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Abstract

The physical importance of the stress-energy tensor is twofold: at the one hand, it is a fundamental
quantity appearing on the equations of mechanics; at the other hand, this tensor is the source of the
gravitational field.

Due to this importance, two different procedures have been developed to find this tensor for a given
physical system. The first of the systematic procedures gives the canonical tensor, but this tensor is
not usually symmetric and it is repaired, via the Belifante and Rosenfeld formula, to give the Hilbert
tensor associated to the second procedure.

After showing the physical deficiencies of the canonical and Hilbert tensors, we introduce a new and
generalized tensor ©*” without such deficiencies. This ©#” is (i) symmetric, (ii) conserved, (iii) in
agreement with the energy and momentum of a system of charges interacting via NILI| potentials
A*(R(t)), and (iv) properly generalizes the Belifante and Rosenfeld formula, with the Hilbert tensor
being a special case of ©#".
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1 Introduction

The physical importance of the stress-energy tensor, thereafter ECMST [1], is twofold: at the
one hand, the ECMST is a fundamental quantity appearing on the equations of mechanics [2];
at the other hand, the ECMST is the source of the gravitational field [3, 4].

Due to this importance, different procedures have been developed to find the ECMST for
a given physical system. The first of the systematic procedures emphasizes the role of the
ECMST in the equations of motion and obtains a ECMST from the analysis —via Noether's
theorem— of the conserved currents associated with the spacetime translations of classical
field theories on Minkowski spacetime. This is the canonical ECMST, whose density [1] is
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with £ the field Lagrangian density and ¢¢ the field components. Greek indices run over
values 0, 1, 2, 3.
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In general, this canonical ECMST density is not symmetric, 7#¥ # 7¥#, and cannot be used
as source of the gravitational field. This deficiency is particularly relevant for the field theory
of gravity, because not only matter but the own gravitons contribute to the total gravitational
field through a nonlinear coupling [3,4].

A second systematic procedure gives a ECMST density by varying the spacetime metric g,
in the relativistic action. This is the Hilbert ECMST density [1]
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By definition, the Hilbert ECMST density is symmetric, t*¥ = t“#, and the proper source in
the Hilbert and Einstein equations G*” = (8mG/c*)t"”. Nevertheless, t*” does not provide
the ECMST density of the own gravitational field [3, 4].

The Belifante and Rosenfeld formula [5-8] connects both tensor densities
th =7 4 D,KPHY, (3)

for some quantities K due to classical spin and with D, denoting either an ordinary 0, or a
covariant partial derivative V,, depending on the version of the formula. The Belifante and
Rosenfeld formula is presented in the literature as a systematic «repair» [8] of the canonical
ECMST density. Recently, Gotay & MARSDEN have obtained a «generalized Belinfante-
Rosenfeld formula» [8] valid for arbitrary field theories.

In the next section, we will show additional physical deficiencies of the canonical and Hilbert
tensors. A new and generalized ECMST ©#" is defined and analyzed in the section 3. Finally
we show, in the section 4, how the Hilbert T#¥ must be considered a special case of the new
Sl



2 FURTHER LIMITATIONS OF THE EXISTENT ECMSTS 3

2 Further limitations of the existent ECMSTs

Apart from the problems outlined above, the two available procedures to find the ECMST fail
for a broader kind of physical systems. Consider the action proposed recently by CHusykaLo &
SMIRNOV-RUEDA in their improvement of the classical field theory of electromagnetism [9,10].

The interaction part of their new action contains NILI potentials A* = A#(R(t)), which are
«irreducible» [9,10] to the field-theoretic A* = A¥(r, t) . It is easy to check that the canonical
procedure fails to find the ECMST for this system, because in the canonical approach [11]:

«the energy-momentum tensor of the whole system is the sum of the energy-
momentum tensors for the electromagnetic field and for the particles, where in
the latter the particles are assumed to not interact with one another.»

As a consequence of the assumption of non-interacting particles, the canonical ECMST density
THY = Trﬁl“’+7'f“'/ for their action contains a matter and a field term, but is lacking an interaction
component density 7 that depends of the NILI potentials A*. The canonical ECMST for
this system is not conserved; moreover, the canonical ECMST is in disagreement with the
equations of motion, because the generalized forces are function of the NILI potentials [9,10].

The ordinary Hilbert procedure fails to find the ECMST for this system for essentially the same
reason quoted above. In the ordinary Hilbert procedure, the variation of the metric dg,,,, is not
considered in the interaction part of the whole action with ordinary field-theoretic potentials
A#. The trick consists on absorbing the metric into the covariant potentials A, = g, A"
and then taking the A, as constants [12]. This is equivalent to the canonical assumption
of non-interacting particles. The Hilbert ECMST density t* = t4 + t}*” for their action is
also lacking an interaction component density ! that depends of the NILI potentials [9,10].

The Hilbert ECMST for this system also disagrees with the conservation laws and with the
equations of motion.

It is evident that we need a new definition of the ECMST working for this broader kind of
physical systems. This definition is given in the following section.

