1.

The main idea behind our approach to examine the validity of the Riemann Hypothesis is to determine
the rate at which the function Mu(s=1,p,;1,p,") decays as a and P, approach infinity. It is well

known that the series Mu( 1) is equal to zero and Riemann Hypothesis is valid if and only if Mu(o)
is convergent and is equal to 1/Z (o) for 6>0.5 . However, it is unknown how the function

Mu(s=1;1,n)= i M approaches zero as n approaches infinity. This follows from the random
i=1

nature of the Mobius function (7). Figure (1A) shows the value of the function Mu(s=1;1,n) for
1<n<64 which evidently shows the random behavior of Mu(1;1,n) asit approaches zero. Figure
(1B) shows the function Mu(s=1,3;1,3") for 1=4=<6 It is clear from this figure how our approach
has effectively smoothed the random variation in Mu(1;1,n) Figure (1C) shows the function
Mu(s=1,17;1,17") for 1=A=<6 and Figure (1D) shows an expanded view of Mu(17;1,17") for
4<A4=<6 which demonstrates the smooth approach of the function Mu(17,1,17") to zero. As P,
approaches infinity, the function Mu(s=1, p,;1,p!) approaches a deterministic function that we have
shown to be dependent on only A. It is the rate of decay (at which this function Mu(1, p,;1, p)

approaches zero) that we will analyze in this section. This rate is then used to examine the validity of
RH.



Figure (1A): The function Mu(1;1,n) or Mu(s=1;1,n)=" w(i)li vs. log,n which shows the

i=1
random variation of Mu( 11, n) as it approaches zero.

Figure (1B): The function Mu(s=1;1,3")=Mu(1;1,3") vs. A (where A=log;n). Notice the
smoother approach of Mu(1;1,3") to zero as 4 (or n) approaches infinity.



Figure (1C): The function Mu(1,1,17") vs. A (where A=log,;n). Notice a much smoother approach
of Mu(1;1,17") to zero as A (or n) approaches infinity.
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Figure (1D): An expanded view of Mu(17; 1,17") for 4=A=<6 which demonstrates the smooth
approach of the function Mu(17;1,17") to zero.



In the previous section, we constructed the series Mu(1, p,; 1, p,") by first dividing the prime
numbers that are in the range p,<x< p’ into N sections. The first section comprises of all the prime

numbers that are in the range p,<x< p.". The second section comprises of all the prime numbers
1+e€)

that are in the range p!*“<x<p, "and so on. In this section we will also divide the prime numbers
that are in the range p,<x< p. into N sections. However, the first section comprises of all the prime
numbers that are in the range p,<x< pi”’ . the second section comprises of all the prime numbers that
are in the range pfs x< erza and so on (where the j-th section comprises of all the prime numbers

_1)

that are in the range p!™/ "’ <x<p,'*/*). Hence,

(10.1) Nd=1.

The process of dividing the prime numbers into sections continues for primes greater than p,”. Thus,
the total number of sections M over the range p,<x< p. is given by

(10.2) Md=a.

If we define K; as the sum of the reciprocals of the prime numbers in section j (where i=j+N) then by
Mertens' Theorem, K, is given by

' s O(1l/lo
(10.3) K, = loglog p"""® — loglog p'* + % ’
i
where 1<i0<a . Hence, for sufficiently small 0 and for sufficiently large p,., we may then obtain

(10.4) K, = %+%O(1/logp,)+0(l/i2),

where O(1/log p,) can be made arbitrary small by selecting p, arbitrary large. As p, and N
approach infinity, we may then write

1
(10.5) K, = rE
Similar to what we did in the section 9, in the following, we will device an algorithm to construct a
series that is equivalent to the series Mu(1, p,; 1, p,") from these M sections (that are comprised of

the prime numbers) and the products of these sections (with the appropriate signs). This series starts
with the number 1. Then, instead of subtracting the terms 1/p; (in the order based on their values,
where p,<p,<p. ), we subtract the values of K,'s for the first N sections. These sections are ordered
based on the value of the largest member within each section. It can be easily shown that the value of
Mu(1,p,;1,p,) constructed by this method is given 1—1og2 (plus a factor that is determined by the
sum of N terms of the form (1/i8)O(1/log p.) and this factor (as mentioned earlier) can be made
arbitrary small by selecting 7. arbitrary large).

Moreover, we will compute the sum of terms of the form 1/p, over the range p,<p,< p; and we will



also compute the sum of the terms of the form 1/p; over p’<p,<p?™®* (where A A=1/N). It can

be easily shown the sum over the range p,<p ,.< p as p, approaches infinity is given by
A+A A4

M ,(4)=log A while the sum over the range p;<p,< p’ as p, approaches infinity is given by
AM (A)=A Al A (one may notice that AM ,(A) isalso givenby A A dM (A)ldA).

The terms of the series Mu(1, p, 1, p,") inthe range p.< p,<p. are either a reciprocal of a prime or
a reciprocal of the product of two primes To reconstruct these terms, we subtract the sum of K;'s for
the sections of primes in the range p’< p,<p. and then add to it the sum of the terms that are the
product of K;'sand K 's for any two sections of the prime numbers where the maximum value of
members within the product is less than pf .

In the following, we will compute the sum of terms of the form 1/ (p;p ) over the range p,<p,<p..

) A+A A

We will also compute the sum of the terms of the form 1/ (p;p ;) over pl<p.<p! . The sum

M,(A) of the terms of the form 1/(p,p;) over the range p,<p,<p. as p, approaches infinity is

given by:
1 'S 1 i 1 loga
M,(A) =
2(4) 2N Z‘V /N ( ) f

The factor of 1/2 was added since each term of the form 1/ ( p;p j) is accounted twice in the above
sum. Computing the above integral, we then obtain

M,(4) =%log2(A)+Li2

1) =
Al 127
where Li,(x) is the dilogarithm of x and is given by

_f log(l—t)d[
0 t
A+AA

Similarly, the sum A M ,(A4) of the terms of the form ll(pipj) over the range p/<p,<p’ as
P, approaches infinity is given by:

AA
AM,(4) = = 5 | ymmpl
or
AM,(A) = ATAlog(A 1,

or



AM,(A) = AAA M, (4-1).

