Exponential Hawkes Processes

NOVEMBER 20, 2015 STEPHEN CROWLEY

ABsTRACT. The Hawkes process having a kernel in the form of a linear combination of

exponential functions v(t) = ZP aj e~ Pit has a nice recursive structure that lends itself

j=1
to tractable likelihood expressions. When P = 1 the kernel is v(t) = ae~#* and the inverse
of the compensator can be expressed in closed-form as a linear combination of exponential
functions and the LambertW function having arguments which can be expressed as recursive

functions of the jump times.
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1. HAWKES PROCESSES

1.1. The (Standard) Exponential Hawkes Process of Arbitrary Order.

A uni-variate linear self-exciting counting process N, is one that can be expressed as

A =a(tn+ [ uli-s)an, "
oo 1
=u(t)k + Z v(t —tg)

<t

where p(t) is some baseline which factors in sources of non-stationarity, see (150). [11][5][10][4][6,
11.3] Here, v: Ry — Ry is a kernel function which expresses the positive influence of past events
t; on the current value of the intensity process, and « is a scaling factor for the baseline intensity
u(t). For comparison with the multivariate case see Equation (78). The Hawkes process of order
P is a defined by the exponential kernel

P
V(t):Z aje Pt (2)
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2 ExPoNENTIAL HAWKES PROCESSES

The intensity of the exponential Hawkes process is written as

t P
A(t) =pl(t H+/ a;e Pilt=)qN,
(t) =p(t) | >

j=1
P N

= (t)li—l—z ajePilt=to)
j=1 k:O
P

oSS jz o Bilt—tx)
j=1
P

=p(t)r+ > a;B;(Ny)
j=1

where B,(4) is given recursively by

i—1
i) =3 e Attt
k=1

1—1
e*ﬁj(ti*ti—l)z e—ﬁj(tifl—tk)
k=1

1—2
:eﬁj(titi1)<1+z e—ﬁj(til—tk)>

:e_ﬁj(ti_tiil)(l + BJ(’L — 1))

since e Ailti-1—ti-1) — ¢=Fi0— ¢=0_1 A uni-variate Hawkes process is stationary if the branching

ratio is less than one.

p
Z<1

j=1

=8

If a Hawkes process is stationary then the unconditional mean is

= E[\(t)] :%
E[u(t)]
1—f0 J o e Pitdt
]

P o

(5)

where F(-) is the Lebesgue integral over the positive real axis. For consecutive events, the dual-
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predictable projection is expressed (10)

Ats1,t) :/ti ()t

i—1

t; P

:/ V(t)+ZOsz N
ti—1 :

:/ ds+/ Z%Z e~ Bilt—to)gy
ts

i-1j=1
:/ d8+ Z ajz / _ﬁ](t tk)dt (7)
ti_1 =1
t; 1—1 t
:/ z/(s)derZ / v(t —ty)dt
ti_1 im0 Jtiot
t; i—1 P )
:/ V(S)d3+z Z &(e*ﬁj(ti—lftk)_efﬁj(ti,tk))
ti 1 k=0 j=1 ﬁ_}
ti P .
:/ z/(s)derZ aj(l “PiALY A (G — 1)
t; 1 = j

compared with the multivariate compensator in Equation (86)where there is the recursion

E e~ t’b tk

tk<tZ

fz o Bilti—tr) (8)
*1+e Piltig; (i —1)

with A;(0) =0 since the integral of the exponential kernel (16) is

ti
dtf/ aje” B (t—tk) q¢
R y

, 9)

:Z 5_J (e—ﬁj ti _ e_ﬁjti—l>
j=1 "7

If Ao(t) does not vary with time, that is, Ao(t) = Ao then (20) simplifies to

A(ti1,ti) =(ti—ti A0+Z Z s(hima=te) _ o= Pilti=ti)y
k=

0 j=1
ti—tg
=(t; —t;i— 1/\0+Z/ (10)
ti—1— tk
=(t; —ti—1 >\O+Z % emHtti-) Ay(i — 1)
— P

