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Abstract
The Fermat’s Last Theorem is proved by means of general algebra in four major steps. a) The polynomial

— n, L, — n, — n n i
=uwr +vHbh=uwr+w"; c=uwr+v"+w required for @, b’ € o

expressions of type &
T n — 1]
satisfy equation & T b =c

‘s suchthat @ T2

are deduced for two main versions of the equation. b) Positive integers "2 and
S ul € c, U . P L L
is divisible by ™% and * is divisible by " # proved to exist. ¢) Polynomial

presented through obtained in step (a) expressions for & and b proved to be a sum of three divisible by ©

W?‘!'?‘! _|_ v?’!'?‘!

polynomials. d) The long division of one of them by either of two other gives remainder not

divisible by . This contradiction proves the Theorem.
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1. Introduction

According to the Fermat's Last Theorem (FLT) the equation
a® + B =" (1)
cannot be true when a, b, ¢ and n are positive integers and n>2

The recognized proof of this statement exists for almost two decades. Nevertheless there is still strong belief that
the theorem can be proved in more conventional way. Maybe because the proof Fermat might have in mind (if any)
was definitely different from that of Andrew Wiles.

Though the FLT belongs to number theory in this paper it is taken rather as a problem of algebra. The proof is
based on binomial theorem that allowed to deduce polynomial values of terms of the equation (1) required to satisfy
it. Other tools of basic algebra, such as rules of division of polynomials, helped to reveal the sought contradiction.
So, all means used to build this proof are elementary and well known from courses of general algebra. There is no
References section at the end of this paper,

2. The Proof

It is assumed that a, b, ¢ are coprime integers and N is a prime number.
Assume the equation (1) is true.
Let us express
c=at+k=b+f )
Obviously k and f are integers. Then
a"+b =(a+ k)" =(B+f)" )

After expansion of sums in parentheses by binomial theorem we obtain

o = flnb" 1 4 %ﬂ(’n — B2 e 4 Y @)



b = k[na™ ! + Inln —1)a™ 2k 4+ -+ k771
: z : (40)

o
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Lemma-1. In the expanded by binomial theorem when = and © are integersand © is a prime number all

terms between the first and the last ones are divided by n.
nin—1)(n—-2)..2:1

Proof. After expansion the coefficient at the first term is 1 and at the last — m i.e. equal 1 too.
At the rest of terms all factors of denominators are < n and it cannot be reduced in the numerators.

Since f divides a” and k divides B they are coprime. Only first terms of the sums in brackets are not divided by f
in Eq.(4a) and k in Eq.(4b) and only last terms are not divided respectively by b and a. In both equations last terms
have no factor n.

There are two equally possible cases.
A: n divides neither f nor k;
B: n divides either f or k. The case B will be discussed separately.

2.1. Case A
Here n is assumed to be coprime with f and k.

@B+ af+ o tan Btan iy 100 GnB

Lemma-2 The sum - integers and “" coprime with £ is not

divisible by ¥

Proof. Assume &8 + @B+ tan 1B +an = A8

Then 814 = (o +aa + ot ) = an iy 8 dividing “* that contradicts the statement.

Hence the sums in brackets are coprime with f in Eqg.(4a) and with k in Eq.(4b) and are not divided by n

n —
Lemma-3. If there are integers A and coprime B and C such that A7 =BC than each B and C are integers to the
power n.

m
Proof. Assume * isaprimeand * is factor of A.
mn R
Then 4 is divisible by * .

Since B is coprime with C only one of them can be divided by s i.e. both B and C must have all their divisors to
the power n..

Lemma-4. There exist positive integers ™"+ @ such that in the equation (1) © = ¥P and ° = "9,

Proof. According to Lemma-3 there must exist positive integers v and w satisfying in the equations (4a) and (4b)
f=v" (5a)
fo=w? (5b)
There also must exist positive integers p and q that satisfy in equations (4a) and (4b)
p“ = nh"t -I—%ﬂ':‘n - ljﬁﬂ_:f + - +j'm_1

(6)
"= g™+ Inln — a2k + e+ k7L
! = (6b)
n — ,,n,.0n n — . |
Now the equations (4a) and (4b) can be presentedas © ~ ¥ P and 2 =" @
and we obtain
a=vp (7a)

b=wg (7h)



Lemma-5. For equation (1) with a = vp and b = wq there exists a positive integer u such that
a = uwr + v,

b= uwr +wh,

c=uwr + vt +wh

Proof. With regard to equations (5a), (5b), (7a), and (7b) the expression (2) becomes
vp +w" =wg+ v" ®)
After regrouping we obtain
vlp = o™ = wig —w"™) ©
Since v and w are mutually coprime each of them must divide a polynomial in parentheses on the opposite side of

the equation.
Now the equation (9) can be rewritten as

w v (10)

Since in both fractions numerators are divisible by denominators u is an integer.