Once again, we notice that A M ,(A4) is also givenby A A d M ,(A)/dA .

Similarly, we reconstruct the terms of Mu(1, p, ;1 p,A) in the range pi<p,<p! by subtracting the
sum of K,'s for the sections of primes in the range p’< p,< p, and then adding it to the sum of the
terms that are the product of K;'sand K ;'s for any two sections of the prime numbers where the
maximum value of the members within the product is less than p! . We then subtract the result from
the sum of the terms that are the product of K;'s, K;'sand K,'s for any three sections of the prime
numbers where the maximum value of the members within the product is less than p; . Similarly, the
sum M (A) of terms of the form 1/(p,p,p;) over therange p,<p,<p! as p, approaches infinity
can be computed as follows

M—-N

_ 1 1 |1 Mile)
M3(A)_3N,Z A—il N ( )‘3! A-

j=2N

A+AA

Furthermore, the sum A M (4) of the terms of the 1/( p, p;p .) over the range p’<p,<p’ as
P, approaches infinity is given by:

AA Af 1 log(a—1)

AM (A4) = da ,
39 (A—a) a
or
log(a—1) log(a—1
AMs(A—— f g +3Af ga ) da
Hence,
A1 1 n

AM,(A) = 2log (A—1)+Li, 1 1) 12)

or,

AM (4) = AAA M,(4-1),

We repeat this process 4— 1 times to reconstruct all the terms of Mu(1,p, 1, p,”) . For each step Js
we compute both M _].(A) and AM j( A) as p, approaches infinity to obtain



10.6) M, (4) = - 3

and
N < B i ad’tt 1AM, (a)

7 AM (4) = — AM. || = =07 g
(10.7) ;(4) j N 5S4 A—ilNiIN ./—I(N) J (Ad—a) a ¢
or

0. AM (4) = A4 e AMj_l(a)d L A AM,_l(a)d
( . ) J o ]A4 A—a a ],4 a ¢
and

dM (A)
10.9 (4) = J
(10.9) AM (4) =A4 —L

Thus, we may conclude that

(10.10) A

Since Mu(1,p,;1,p,") is the superposition of the terms M ;(4) 's, hence

(10.11) dMu(1,p,:1,p/) __Mu(l,p.;1,p"")

dA A

Thus, for sufficiently large 4, Mu(1,p,;1,p,”") is given by
(10.12) Mu(1,p.;1,p)=0l(1/4).

In other words; the Dirichlet series Mu(s, p,; 1, p,") at =1 approaches zero as approaches 4
infinity and for sufficiently large 4, Mu(1,p, 1, p,") decays at a rate given by 1/4. In the following
we will use this result to examine the validity of the Riemann Hypothesis. This task will be achieved
by using the same approach described in this section to analyze the behavior of Mu(o, p,; 1, p,") for
0.5<0<1 as A approaches infinity.

In the following, we will use the same approach to reconstruct Mu(o, p,; 1, p,") where we divide the
prime numbers that are in the range p,<x< pf into N sections. The first section comprises of all the

prime numbers that are in the range p,<x< p.** . The second section comprises of all the prime

'*2° and so on (where the j-th section comprises of all the

1+,9

numbers that are in the range p.*°<x<p,

=) ). Hence, N d=1. The process of dividing

prime numbers that are in the range p, *<x<p,



the prime numbers into sections continues for primes greater than p,” . Thus, the total number of
sections M over the range p,<x<p; is givenby M 6=q¢.

If we define K, as the sum of the reciprocal of the prime numbers in section j (where i=j+N), then on
RH and using Theorem 4, we have (refer to Equation 5.5)

(i+1)d (i+1)

1 ' 1 ' 1 X"
K = - ———dx— | ——d[> X+,
! p,/‘a<pZ<:p:+1).\ pj0 ;7[’; x Ing ;':; .x Ing (; p )
or
K, = —E ((o-1)log p/" ") + E [(6~1)log p°| + O (0_105)219,”2 “log(p,)

Using the following asymptotic representation of the Exponential Integral

E1(Z):ez 1+0 é)),
we may then have
(1-0)(i+1)dlog p (1-0)(i+1)dlog p,
; - 1 e ' 1
—E|(6=1)log p!""?| = —[1+0 = ol ——|| -
1(((5 ) ogp, (1—0)logp(,l+1)b Nlog p, (l—o)iélog D, Nlog p,
and
(1-0)idlogp.
(i+1)8) _ e ' 1
El((G—l)logpr )__(l—o)iélogp, O(Nlogp, .
Hence
(1-0)8i
Dy 1 1 1/2-0
K =C——|1+0|— O —— 1 )
’ i Nlogp, (6—0.5) P log(p)

where C=(pf.170)6— 1)/((1—o)dlog p,) . Hence, as p, and N approach infinity, we may then have
(10.13) K, =p "=

Similar to the computation of A, (4)=logA and AM (A)=A Al A , in the following we will

compute the sum of terms of the form 1/ p; in Mu(o,p,) over the range over the range
d<p<pitt (where A A=1/N). We will also introduce the series Mu(1,p,;C)  This series is
similar to the series Mu(1,p,,;1,p,") expect that the terms of the form 1/p, are multiplied by the



factor C, the terms of the form 1/p;, p,, are multiplied by the factor C* and the terms of the form
1/p,;p,... p, are multiplied by the factor C" . If we denote the sum of terms of the form 1/p; in this
series over the range p,<p,<p. as M (A4;C) and the sum of the terms of the form 1/p; over

pl<p<pt™™* as AM (A;C),then we have
M (4;,C)=Clog4,
AM (A4;C)=CAAlA,
and the sum of the terms of the form 1/p; in Mu(G)pr) over the range pfSpi<pf+AA is given by
AM (A,0)=C p" """ AAl A=AM,(4;C)p!" .