Similarly, another parametrization is given by

t; P .
Alti—1,t; :/ KAo(s)ds + Qi1 — e Bilti—ti-y 4 (; —1
(ti—1,t:) t o(s) Zl ﬂj( )JA;(i—1)

ti P
o
=K Ao(s)ds + Il —e Piltimticy A (G — 1 11
Llo() Zlﬁj( JA;(i—1) (1)
P
aj _/Bj(tl_tl 1) .
iK/AO i— 17 + F )A (Z 1)

Jj=1
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where k scales the predetermined baseline intensity Ag(s). In this parametrization the intensity is
also scaled by k

»
A(t) =k Ao(t) + Z a; Bj(N:) (12)

this allows to precompute the deterministic part of the compensator Ag(t;—1,%;) = f:i Ao(s)ds.
i—1

1.1.1. Maximum Likelihood Estimation.

The log-likelihood of a simple point process is written as

LN ()reor) = /0 (1— A(s))ds + /O IA(s)dN

T T (13)
=T —/ /\(s)ds—i—/ InA(s)dN,
0 0
which in the case of the Hawkes model of order P can be explicitly written [8] as
I L({t:}iz1.m) =T =A0,T)+ > InA(t)
i=1
—T+Z (In\(t ti—1,t;))
=T—A0,T)+ > InA(t;)
i=1
P i-1
=T — AOT—}—Zln KAo(t; —I—Z aje” i(ti=tr)
j=1 k=1 (14)

v

=T - A(0,7) +Z m(mo Z o Bj(i)

:T—/ IQAO i Z % 1 _e_ﬁj(tn_ti))
0 J

1=1 j=1

+Z In{ wAo(t;) + Z a; B

<.

where T'=1t,, and B;(i) [7] is defined by (4) If the baseline intensity is constant A¢(t) =1 then the
log-likelihood can be written

n P

InL({t1,...,tn}) =T —rKT — Z %(1767ﬁj(T*ti))

i=1 j=1

<

(15)

n P
+Z In nJrZ a; B;(1)
i=1 j=1

Note that it was necessary to shift each t; by t1 so that {1 =0 and T'=t,. Also note that T is just
an additive constant which does not vary with the parameters so for the purposes of estimation
can be removed from the equation.

1.1.2. The case when P=1 and the Lambert W Function: Transcendental Recursion.
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The Hawkes process of order P =1 is a defined by the exponential kernel
v(t)=ae Pt (16)

The intensity of the exponential Hawkes process is written as

t
A(t) :Ao(t)nJr/ ae PE=9)dN,
0

Ny
=Xo(t)k + Z ae BlE—tk)
k=1

Al 17
Z/\o(t)K+Z e Pl=ty) (a7)

k=1
N,
=Xo(t)k + Oéz e A=t
k_

=Xo(t)k + a B (1Nt)

where B(t) is given by equation (4). A uni-variate Hawkes process is stationary if the branching
ratio is less than one.

%<1 (18)

If a Hawkes process is stationary then the unconditional mean is

Ao
_ Ao
_1—f§°ae_ﬁtdt (19)
Ao
= _%

For consecutive events, let At;=t; —t;_1, then the compensator, also known as the dual predictable
projection, is (10)

Ati—q,t) =

(Ao(t) +aB;(INy))dt

P !
Ao(s ds+/ « e Pl—te)qs
o(s) t >

i—1 i—1 k=1

/
J
/
" S [ s
= Mo(s)ds + « / e Ptk dt 20
/ olspas +ay [ (20)
/ti i—1 .
t
/
/

No(s)ds + 3 / V(t — t4)dt
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compared with the multivariate compensator in Equation (86) where there is the recursion

Aj(d) :Z e~ Blti—ty)

tkgt

_Ze (b~ k) (21)

_1 + ARt —1)
with A;(0) =0 since the integral of the exponential kernel (16) is

t; t;
/ v(t)dt :/ e PUtdy
ti—1 ti_1 (22)

:2 (e—ﬁti _ e_ﬁti—l)
If Ao(t) does not vary with time, that is, let A\o(t) =Xo and At;=t; —t;_;1 then (20) simplifies to

A(ti_1,t) =At; A0+Z e Blti-1—te) _ o =Blti—tu))

=At;\o+ Z /tl " (23)

11tk

5(1 —e PR A (i — 1)