1 1—1 _  nin-1) 1 1—1 _ . n(n—1)
since P = 1T =0T G, Eq.(6a) and q" = KT =w R g Eq.(6b) u is a positive integer.
From Eq.(10)

vp— v = wg—w" = uwr (11)
With regard to equations (7a) and (7b) we obtain
a = wwr + ", (12a)
b= wwr +wh, (12b)
c=uwr + v +wh (12¢)
Now the equation (1) becomes
(wwy + ™" + fwwr +w™" = iy + 0" +w™)" (13)

The equation (13) can be solved for uwhen ™ = 27 = £V2

Since v and w are integers a, b, ¢ cannot be integers and the case A is unacceptable for obtaining Pythagorean
triples.

The discussion for ™ = 3 will be common for both cases A and B.

2.2.Case B

In the equation (4b) n is assumed to be factor of k.
The expression (7a) deduced for case A remains valid: a = vp.

k= kynt

Lemma-6. Assume there exist positive integers %1 and © such that and ™ does not divide *:

Then there exist positive integers g, w, g such that ° = nfwg
Proof. Dividing k in Eq.(4b) n becomes a factor of every term of the sum in brackets. Then n can be factored out
leaving the sum in brackets with all terms except the first one divided by k i.e. by n and e

" = kyn™ @™t + Inln — Da" 2k 4+ o 4 kyn Y 14)

According to Lemma-2 the sum in brackets has no factors " and %t and according to Lemma-3 there must exist



positive integers ™ and 9 such that

fey = w? (15)
and
n= gl inin — etk 4o £ EyntT il
9 2 : (16)
For exponent - T to be divided by ™ there must be integer 9 = 1 such that
t=gn—1 17)
Now
nri' = w‘ﬂﬂgﬂ_l (18)
and the Eq.(14) becomes BT = wiafie"
Then (with ® = P as in case A)
b=nwg (19)

- . = = g 7 . . - .
Lemma-7. For equation (1) with ® = P and ” = ™ ™4 there exists a positive integer u such that in the Eq.(1)
a = nfuwr + ",

1
b= nfuwr + nd" "ty

c =n%uwwr +v" + :rl-g'“"'w".
Proof. With regard to equations (5a), (7a), (18), and (19) the expression (2) becomes
vp +nf"Tiw T = nfwg + v" (20)

After regrouping we obtain |
vip —v" i) = nfwig — pam—0-1,,

" 1)
9 H g
Since ¥ and ™" are mutually coprime each of them must divide a polynomial in parentheses on the opposite side
of the equation. Now the equation (21) becomes
',t:-z:n_' q_ngn—'_wn—'_
= = 'Lt_
nFwr v (22)

Since in both fractions numerators are divided by denominators u is an integer.
From expression (22)
vp —v" = nfwg — nf" " w® = nfuww (23)

With regard to expressions (7a) and (23) we obtain

o = nfuwr + 1" : (243)
h = '?’lg'l,l.'l-'l-"l:-' + ﬂgﬂ_l'l-'l-'n; (24b)
c=nYuwr +v" + n-g“_lw”. (24c)

and similar to Eq.(13) equation

(n9wwrr + ™" + (nTuwr + 09" ™" = (m%uwr + v" + ad e ™R (25)
As it was with the Eq.(13) the Eq.(25) can be solved for * when ™ = 2F 12 = 1
Substituting these roots for * in the Eq.(25) we obtain an identity



(£29wv + 9707 + (£29wr + 2992w 27 = ($29wr + v? + 2991w 27 =
= 22w ip? £ 29 wol(p? 4+ 2297w ) + 0t 4 220800

(26)
This is a universal formula for obtaining equality

ol + bt =t
with any three integers taken as w, v, and g.

The polynomial expressions for terms of the Eq.(26) can be transformed into Euclid’s formulas for generating
Pythagorean triples.

2.3. Common Part
Starting with n=3all n are odd numbers and the left hand part of the equation (1) becomes

g+ b =(a+ bl a"t—a" e 4 —ab® Tl B0 @7)

n
Obviously ©  must contain all factors of a+b and of

EAH_L—QH_:-EJ-I-"'—EA-EJH_: +&i’!—1. =I:ISA+Eljﬂ_1—ﬂﬂ&{ﬂn_!+"'+£Jﬂ_!:] (28)

There are two possible cases: either a+b is divided by n or not. The latter is the only possible for case B where

a+b=2nwr+ " 4 a8y (29)

!

" Z3 there must be positive integers U2 and “? such that a+b is divided byu?J and c is

Lemma-8. When
.o Uy Ty
divided by 77,

Proof. Division of the left hand part of the expression (28) by a+b leaves remainder
that

nk"-t na"

-1
(or ). It means

R-ﬂ_j' _ aﬂ_:& o — R-EJH_: +&ﬂ—1

is not divisible by a+b and has no common factors with it unless a+b is divisible by n.

