On A Theorem of C.L. Siegel
Regarding Binary Quadratic Forms

Louis D. Grey

Abstract. We prove a special case of C.L. Siegel's theorgarding the class number/j of binary quadratic forms
with fundamental discriminarh.

1.INTRODUCTION. C. L. Siegel [1] proved the followgrtheorem. If hQ\) denotes the number of classes of
binary quadratic forms with fundamental discrimihanthen ifA= -D<0 then Siegel's theorem asserts
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Siegel proved this theorem using analytic methodspkee a special case using comparatively elementary

methods, namely,
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Let R and N denote the sum of the quadratic residne non-residues respectively of p.
Then by a theorem of Dirichlet [2]
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Since the quadratic residues are generatedby=1,2, ...-- ( p— %) and since each square lies in one of the

intervals (kp, (k+1)p ) k=0,1,2 p%S thenR=n§ nz—g ({\/WJ - W(n ) pD(n -1p
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where we have made use of the floor function. 8fympg the algebra, we obtain
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What this means is that the numbe¢s= \/m—{\/mJ n=1,2,3.... are uniformly
distributed on [0,1]. This follows from the tabat f (n)=,/np satisfies the following
four conditions as shown in [3].

(1) f (n) is continuously differentiable.

(2) fp(n) IS monotone increasing t® as n— oo.
(3) f’,(n) is monotone decreasing to 0 as— co
(4) nf’y(n)tendstoooasn— oo

B+C +C, p2 where C, andC, are constants.
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Using Euler Summation as defined in [4]
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> f(k):Jf(x) dx +kz:% £ 1(x)[2 + R, where theB, are the Bernoulli
=1

a<k<b a

numbers. Left(k) =k then as shown in [5]

Z\/k ( ><n2— )+%\/H+C+O<n%) where C is a constant. ) (3

1
Letting n= p=3 and multiplying (3) by —2p2 we obtain
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Making use of the expansmr(l - E) =1+ > (- E) + §<— —) o, . (5)

and multiplying the right side of (5) by% p? and takingpIergo we obtain
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Similarly, expandlng<1—§> = +§<_E>_§<_E> o, (7)
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multiplying b —Ep and taklngpILmOO we obtain <2p+4>~(2p< 2)) 8)
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Combining the results of (6) and (8) with the renragrterms in (4) we get
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which establishes Lemma 2

Substituting the results of Lemma’s 1 & 2 intoyi&lds
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pﬁinmh(— p)=C, p2+C, (10)
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which is the intended result.
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Dividing (9) by Inp and taking limits we get m_ n(p) ~2
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