Similarly, another parametrization is given by
ti a
A(tifl,ti) :/ H)\()(S)ds+5(17€7ﬁAti)AJ‘(’I;7 1)
t;
; .
:n/ Ao(s)ds +5(1 — e PAY A (i — 1) (24)
ti_1
=k No(ti_1, t;) + %(1 — e PAYAL(i— 1)
where & scales the baseline intensity Ag(s). In this parametrization the intensity is also scaled by
At) =k Ao(t) +aB;(Ny) (25)

this allows the baseline(apriori) part of the compensator be defined by Ag(t;—1,t;) = [ ttll Ao(s)ds

1.1.3. Maximum Likelihood Estimation.

The log-likelihood of a simple point process is written as

T T
LN (t)sepory) = /0 (1—A(s))ds + /O In\(s)dN,

T 2 (26)
:Tf/0 )\(s)ds+/0 InA(s)d N,
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which in the case of the Hawkes model of order P can be explicitly written [8] as

In L({t:}ie1.m) =T —A(0,T) + Z InA(t;)

i=1

7T+Z (InA(t ti—1,t:))

=T — A0, T) + Z In\(t;)

i=1
P i-1
=T —A(0,T)+ Zln KAo(t:) + Y e~ Ailti=tn)
j=1 k=1 (27)
P
=T — A 0 T +Z 1n<n)\0(ti) +Z OéjRj(i)
i=1 j=1
T n
=T — / KAo(s)ds — Z Z g(l — e Biltn—ta)y
0 i=1 j=1 "7
n P
+) " In{ KAo(t:) + > a; Ry(i)
i=1 j=1
where T'=t,, and we have the recursion|7]
i—1
Rj(z') :Z e~ Bilti—tx) :e*ﬁj(ti*ti—l)(l +Rj(z' -1)) (28)
k=1

If we have constant baseline intensity Ag(¢) =1 then the log-likelihood can be written

n=N; P

InL({t1,....,tn}) =T — T — Z Zﬂ _ (T — t))
=1 j5=1 J
P

+i In /{+Z aj R;(1)
i=1 j=1

(29)

Note that it was necessary to shift each ¢; by t; so that t; =0 and T'=t,,. Also note that T is just
an additive constant which does not vary with the parameters so for the purposes of estimation
can be removed from the equation.

1.2. An Expression for the Density of the Duration Until the Next Event When P=1.

The simplest case occurs when the baseline intensity Ao(t) = 1 is constant unity (apparently
this is the ’shot noise’ case) and P =1 where we have

1
)\({ti}):nJrZ Z aje i (t*ti):ﬁ+z e At (30)

t;<t j=1 t;<t

where

E\@)] = (31)

is the expected value of the unconditional mean intensity.
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n

Ay = Z ePtr (32)

k=0

bp="Y  ellietn) (33)
k=0

Cn = i i ePltitti=tn) (34)

k=0 1=0

The expected time of the next point can be obtained by integrating out the (unit exponentiallly
distributed, the fundamental normal shot noise) ¢ appearing in the inverse compensator

ek +
Al(n)

abn— Be
A e, B) = ﬁAa—f(n)-e_Bt”W(%Al(n)-e " )+ (35)

e*w" «
K A1(n) (ang 3 Cn)

E[A~Y(s; 0, B F) = /O “A (e, B)de (36)

so that

The recursive equations with initial conditions by =1 and do = e? are

ap =Qpn_1e B2 1
bn =bn_1 e Pl +1 (37)
Cn =Cp_1e PAIn L efltn L 9g

It would be nice to have expressions like this involving the Lambert W function for P > 1 but
neither Maple nor Mathematica were able to find any solutions in terms of “known” functions for
P >1. It is noted that Equation (42) has the form

/ (p+qW(re *o+t) +uz)e *dx (38)
0

which is a function of 6 variables, {p, ¢,r, s, t,u}, for which it would be a very nice thing to have
a closed form expression, in order to avoid a recourse to numerical or Monte Carlo integration. It
seems that such an expression is very likely to exist because if we drop the variable s from Equation
(38) we get a closed-form expression of the form

o0
— x4t —x — t q _ _i
/0 (p+ qW(re )+ ux)e *da=qW(re )+—W(7“et) g+u+p o (39)

We can break this problem down into a more manageable one by calculating some more integrals
to see if we can find a pattern. Let us begin with the integral