If a+b is not divisible by n then according to Lemma-3 both sums in parentheses of the right hand part of the
equation (27) must be integers to the power n and can be expressed as

a+h= u; (30)
a“'l—a“':&-l—---—ab“':+EJ“"‘=.:';_',’ (31)
If ath=2uwr L+t L+w"
and = uwr + 1" +wh
o TL i,y |
have common factor it must be a common factor “F of * and ¥ T ™ Then it can be assumed
d T (32)
an
2Tl SR — 0
v 4w Uy (33)
Then
= 'L[r_,f,'p (34)

If in case A n divides a+b it becomes the only common factor of the left hand parts of the equations (30) and (31).
Then according to Eq.(28) the Eq.(31) becomes

n—-1 _ n—3 n-3y — n
(a+ &) nab (a + o BTE) ney (35)



g . . .
In this case for being an integer © requires factor " with & =1 and instead of equations (34) and (30) we have
¢ iy (36)
and
a+b=ni""tul,

@37)
Thus the Lemma-8 is valid for all possible cases of the equation (1).
Since all considerations of the further discussion are common for both cases the case A will be used as more simple..

a® + bt ="

The assumption that is true leads to the following conclusion.

Lemma-9. In the equation _ _
a® + b" = 2 (o) ™ + nluwe) T -I—w“:]+"'-I-‘J‘l':mvl:':]{l?“:'”_ﬂ+w“:'ﬂ_ﬂ}-I—w“'“-l—'l;'ﬂ'“

(38)
where the right hand part is a sum of the polynomials
(awr)™ + nlaowe) o™ £ o b ﬂ{mt‘l:‘:]bﬂ::i’.!_ﬂ =g — ™" (39a)
o)™ + nluwy) " lw™ + o 4 nlawr) wm = gt e (39b)
L1111 |
W (39¢)
each of them is divisible by c.
Proof. Since
g = o0 — po
vt =c—h, ’
whl=c—n
The equation (39a) becomes
g — vt =g — (e —B)"=g" — (" —nc" b+ -+ ncb™T - by =
_nchle — B) (™% — - 4 BT (40a)
By analogy with it the Eq.(39b) is equal
" —w™™ = nea(c —a)(e"F — - £2"7F) (40b)
And
whr ™ =20 e Mg b)) et e (@™ B — (g™ B =
=" —nc" e+ B+ ncla™t + 50 (40¢)

If to divide the polynomial (39c) by either of polynomials (39a) or (39b) the obtained at the end remainder must be
divisible by c.
To perform the division we present the polynomial (39a) as follows

nv“::“'ﬂ"l{mt':] + “::“"—ﬂ vnin—:h:{w.:]: + nin—1n-2 1:'”::“_!:'+E{W':]! +o g

+ne i e ) ™ ()™ (41)

oL FPLLR R ) o i
Dividing by the first term of the sum (41) we obtain first term of a quotient
1:_,i'!—j.

nluw)
Multiplying the rest of terms of expression (41) by it and then subtracting the product from dividend we obtain

- r n—11{n-23 S - - - -
ot nln-Deiny  BUD onln-Dez0n2 p3 -2 (e ) _Evm—l{m.:ln—l +

2 2.3 n (42)



Now we divide the first term of this polynomial by the first term of the sum (41) and obtain the second (the last)

term of the quotient
n—1

2n
Multiplying the rest of terms of the polynomial (41) by it we obtain
(n—1172 n n-1

_lm 1:'“::“‘::"*:{2:1..-»':] 2 :;1 v:r!—:l.{w.:]i'!—l — I ()"

4 in (43)

Subtracting polynomial (43) from the rest of terms of the sum (42) we obtain remainder

_ (2l 5 1in—10-2
ﬂl_lvﬂ"ﬂ_‘j-'-‘{m':]‘ P n i""r‘L

(TP Lo S t_;lvr!{w.:]r! +whn

(44)

To be divisible by c the remainder must according to Eq.(34) be divisible by “2 that according to Eq.(32) divides u.
Since all terms but one of the polynomial (44) contain factor u the sum according to Lemma-2 is not divisible by it.
So the remainder is not divisible by c.

Thus the contradiction with based on the equation (1) Lemma-9 is obtained.

3. Conclusion

Hence the assumption that the equation (1) is true and all following considerations resulted in the revealed
contradiction. It proves that the equation
a® + 5" ="

is not true when the exponent =3 is a prime number.
I the exponent ™ = ™ where ™ = 3 is a prime number the equation (1) becomes
{am:]r!;: + {&m:]r!;: — {Ci‘f‘.:]i’!;: (45)
and all foregoing considerations apply.
— at
The only version left to be discussed is the case of the equation (1) with ™ = 2" Wwhere =2
Then according to (26) it can be presented as
a¥ T = 29wy + vt (46)
The left hand part of Eq.(46) can be presented as
{a:r_‘:]: = {5-!—1:':]: =5 251 w7 (47)
From equations (46) and (47) derives
we =s(s + 2v) (48)
This equality definitely requires © = **v and the Eq. (48) becomes
29wy = 5,07 (5 + 2) (49)
As v cannot be a factor of w, this equation cannot be true.
= 3.

Now all cases of Fermat’s theorem are proved: the equation (1) cannot be true when m=