Similarly, if we denote the sum of terms of the form 1/p; P, in the series Mu(1,p,;C) over the range
A+A A

p.<p,<pl as M,(A4;C) and the sum of the terms of the form 1/p,p,; over pl<p<p’ as
AM ,(A;C) then we have
1)
A] 12)°
2 AA

AM,(4;C) = C 71og(A—1),

M,(4;C) =C2(%10g2(A)+Li2

and

and the sum of the terms of the form I/P?P; in Mu(o, p,) over the range pfSp,-< p,f”AA is given
by

AM,(4,0) = CzA—jlog(A—l)p(rl_G)AzAMz(A;C) plo

and so on for all the terms of the two series Mu(1,p,:C) and Mu(c, p,) . Therefore, if the series
Mu(1,p,;C) is convergent, then as it is the case with Mu(1,p,:1,p,"), Mu(1,p.;1,p,*:C)
should also decay at a rate given by 1/4. Furthermore, we have

(101 AM,(A,O) = AM,(A,C) p’(ﬂl—o)A.

Since for O <1 the factor Pr(l_o) 4

approaches infinity as 4 approaches infinity, therefore
Mu(o, p,; p.”, p," ") also approaches infinity as 4 approaches infinity (Notice, that

A . .
Mu(o, p,; prA’p;‘A+AA):Zi:1 AM (4, c))- Therefore, the series Mu(o, p,) diverges and
consequently the series Mu(o) also diverges for 9 <1 and the divergence of the the series Mu(o) is
the basis for our claim that the Riemann Hypothesis is invalid.



Appendix 1:

To prove the first part of theorem 1 (i.e. for s=0+i0 and 0.5<0<1 , the series Mu(0, p,)
converges conditionally if Mu(o) converges conditionally), we first start with proving that Mu(o,2)
is convergent if Mu(o) is convergent. Since Mu( o) is convergent, then for any arbitrary small
number O, there exists an integer N, such that for every integer N > N

Mu(o; N, o) = 2“}5”)

Let the sums Mu(o;1,N), Mu(o; N+12N), Mu(c;2N+1,2°N), Mu(c;2°N+1,2°N),....,
Mu(o;2" ' N+1,2"N) be defined as;

N

MOIN

"2 u(n)
Mu(o;N+1,2N) = > = 9,,

n=N+1 N

2°N
Mu(o;2N+1,2*N) = Z uln) _ 5,,

M
=
Il

(Al1.1) Mu(o;2°N+1,2°N)

3

Mu(o; 2" 'N+1,2"N) =

where by the virtue of the convergence of Mu(o)
(Al1.2) 10,118,185, ., 18, | < & .

Furthermore, let the sums Mu(O,2;1,N) , Mu(0,2;N+1,2N) , Mu(g,z,-2N+1,22N) ,
Mu(c,2;2°N+1,2°N) yooo, Mu(o,2;2" "' N+1,2" N) be defined as

o w(n,2)
Mu(c,2;1,N) = ), === = B,
n=1

n
2N
Mu(o,2; N+12N) = “<”;2) = ¢,

2°N
Mu(o,2;2N+1,2°N) = Y, w(n,2) _ 6,
n=2N+1

(A1.3) Mu(c,2;2°N+1,2°N) =



Since
%u(n) 3 u(n,2)_iu(n,2) 3 u(n,2)_i0ﬁ w(n,2)
=1 n’ = n° =1 (2n)° =on 220
thus
(Al4) Mu(o:12N) = Mu(0,2;1,2N)—%Mu(0,2;1,N),

Similarly, we can write

2/+IN 2/+IN 2/N 2/+1N 2/N
u(n) w(n2) w(n,2) _ w(n,2) 1 w(n,2)
Z Z s Z o 2° z o

n=2""N+1 N

n=2'N+1 D n=2'N+1 N n=2"N+1 (Zn) n=2N+1 N

1

?Mu(0,2;2HN+l, 2'N) .

(A15) Mu(o;2'N+1,2"'N) = Mu(c,2,2'N+1,2'"'N) -

By the virtue of Equations (A1.2), (A1.3), (A1.4) and (A1.5)

|
(A1.6) A1+61=Bl+€1—?31 ,
1
(Al.7a) o, = SR
1
(A1.7b) o, = 63—? €,
1
(Al.7¢) 0, = eL—I_?eL—2 .

where |61|!|62|’|63|!""|6L—1| <9 , |61+62|<6 5 |61+62+63|<6 sy |61+62+63*‘---"_6L—1|<6

and O is arbitrary small.

The above equations can be written as

1e+62,

ezzf 1



1 1 1
(Alg) €= ?624-63:? E]+?62+63 s
1 1 1 1
€_,= ?GL_2+ 6L_1—2(L72)0 e1+2(L73)062+ S O;+..+9,, .
Thus,

(A1.9) € +etet+.te, = (1+1+1+ +

1
2 ) 25 W)el+(62+63+“+6L—1)

1 1 1
+?(62+63+..+6L_2)+F(62+63+..+6L_3)+..+—2(L73)0 5, .
Since [8,/<[8] , [8,+8;]<[d] .., [8,+8;+.. +6L <[9]
1 1 1
8,+8,+..+8, |+ 0|6 +8,+. +6L . +2 |6| |6+76+F6+“+—2<L—2)06| ,
or
(A1.10) 16,+8,+..+8, ||+ 0|6 +8,+..+98, | |+.. +2 510, <
where [8] =9 . Thus, Equation (A1.9) can be written as
€, +e,te+.+e, | = € (1+i+i+ +;)+
(A1.11) tete . te, T e T e T T e T Y

where Y, is a small number of the same order as 0 . Since O is arbitrary small that tends to zero as N
approaches infinity, thus, Y; is also a small number that tends to zero as N approaches infinity. As L in
Equation (A1.11) approaches infinity, one may then obtain

(‘i

(A1.12) D = FTatY: -

i=1

Therefore, the sum Mu(c,2,; N+1,0) (which is equal to €,+€,+€;5+...) is bounded by the sum
Mu(o,2; N+1,2N) (which is equal to €,).