3 Definition of a new and generalized ECMST

We start with the Hamiltonian formulation of mechanics for a system of A particles. Using
the Hamilton and Jacobi equation in classical mechanics [13] or the Schrédinger equation in
quantum mechanics [14], we can derive the action

S= / (Ek: Pl VK] — H) dt, (4)

which gives the classical or quantum paths generated by the Hamilton equations or by the
Schrédinger equation, respectively.
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As WEINBERG emphasizes, the integrand on the quantum action is not the Lagrangian, as
many believe, because the momenta py in (4) «are independent variables» [14]. His remark
is also valid when (4) is the classical action. Effectively, the velocities in (4) are dependent
variables, v, = vix (P, gx) = OH/0pyq. for a given classical Hamiltonian H(pp, gjx)-

The integrand on the action (4) can be rewritten using
LV LV 1 LoV LoV
H =D puavi = e D Pl = e D igPlig = vy D (Pfkl Vig + ka1P[k1> (5)
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and this suggests the following general definition of the ECMST
v 1 L 14 L v
o =23 (Pfkl Vi) + ka]”[k])- (6)
k

This tensor is symmetric by definition. It is conserved because both p® and v are conserved
quantities. The physical meaning of this tensor follows from the action (4): this new ©*" is
the tensor whose trace 7, ©"" gives minus the temporal rate of change of the action dS/dt.

For many dynamical systems, the functional relation vjy = vij(pp. gjxg) can be inverted to
obtain p = pp(gp. vix) in whose case the action (4) reduces to S = [ Ldt for a Lagrangian
L = L(qq. vixy)- Consider the following Lagrangian for a system of charges interacting via
NILI potentials [9, 10]

X mka €k
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The application of the general definition (6) to the Lagrangian (7) gives the following ECMST

le
Z mkr[k] V[k] V[k] + ( [k]A[k] + A[k] V[k]) (8)

with T the time-dilation factor. When particles are at rest, the energy component is in
complete agreement with the energy of this system of charges in stationary regimes [9, 10].

= Z myc® + ekA?k]. (9)

As emphasized in the previous section, the ordinary Hilbert procedure does not consider the
variation of the metric in the interaction part of the whole action. Effectively, if we rewrite

the interacting Lagrangian as Lyt = — 37, (ex/c) VA and take the functional derivative

of the Lagrangian (7) with respect to the flat metric, T+ = —2(5LN" /6,,,,), whereas the
NILI potentials A,y are set constant [12], we will obtain the ordinary Hilbert ECMST

THY = Z mkr[k] V[I}L(] V[l;(], (10)
k

whose energy component for particles at rest, T% = 3", myc?, is lacking the charge-charge
NILI interactions in (9). For the sake of comparison with the new ECMST (6), it is interesting
to consider what happens when we relax the assumption of non-interacting particles in the
ordinary Hilbert procedure.
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If we take the functional derivative of the whole Lagrangian (7) with respect to the flat metric
again, but now allowing the NILI potentials A4 to vary, we obtain the tensor

0y v €k LAV L v
z' =kar[klv[‘i]v[k]+c(v[’k] [k]“‘fk]"[k])- (11)
k

When we relax the assumption of non-interacting particles, the energy component for particles
at rest, 2% =", myc? + 2ek/\?k], is counting twice the charge-charge NILI interactions.

It is interesting that the correct ECMST (8) is somewhat in the middle between the ordinary
Hilbert tensor (10) and the tensor (11). Of course, adding a field term L¢ to (7) does not
eliminate the difficulties with (10) and (11), because the field term depends of the field
potentials A¥(r, t) and cannot compensate the energy, the comomentum, and the stress
generated by the NILI potentials A*(R(t)). In the next section, we will show why the ordinary
Hilbert tensor (10) is valid for the free part of the Lagrangian (7) but is not valid for LNIL.

4 The Hilbert ECMST as a special case from ©"

For those systems with Lagrangian action S = [ Ldt, the general definition (6) of the ECMST
and the relation between its trace and the action implies

L= 10", (12)
Taking the functional derivative with respect to 7,,,, we obtain
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This relation can, in general, be inverted to obtain
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Using the identity (1+B)™! = (1 - B+ B? — B34 B* + - - ) for systems whose Lagrangian
verifies the constraint
5L 1 6L
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the Lagrangian relation (14) reduces to the Hilbert relation

§ \'oL 1 1.1 1 JL sL
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Therefore, the ordinary Hilbert tensor TH” = —2(JL/d7,,,) can be considered a special case

of the general tensor ©#*.

As shown in the previous section, the new ©*" defined by (6) gives the correct ECMST for
a system with Lagrangian (7). Notice that the kinetic Lagrangian LN in (7) satisfies the
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constraint (15), which implies that (16) can be applied to LN''. Nevertheless, the interac-
tion Lagrangian LNI'' does not satisfy (15), but 7, (62LN\"/6m,,%) = 0. Combining both

int int
constraints (14) reduces to

NILI NILI
o = p0tm_ O (17)
My My

This result explains why the Hilbert prescription can be applied only to the kinetic part
(—26LN'"Y /6m,.,) of the whole Lagrangian (7), whereas the incorrect tensor ZH¥ = —25L/6n,,,,
counts twice the charge-charge NILI interactions. This confirms the remark made at the end
of the previous section: the correct ECMST ©* s somewhat in the middle between the
ordinary Hilbert tensor T*Y and the tensor ZMV.

Finally, it must be emphasized that the usual expression for the Hilbert ECMST density (2) can
be obtained from (16) by taking densities on both sides of (16) and applying a geometrization
procedure [4].

Summarizing, the new definition ©" = (1/2) 3, (P{y Vi + V{ijP}iy) Provides a generalized
ECMST which is (i) symmetric, (ii) conserved, (iii) in agreement with the energy and mo-
mentum of a system of charges interacting via NILI potentials, and (iv) properly generalizes
the Belifante and Rosenfeld formula, with the Hilbert tensor TH#¥ being a special case of ©+".
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