[rencmaman( ()2 2)

whose closed-form expression was found by Vladimir Reshetnikov. [24]

1.2.1. The Case of Any Order P =n.
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For general values of the order P, the equation whose root is to be sought is given by the
expression

: P
(H ﬂk)(m: —(e+ KT))QZ ko1 Br(@+T)

k=1

. ZI; (1:[ {Z: 23&: >i ezf:lﬁj(H{ e iom ) _eZ 15;(T+{ e ;#2)

m

pp(x(e)) = (41)

where T'=1,, is arrival time of the most recent point and it is noted that the product of piece-wise
functions can be written as

I {5k =T o)( 11 )

k=m+1
' (42)
=Qm H Bk
k;zm
and the sums likewise
P T jtm P
Z@(H{ by j:m) =B (@ + tr) + Z Biw+T)+ 3, Bi(w+T)
j=1 j=m+1
43
=Bz +tr) + Zﬂj(erT) (43)
j=1
j#Fm
=0, k(T, )
and
3& m—1
x m
Zﬂj(TJr{tk ;:m> =Bm(T +tk) +Z Bi(x+T)+ Z Bi(z+T)
j=1 j=1 j=m+1
44
=BT+ 1)+ > Bilw+T) (44)
j=1
j#Fm
:O'm_’k(l',T)
so that (41) can be rewritten as
P Nr
or(e(@) = 7@+ 6; 3 (05(@,2) =0 xle, T)) (45)
j=1 k=0
to be compared with the multivariate case in Equation (68), where
(a+t1) B+ (z+T) 2 T, By
Om. k(x,a)=e€ igm (46)
ar k=m
m—arnHBk_H {Bk; k#m (47)
k;&m
7(z,8) = ((z = T)x —)un(z) (48)
() =+ DTk (49)
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The derivative given by

P n
op(x(e)) =vin@) + 7@, )+ > b Y. (BT k(@) = tan T 1(T)) (51)
where met h=0
P
p=>_ B (52)
k=1
P
pm=>_ B (53)
j=1
JjFEmM

is needed so that the Newton sequence can be expressed as

_._ pa(xi)
Tit1 =Ti— 5%
©a(;) (54)
B T(xi, )+ XD b S (Om k(@i i) — o i (@i, T))
v(kn(@) + (@i, )+ 0 dbm X (om k(@) — pm om k(T))

and simplified a bit(at least notationally) if we let

o= 52 om3 (oma{ 427 ~oman{ 52 5
then meh
zis1(e) =wi(e) — er(zi(e))
pp(wi(e))
o w09 + plai(e).0) (%)
©ou(en(zi(e) + (i), €)) + p(xie), 1)
so that
Apl(g;to... T) = lim z,,(c) (57)

m— 00

which leads to the expression for the expected arrival time of the next point

oo

/ A;l(e;to...T)e*Edsz/ lim z,,(c)e °de (58)
0

0 m— 00

Fatou’s lemmal[9] can probably be invoked so that the order of the limit and the integral in
Equation (58) can be exchanged, with perhaps the introduction of another function, which of course
would greatly reduce the computational complexity of the equation. The sequence of functions is
known as a Newton sequence [2, 3.3p118] There is also the limit

b 2Pi) r(i(e),€) + plai(e), 0)
@) T W) + 76, 2) + A ) (59)
T

There is more to be done here. [3] Actually, the notion of viscosity solutions and energy functional
minimization in an infinite dimensional setting can be invoked to prove uniqueness and convergence
(58) so that

xm(s)ﬁx(s) asm— 0o (60)

which means that z,,(¢) A~!-converges to z(). [6, Ch.3 Def.7 p.43|

1.3. Filtering, Prediction, Estimation, etc.

The next occurrence time of a point process, given the most recent time of occurrence of a point
of a process, can be predicted by solving for the unknown time ¢,; when {¢,} is a sequence of
event times. Let

Anext(tnaé) :{tn—i-l:A(tnatn—&-l) :6} (61)