The process of Equations (A1.6) through (A1.12) can be repeated with 2N is substituted for N and
Equation (A1.6) becomes

1

A,+0,= Byt &= 5B, |

where 4,=Mu(0;1,2N)and B,=Mu(o,2,1,2N)

Thus (refer to Equation (A1.7a))



1 1
AZZBZ—?BZ-F?E] s

and following the same process, it can be shown that the sum Mu(o,2;2N+1,00) is given by

1
Zei:ﬁel"')b )

)
i=2

where Y, is a small number of the same order as Y, . Since Y, tends to zero as N approaches infinity,
thus, Y, also tends to zero as N approaches infinity

If we repeat the process / times, we get

1 1

A1=B[—?Bl+ OEI s

2(1*1)

where 4,=Mu(c;1,2'N)and B,=Mu(c,2,1,2'N) . Furthermore, the sum Mu(o,2;2' N+1,00) is
given by

. 1 1
Z €= 220 27 ] €ty

i=l
where Y, is a small number that tends to zero as N approaches infinity.

It is clear that Mu(o,2;2' N+1,00) approaches zero as / approaches infinity. Furthermore, as /
approaches infinity, B approaches its limit given by

(1_%)Mu(0, 2;1,0)=Mu(o;1,0)

Following the same steps, it can be also shown that

(A1.13) (1—%)Mu(0,3;l,oo):Mu(G,2;l,oo)’
or
(Al.14) (l—%)(l—%)Mu(o,?ﬁl,oo)zMu(G;l,oo)_

Equations (A1.13) and (A1.14) can be proved by first defining

b

o~ u(n,2)
Mu(c,2;1,N) = ). =220 = 4,
n=1 n



S u(n,2)
Mu(c,2; N+13N) = ), =),
11:N+} n
2 3 u(n.2)
Mu(o,2;3N+1,3°N) = Y, =),
n=3N+1 n

Mu(c,2;3"'N+1,3"N) =

n=3"'N+1 1
and
N
Mu(c,3;1,N) = Z“<”(;3)= B,,
n=1 n
S u(n,3)
Mu(c,3;N+13N) = Y, 2 =,
n=N+1 n
2 & u(n,3)
Mu(c,3;3N+1,3°N) = Y| 2= =,
n=3N+1 n
L-1 L iy pt(n 3)
Mu(c,3;3" 'N+1,3°N) = = = ¢,
n=3""N+1 M
Since
S w(n2) o wn3) _i wn,3) _ 5 u(n3) _Li u(n,3)
n=1 no n=1 l’lo n=1 (311)0 n=1 n0 30n:l nG
thus
1
Mu(0,2;1,3N)=Mu(0,3;1,3N)—?Mu(0,3;l,N),
Similarly

Mu(o,2;31N+1,31+1N)zMu(o,3;31N+1,31+1N)—%Mu(0,3;31_1N+1,31N) ,
Following the same steps (A1.1) through (A1.12), we can show that

1

0 3(]

i=1

where Y, is an arbitrary small number.

Similarly, if we define 4,=Mu(0,2;1,3N) and B,=Mu(c,3;1,3N ), then



1 1
AZZBz—? 32 +? €, .

Therefore

1
Zei:y__lel-’_YZ’

o0
i=2
where Y, is an arbitrary small number.

Repeating the steps / times, one may obtain

- 1 1
;ei = 3020039 ST

thus, Y, is a small number that tends to zero as N approaches infinity.

Hence, one may conclude that Mu(o,3;3' N+1,0) approaches zero as / approaches infinity.
Furthermore, as / approaches infinity, B approaches its limit given by

(1—%)Mu(0,3"1,00):Mu(0,2; 1’00) :

Repeating the process r times, one may conclude

MM(O,’I,OO) = MM(O,pr;l,OO) (1_ 10)’
i=1 i
or

(A1.15) Mu(o) = Mu(o,p,)_r (1—#).

The second part of the theorem can be proved by recalling

10 Mu(o,p,;l,N) .

Mu(o’prfl"lﬁNpr) = Mu(c’pr"l’Np}‘) -

If both series Mu (O , pr,l) and Mu(o , p,) are convergent then as N approaches infinity, we obtain

Mulo.p,_)) = (1-—5)Mu(o.p,) |

7

By repeating this process r times, one then obtains



Appendix 2:

Assuming RH is valid and for 0.5<0<1, to show that

2. 5 = E,((0-1)log p,)~E,((0=1)logp,,) + ¢,

i=rl pi
1 12-0
where €=0 m Py 10%(1%1) , we first recall that
2 Pr ! Pr . D |
A21 5 — J‘ —Gd - I Gid + f —(,dO 1 .
(A2.1) Z dn(x) Tlogx ¢ —d O(Vxlogx)
‘x:prl x:pr] x:prI

We will first show that

P
f xcli) dx:El((G_l)Ingrl)_El((o_l)l()gprz)-
X= D 87

Using the substation logx=y , one may then write the above integral as follows

P log p,, logp,, logp,,
1 e(I*O)y e(I*O)y e(lfo)y
J‘ ——dx = f dy = f dy — J‘ dy .
x logx y y y
X=Pn log p,; € €

With the variable substantiations z,=y/log p,, and z,=y/log p,,, one then obtains

Pr ! (1-o)logp,,z, ’ (1-o)logp,, z,
1 e e
[ R P
x logx Z, z,

X= Py ellogp,., ellogp,,

With the variable substantiations w,=(1—0)log p,,z, and w,=(1—0)log p,,z, and by adding and

(mollogp, , (=olloep,
subtracting the terms — f —2 + f ——L one may then write
(1-0)e Wi (1-0o)e Wi
P (1-0)log p,, " (1-o)logp,, (1-o)log p,, J (1-0)log p,, J
s w, W W
f 011 dx= f ¢ 1dwz— f ¢ 1a’w1+ f —2 - f —
x logx w w w w
vp, 08 (1=0)e 2 (1=0)e ! (120 " (12ge M



Since [9, page 230], for x >0

[t = Bilx)-togx)—y = =, (=)o (x)-y.
0

one may conclude

P
1
(A2.2) f ma’x = E,((0—1)log p,,) — E\((c—1)log p,.) .
X=Prn

The integral with the O notation in Equation (A2.1) can be computed by integration by parts. Thus,

prZ prZ
O\Vp,,lo O\Vp,, lo
Jl LOdO(\/EIng) _ ( prZO gprZ) _ ( pr]0 gprl) _ f O(\/;logx)d LO) ‘
x=p X pr2 pr] x=p X

Since x>0, thus

D D.

OlVp,lo OlvVp.,lo v
f L 10(Vxlogx) = ( p'zogp”)_ | P gp”)—o | Jxlogxd(%) .
x=p X prZ pr] x=p, X

With the substitution of variables log x=1y , one may then obtain

P2 1 logp,, Lo)y
f ‘/XIOng(—o) = - f oye’ dy.
X
X=Pr y=logp,,
Since
fxe”dx = (1—%)6‘”,
a q
therefore
P
J. \/;10ng L) = —0O logprz_ 1 p0-5—0+0 logpﬂ_ 1 0.5-0
x=p, X" 0.5-0 (0.5—0)2 2 0.5-0 (0_5_0)2 rl

Hence, for 0>0.5, one may conclude

) 25)
(A2.3) | %dO(\/}logx) -0

X=D,

12-0

prl log(prl)
(0—0.5)




Appendix 3:

Assuming the validity of RH, to prove that,

m P log(p,)],

1
_Z orit El((s_l)logp)‘Z)_El((s_l)logpr1)+0

i

for 0>0.5, we first recall Equation (4.2) with s=0 +it

log(ﬁ

i=rl

1 < 1 1 1 &1
1- o+it = Z T ot 2(o+it) o 3(o+it) Tl T z o+it +90 P
p Di

i i=rl 2p, 3 pi i=rl i

where 0 —O( pﬂkz”) is an arbitrary small number for sufficiently large 7/ (it should be pointed out

1
that the sum Z 5,20 is finite for 0>0.5 and ##0 by the virtue of the prime number theorem or
i=rl p

the absence of zeros on the line =1 ). We also have

cos tlog p;) < sin(tlog p,)
_Z 0+1t = _z + lz o '
i= r1 i=rl i i=rl pi

We will first compute the first term using Equation (4.19) as the prime counting function to obtain

prZ pr]

tl —olog x
—Z cos | ogp) _ _J‘ e COS(tlogx)dx " f MdO(\/xlogx)
i=rl logx ¥

P X=Pr

The integral with the O notation can be computed by integration by parts as shown in Appendix 2 to
obtain

P
f MCI’O(&IOE’X) =0 mprlllz_clog(pﬂ))'
X=Pr
Hence,
B 2, cos(tlog p,) B _prz e " cos (¢ logx) t 12-0
[:z” 7])[0 = f log x dx + 4(0_0.5)2 D log(Pﬂ) .

prl

Using the substation log x=y , one may then write the above Equation as follows



logp,,

cos(t1lo (1-0)y
_Z gp) _ J‘ e COS(ty)dy+A,
i=rl y
log p,,

. t 1/2-0 . cpe, s .
where A = O m Py log(p,;)| . The above integral can be computed if it is modified as
follows

(r1 ) logp,, (1-0)y log p,, (1-0)y log p,, (—o)y

cos(tlo N -0 -0

_Z gp) _ _ J‘ e cos(ty)der J‘ e &y - J‘ e dy+ A
i=rl pl Yy Yy
log p,; logp,, log p,,
or
logp,, (1-0) log p,, (1-0)
—Z oS tlogp) _ J’ e "y(l—cos(ty))dy B J' e Oy(l—COS(fy))dy _
i=rl pl y y
€ €
logp,, log p,,
8(1—0} (1-o)y
f dy + f dy + A
€ €

With the variable substantiations z,=y/log p,; and z,=y/log p,,, one then obtains

1 1

cos tlogpl) e!!moNer==2 (1 _cos(tlog p,, 2,)) el molerin (1 _cos(tlog p.,z,))
—Z f dz,— f dz,
i=rl p, ellog p,, 22 ellog p,, “1
1 (1-o)logp 2, 1 (1—o)logp,, z,
- oy + [ iz, 4
ellogp,, %2 ellog p,, @

By the virtue of the following identity (Reference [9], page 230)

1

J‘ e”(1—cos(bt)) 1

; dt = Elog( 1+b*/a*)+Ei(a)+R [E,(—a+ib)],

0

where a> 0, one may then have the following

Z cos tlogpl)

i=rl i

=R[E,((s—1)log p,,)|+Ei((1-0)log p,,)-R[E,((s—1)log p,,)|~Ei((1-0)log p,,)



1 1
e(l—o)logprzz2 e(l—U)logP,121
- f  dn+ f @ +A.

Z Z
e/logp,, ellog p,,

With the variable substantiations w,=(1—0o)log p.,z, and w,=(1—0)log p,,z, and by adding and
(1-o)logp,, dw (1-0)logp,, d
2

subtracting the terms _[ =22 f
(1-o)e W2 (1Z0)e Wi

, one may then obtain

Z cos tlogp)
i=rl pl

= R[E,((s—1)log p,,)] — Ei((1~0)log p,,)~

S}%[El((s—l)log pﬂ)] + Ei((1-0o)log p,,)—

(1-0o)log p,, , (1-0o)log p,, ,
(1-0o)e w2 (1-0)e "
(]_0)10gp72 (1_0)]0gpr2

dw, dw,
f o+ f — +A.
Wy Wi

(1-0)e

Since [9, page 230], for x>0

X

t
fet_ldt — Ei(x)—log(x)—y,
0

hence, one may conclude

-5 <olboBP) g, (5= 1)tog )]~ [, ((s=1)1ogp,)] + A

i=rl i

(A3-1)