NovEMBER 20, 2015, STEPHEN CROWLEY 11

where

tnt1
At ts1) = / TN B0)ds (62)

and § is the o-algebra filtration up to and including time s and the parameters of A are fixed. The
multivariate case is covered in Section (1.4.1). The idea is to integrate over the solution of Equation
(61) with all possible values of ¢, distributed according to the unit exponential distribution. The
reason for the plural form, time(s), rather than the singular form, time, is that Equation (61)
actually has a single real solution and N number of complex solutions, where N is the number
of points that have occurred in the process up until the time of prediction. This set of complex
expected future event arrival times is deemed the constellation of the process, which becomes more
detailed with the occurance of each event(the increasing o-algebra filtration). We shall ignore the
constellation for now, and single out the sole real valued element as the expected real time until
the next event. After all, does it even make sense to say “something will probably happen around
9.8 +147.2 seconds from now?” where i is the imaginary unit, i =+/—1. The recursive equations for
the resemble the heta functions of number theory if you one extends from real valued S € R to a
complex §=1.
1.4. Calculation of the Expected Number of Events Any Given Time From Now.
The expected number of events given any time from now whatsoever can be calculated by
integrating out e since the process which is adapted to the compensator will be closer to being a
unit rate Poisson process the closer the parameters are to being correct and the model actually
being a good model of the phemenona it is being applied to. Let F; be all points up until now, let

E(tn+1):/ A e a, B, F, e ede
0

then iterate the process, by proceeding as if the next point of the process will occur at the predicted
time, simply append the expectation to the current state vector, and project the next point,
repeating the process as fast ast the computer will go until some sufficient stopping criteria is met.
This equation seems very similiar to the infinite horizon discounted regulator of optimal control;
see [1, 1.1].

1.4.1. Prediction.

The next event arrival time of the m-th dimension of a multivariate Hawkes process having the
usual exponential kernel can be predicted in the same way as the uni-variate process in Section
(1.3), by solving for the unknown ¢,41 in the equation

m
n+1

{tmlzeﬂm(tw, m)z/
t

m
n

A (s; Ss)ds} (63)

where A™(t7", i 1) is the compensator from Equation (86) and § is the filtration up to time s
and the parameters of A are fixed. As is the case for the uni-variate Hawkes process, the idea is
to average over all possible realizations of & (of which there are an uncountable infinity) weighted
according to an exponential unit distribution. Another idea for more accurate prediction is to model
the deviation of the generalized residuals from a true exponential distribution and then include
the predicted error when calculating this expectation.

Let the most recent arrival time of the pooled and m-th processes respectively be given by

T=max (Ty:m=1...M) (64)
T, =max (tn:n=0..N"—1)=tFm_1 (65)
and
al 1t <T,
7 k m
NT,,kaO { 0 (66)

count the number of points occurring in the n-th dimension before the most recent point of the
m-th dimension and

9

Nt <t} (67)
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then the next arrival time for a given value of the exponential random variable € of the m-th
dimension of a multivariate Hawkes process having the standard exponential kernel is found by
solving for the real root of

P M N,
on(@(€): Fr) = Tm(2,€) + D D Smoid Y (Omoit k(2 2) = Omi 1 62, Ton) (68)
1=1 i=1 k=0
which is similar to the uni-variate case
P Nt
(,Dp(m(&‘)) = T(m,{;‘) + Z ¢j Z (O-J'7k('r’x) - Uj,k(maT)) (69)
where =Rl
Fr={k_,o_, B th . thi<T, .  t0 % <T, .. ). A <T) (70)

is the filtration up to time 7T, to be interpreted as the set of available information, here denoting
fitted parameters and observed arrival times of all dimensions, and where

Tm(z,€) = ((x — Tm)km — €)Umntim () (71)
nm(m):e(x—‘rTm)Zf:lZﬁ{:lﬁm,mj (72)

can be seen to be similar to the uni-variate equations 7(z, ¢) = ((z — T)k — €)vn(z) and n(z) =

e(x+T)ZkP:Iﬁk and
P M
Um = H H Bm,n,j (73)
=1 n=1

ro « n=pandj=Fk
_ myn,j M= = 74
Dok .
o HH{Bm n#porj#k 4
YR o

Tm,i 1 k(T 0) =€ T e (75)

For comparison, the uni-variate case is Equation (45) where

(a+tk)ﬁm+(a;+T)zleﬁj P g [etix d=m
O'm,k(f,a) —e j#m —e j=1 J{ z+T j#m (76)
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