Similarly, using the identity [9, page 230]
1

at -
Jl%(bt)dt = n—arctan(b/a)+3|E,(a+ib)],

one may show that

pr2
—ologx _:
sin(zlo
_f € 1 ( gX)dx = ﬁ[E ((S_l)logpﬂ)] [E ((S_l)logpi])]
ogx
prl

from which one may obtain



—Z sin tlogp)

i=rl l

(A3-2) = J[E,((s—1)log p,,)| = S[E,((s—1)log p,,)] + A

Combining Equations A3-1 and A3-2, one may conclude

r2

(A33) -2 — = E((s=1)logp,) — E,((s—1)log p,,) +

i=rl p

m e 10%(19”)) :

i

It should be pointed out that (A3-3) can be also obtained directly by noting that

P
S s o —L ().
=1 p; 7, log x (6—-0.5)

Using the definition of the Exponential integral as we did in Appendix 2, one may then be able to show

prZ

1
| =t—ar =~ E/((s=1)og p,.) + E\((s—1)log p,,).
x log x

rl

Appendix 4:

In the following, using the Prime Number Theorem (PNT) and for s=1+it where ¢#0 , we will show
that

r2 log 12 e—(s—l)logp,., e—(s—l)logprz .
Al - " - + O(l/logp,/') .
( ) IZ';I pl (l_pl ) (S_l) (S_l) !
We first note that
r2 1 ‘ 2 1 ‘
(A4.2) > oy ngj’ 1+LS+LZS+LSS+___ .
Splli-p7) Sop p’ S P

The first sum on the right side of Equation (A4.2) can be written as the following integral

r2 1 ) Pr
Z OgYP, _ J' logvde(X),
i=rl pi‘ Do X

where using PNT, 7(x) is given by
n(x) = Li(x)+0|[x/(logx)"].

Thus, for s=1+it, we may then obtain



—(s—1)logp,, e—(s—l)logpl,z

G20 [soD) + O(1/log p,.,") .

_i logf)i — 5
i=rl pi

Similarly, for s=1+it, we can also show that

r210
Sloep 1,1 1

i=rl pz pi pi D;

—+..| = O(1/p,,).

Hence, for s=1+it, we have

r2 logp —(s—1)logp,, e—(s—l)logpr_,
_ i = — + O(l/logp,,).
Zoli-p] ~ o0 ot OWer

Appendix 5:

In Appendix 5, we will show that the sum Zp E,((s—p)log p,) is convergent if R(s)>0.5,

R(s—p)=0 and s#p forevery p.Also, if |s—p|>= €> 0 forevery p, then for sufficiently large
P, , we will show that

P

pr pr 2

> E((s—p)logp,) = + 0(1/(log p,)’).
- log p, ' s—p

Furthermore, if s has a fixed value, then the sum Zp E,((s—p)logp,) is given by

p.’ P
ZE (s—p)logp,) = —@ F’ + O(1/log p,).
r p

This task is achieved by noting that for sufficiently large log p,, E, ((s—p)log p,) can be written as

(( )1 ) e (s—p)logp, 1
A5.1 Ei((s—p)logp,) = *——|1+0|————
(A 1 (s—p)log p, [s—pllog p,
The sum Y, E,((s—p)log p,) is then given by
P
e sPllogp,
(A5.2) ZE s—p)logp,) = D, + 9,

> (s—p)log p,
where O is contribution by the sum of the O terms in Equation (A5.1). It can be easily shown that if

|s—p|=€> 0 forevery p,then & in Equation (A5.2) tends to zero as p, approaches infinity. This
result can be deduced by noting that O(8)=(1/(log p,)’) Zp 1/|s—pl* . Since the sum Zp 1/|s—pl is
bounded, therefore O(8)=1/(log p,)* .



Equation (A5.2) can be then simplified to

> E((s—p)logp,) = Z 21 0(1(log p,))

log P,

Let s=0+iT and p,=p;+iy,. We split p,'s into two groups. The first group comprises of the non-
trivial zeros with 7y, 's less than mT. The rest of the non-trivial zeros belong to the second group. Since
the first group has a finite number of p;'s, thus the sum Z‘y \<mT E,((s—p)log p,) is bounded. Since

|p,” p,|<1 forevery p,, therefore Z\y,\<mr E,((s—p)logp,)=0(1/logp,).

The sum over the second group is then given by

S P P P;
p" pr pr pr

2 Ells—pllogp,) = —7—| 3 Tts 3 T4 Y o
[y|>mT ogp, |y,|>mT P; lyl>mT P; lyl>mr P;

It is well know that the first term ‘ ZT po; s convergent. The upper bound for the second term can
Y [>m

be determined as follows

-5 0,

; -5 [
_Pr_ S Prz < _|Pr | || Z |prz|
logp, |5 0; log p, " yiZor ;]

Since for sufficiently large 7, |s| is given by T and the density of the non-trivial zeros is given by log ¢,
thus

=S 0 —min|o—f] 00
) T

P, s Z P,z < P, | J‘logzgt i

logp, yi=ur 0 logp, =t
or,

P s " - Ip, "M T O(logT)

logpr |y |>mT pIZ logp, m
Similarly,

p’ oo 2 _ 1T OflogT)

logp, = iz 0] log p, m’

and so on. Consequently,

—5 . . —min|o—f| 2
, ‘ {Ks
Dy g Dy + S2 Z Dr + < |pr | i s

Ingr ly|>mT pl2 ly,|>mT p? B Ingr ioom



or

= P P;
Pr Loy ¢ > p_r3+ ..... = O(1/logp,).

2
logp,\ i=ar p; NEZTaN

Hence the sum zp E,((s—p)log p,) is convergent and it is given by

2 E ((s=p)logp,) = ; Z E: O(1/10g p,)
p ngr
Furthermore, if 3(s)<T then
- Pi
D Dr
E ((s—p)logp,) = — + O(1/log p,
y;ﬂ ((s—p)log p,) logp”yig,;ﬁ > (1/1og p,)

Since the sum ( p, /log pr)ZﬂsmT(pf/p,») is given by O(1/log p,) when S(S)ST, therefore for s
with 3(s)<T, we have

—s p
P P
E,((s—p)logp,) = ——— 2, — + O(1/logp,
; ((s=p)log p,) logpig 5 (1/1og p,)

It is well known that on RH, the density of the root on the critical line is given by O(1/logt) .
Consequently, if all the roots are located on the critical line then Zp pilp=0(p,(log p,)*) (refer to

[1], section 5.5). The derivation of the estimate 0(@ (log p,)") is based on splitting the roots into
two groups. The first group comprises of the roots with 3(p)< p, . The contribution by this group to

the estimate is governed by the sum prl/zz Spsp, 1/3(p) . The second group comprises of the roots
with 3 (p)> p, . The contribution by this group to the estimate is governed by the sum

.Y, S ()

We now consider the case where there are non-trivial zeros off the critical line. For this case, Bohr
Landau theorem (refer to [1], section 9.6) states that for every € there is a constant K such that the
number of roots p's in the range {R(s5)>0.5+€,0<3J(s)<T} isless than KT forall T.In other
words, the density of the roots off the critical line is less than a constant K (or O(1)) compared with
log(T) on the critical line). If we denote N (0,T) asthe number of zeros P+iy such that >0
and 0<y<T, then using Bohr-Landua theorem N (o, T)=0(T) . Several theorems are presented in
Titchmarch [7] that provide smaller bounds for N (o, T') . Theorem 9.17 shows that

N (o, T):O(T“O“’O)“) , where 0.5<0<1 . Using this theorem, one may show that if 0.5<a<I,
R(p)<a forall's p's and ‘.R(p)=a for a finite or infinite number of p's, then if ‘R(s)za and



|s—p| = €> 0 forevery p, we have

2 E[(s—p)logp,) = O(1/p,).

In other words; if 0.5<a<1, R(p)<a and |s—p|= e> 0 forevery p, then the the sum
Z E, (( s—p)log Pr) approaches zero as p, approaches infinity.
p

On the other hand, if ER(p)=O.5 for all p's, then for 9?(5)=0.5 and |s—p| = e> 0, we have

2. E\[(s—p)logp,] = O(logp,).

In other words; if all the non-trivial zeros are on the critical line and R(s)=0.5 , then the
Z E 1((s—p)log pr) diverges as p, approaches infinity.
P

Appendix 6:

In Appendix 6, we will derive a formula, based on Theorem 3, for the growth of the difference between
the actual prime numbers p; and their ideal values of Li~' (i) . This will be achieved by first noting
that for s=14ir, we have

r—o

C(s) = lim [ '_rl

Furthermore, Theorem 3 states that for s=1+i7, we have
log T(s) = E,((s—1)logp,,) Zlog(l——)
p

where the equality of both sides is attained as p,, approaches infinity. For a/ <a2 , we have

1——) Z log(l—L
p i=al

1

(A6.1) log C(s) =— Z log

+E,((s—1)logp,,) -

Subtracting the term £ ((s—1)log P, ,) from both sides of Equation (A6.1), we obtain

—E,((s—1)log p,,)+ E,((s—1)log p,,)

log &(s)—E,((s—1)log p,,) = Zlog(l——) Zlog(l——
p p

i=al

If we denote C as

(A6.2) = —Zlog(l—L +E ((s—1)logp,,),

i=1

1



then we have the following equation

~nfiogle(s)) =~ 3 5 B r (5, (5 1)tog )] + £, (s~ o )+ 0(C)

Consider, instead of the set of prime numbers p; , P,, .., P, (where n =7 p,,) ), the set of numbers
m, , m,,. M, where f’l:[Li(mn)] (wWhere [x] is the integer value of x). Let k; be the difference
between the prime number p; and its ideal value m; (i.e. p,=m,+k; ). Thus, by the virtue of the
Prime Number Theorem k,/m; and k,/ p; approach zero as i approaches infinity.

Thus, referring to Appendix 7 and noting that log p,=log mi(l +k,/ mi):k’g m;+log ( 1+k,/ m,») (where
log(1+k,/m,) = k,/m+0O (k:/m}) approaches zero as i approaches infinity), one may then write

a2

—R(E,((s=1)log p,p)| + R(E, ((s=1)log p,,)) = Zm( g = 3 ooslilogm)

i=al i=al i

where, £,=0(p,, ") . Thus

a2

)) ZZ i cos ntlog( J) + 3 cos(tlogm,)

ER(log( 5 +C,

i=al m;

Vl o b

l

where C, =R (C)+¢, is bounded.

Let C, be defines as

no

n=2 np,

B _ZZ:Z”: cos(ntlog(p,)) v C

Thus, C, is also bounded for 0>0.5 . Hence, we have the following equation,

a2 a2
>) _ _ 3 coslrlogp) cos(tlog p,) S cos(tlc:jgmi) e

i=al pz i=al m;

(A6.3) ~R(log g

Substituting m,+k; for p;, one may then obtain,

al
‘.R(log( )) Z exp(—olog(m,+k,))cos(tlog(m +k,))+ z exp(—ologm,)cos(tlogm,)+C,
i=al i=al

Let 0,=k,/m, where O, approaches 0 as i approaches infinity, then one may write,

log(m+k,) = logm,(1+9,) = logm, + log(1+39,)

Since log(1+9,) = 8,+0(8?), therefore,



log(m,+k;) = logm, +8,+0(d;)
Hence,
exp(—olog(m+k,) = (1-068,+0(3;)) exp(—o logm,)
Similarly,
cos(tlog(m+k;)) = cos(tlogm;) cos(1d,+t0(d;)) — sin(¢logm,) sin(18,+t0(d,))
if we choose al so that ¢9,<<1 | then,
cos(tlog(m,+k,)) = (1+0(87)) cos(tlogm;) — t8,(1+0(d,)) sin (tlogm,)

where by the virtue of the Prime Number Theorem, the term (1+0 (6,-2)) approaches 1 as i approaches
infinity. Hence, Equation (A6.3) can be written as:

a2

~R(loglt(s))] = X

i=al

J, .
— (tsm(t logm,)+ocos(tlog ml)) +C,

where C; is equal to C, plus the sum of the terms that contain O(Biz) (Since O,=k,/m;  the sum of

1+o

these terms is comparable with the integral f 1/x"""dx ). For each ¢, the sum of these terms is

bounded and can be chosen to be less than 1 for sufficiently large p,; . Thus,

al

(A6.4) —iR(log(C(s))) = > klﬂ(tsm(tlogm)Jrccos(tlogm))%—C3

i=al

i

where m,=Li"'(i) represents the ideal value for the prime number p,=x '(i) and &, is the deference
between p; and m, . Thus, Equation (A6.4) establishes a relationship between the C(s) and &, . If all
k,'s are zero, then the value of log|C (s)| will be given by the C; which bounded for each . It should
be pointed out that Equation (A6.4) is valid only in the right section of the the critical strip that is void
of non-trival zeros. Therefore, Equation (A6.4) establishes the relationship between £, 's and the non-
trival zeros of C(o +l't) with the highest value of o . Therefore, one can then use this equation to
determine the growth of k; by first writing Equation (A6.4) as the following integral

SR(log ) f 1+0 (¢sin(¢logx)+ocos(tlogx)| d Li(x) + C;,
where f(x):kLi(x) .Thus,

‘R(log ) f 1+ (¢sin(¢log x)+ocos(tlogx)) dx + C, .
vm, X 0logx



Using the substitutions y=logx and dx=e”dy, one may write the above integral as

logm,,

(A6.5) —iR(log(Z(s))) = _f @eOy(tsin(ty)Jrocos(ty))dy + C,,

where, f(x)=f(e”)=h(y).Equation (A5.5) should be compared with product formula [1]

(A6.6)  logT(s) = logT(0 +Zlog(1——) logH —logrt—log(s 1),

p

where the above sum is performed over the zero's (p ) of C(s) in the critical strip.

From Equation (A6.5), one may be able to compute the derivative of logC(s) using Cauchy-Riemann
equations. Using Cauchy-Riemann equations, the derivative of a complex function f (z) (where
z=x+iy) that is analytic over the region €2 is given by

f,(z):amgf(2)>_i6%(af(2))‘
X y
Thus,
d _ C'(s) _ on(logl(s)) .oR(logt(s))
(A5.7) dslogC(s) =) e i > _
Hence,
(A6.8) R ( ) ng h(y)e °*(tsin(t y)+ocos(ty))dy — OTIZ ) e *cos(ty)dy + C,
(A6.9) J( ) OT h(y)e *(tcos(ty)—osin(ty)dy + ngn hiy )e_gysin(ty)dy-l-cs

where C, and C; are both bounded for values of s that are not in the vicinity of s=1. Equations
(A6.8) and (A6.9) should be compared with the formula for C'(s)/C(s) given by [1]

3 _e)

s+2n) c(0)

(46.10) ) = 1 26

To make this comparison, we first combine Equations (A6.8) and (A6.9) to obtain;

%'((:)) = y_lof:; (h(y)(0+it)+ h(;’))e‘("”’)ydy +C,

or,



ts) _ hy)) -
C(S) = y_limul(s h(y)—l— ; )e dy + C,

Thus, by letting m, approaches infinity, one may then obtain,

%r((;)) = jo (S h(y)—i—@)e_”dy + C,

where C; is a bounded and analytic for every s that is to the right of the non trivial zero(s) with the
maximum value for 0 and is given by,

logm, h( )
C, = f (s h(y)-l—Ty)e”dy + C,
y=0

Now, if we consider that /(y) is the sum of two components h(y) and ,(y) ,ie.,

h(y) = h(y)+hy(y),

where /,(y) is the component that is generating the term of the sum over p in Equation (A6.10) then,

sL(hl(y))+L(M) = > 2

y ~p(s—p)’

and

SL(hz(y))+L(h2(y)) = —C7—SL

y -1’

where L (f(y)) denotes the Laplace Transform of the function f{). It should be pointed out, that one of
the components of C; is generated by the term £, (s—1)logp,,) (Equation A6.3) that has a
singularity at s=1. This singularity eliminates the singularity of C (s) ats=1 and consequently
eliminates the pole at s=1. Therefore, the term C,+s/ (s—1) hasno singularities for 0=0.5 and

consequently, hy(y) grows no faster than e

Hence, we have

Therefore,



o
f(x)=> % + lesser terms ,

p

where f (x )= k Li(x) and k; is the deference between p; and m; (m,= Li' (i ) represents the ideal
value for the prime number p,=w '(i)).

Appendix 7:

For 0>0.5, we will show that

a2
1 o
ZmMﬁ=—&M—W%AJ+EW—M%mJ+def

3 1 f cos(tlog m,) +i§: sin(¢logm,) .

o

i i=al i i=al i

The two sums on the right side can be written as integrals as we did in Appendix 3. However, instead of
Equation (4.4), we use the following equation to represent 7, (x) (which is the number of m;'s that
are less than x)

n, (x)=Li(x)+e,

where € can take any value between 0 and 1.

Thus, one may obtain

a2

Pa: ol
3 cos(tlogm,) _ J‘ e " cos(tlogx)

o
i=al m; lOgX
paI

dx + 0l p. ),

and

a2

dx + O(paj_(’) .

o
i=al m; log x
pal

. Pa —ologx -
sin(¢logm,) _ J‘e sin (¢ log x)

The above two integrals were computed in Appendix 3. Therefore,

5 ORI (5~ 1)10g )]+ [ (51 o )] + O], 7).



and

&, sin(tlogm,) Y
Y = =S[E,((s=Diog p,o)] + S[E,((s=1)log p,)] + O ).
i=al i
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