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Abstract: This paper deals with the theory and applications of the local fractional Mellin
transform of the real order o . We define the local fractional Mellin transform and its inverse
transform. This is followed by several examples and the basic operational properties of local
fractional Mellin transform. We discuss applications of local fractional Mellin transforms to local
fractional boundary value problems.
Keywords: local fractional Mellin transform, local fractional boundary value problems, local
fractional derivative; local fractional interval, zeta function.
1 Introduction

Local fractional calculus [3-5,7,8,10-19 Jis a generalization of differentiation and integration
of the functions defined on fractal sets. In the last years has found use in studies of viscoelastic
materials, as well as in many fields of science and engineering including electerical networks,
probability, electromagnetic theory, diffusive transport and fluid flow [1,2,6,9,20-34].There are
many definitions of local fractional derivatives and local fractional integrals (also called fractal
calculus) [1-19]. Hereby we write down Gao-Yang-Kang definitions as follows. Gao-Yang- Kang
local fractional derivative is denoted by [10-19]
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and local fractional integral of f(x) denoted by [10-19]
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is a partition of the interval [a,b] and t;=a, t,=b.

The purpose of this paper is to establish the local fractional Mellin transform based on Local
fractional calculus and consider its application to local fractional equations with local fractional
derivative. The remainder of the paper is organized as follows. The second section is devoted to
the definition of the fractional Mellin transform and investigation of its properties including the
inversion formula. In the third section we deal with the operational relations for the fractional
Mellin transform. The last section contains some examples of application of the fractional Mellin
transforms to the model partial differential equations of fractional order.

2 Local fractional Mellin transform and its inverse transform



In the section, we define the local fractional Mellin transform and its inverse transform, some
examples are considered also.

Definition 2.1 If f(x)el ,(R), variable pis a complex number, then the local fractional

Mellin transform of f (x) is defined as

M, {f (0}=f M (p):= r(1i " [ x D f (x)(dx)” (2.1

The inverse local fractional Mellin transform has the form
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Where Q’Q(R):{f(x)eCQ(R):r(lia)_fowlf(X)|(dx)a} .Obviously, M, and M ' are

linear integral operators.
Example 2.1

(@ If f(X)=E(-n*x*),where n>0, by substituting nx=t, then
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Where £, (p) = Z e Re p>1, is the local fractional Riemann zeta function.
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where B, (p,q) is the local fractional beta function.
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(f) Find the local fractional Mellin transform of cos, k“x* and sin, k“x“. It follows from
(2.3) that

If f(x)=E,(-ik“x"), where n>Q0, then
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which is, by putting ikx=t,
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Hence, we obtain

M _{E, (-i"k“x")}= kgf)[cos (5)* —i“sin, (57)"] (2.8)

Separating real and imaginary parts, we find
M _{cos, k“x*}= kif)cos &) (2.9)
M_{sin, k*x“}= (p)sm (B9 (2.10)

These results can be used to calculate the Iocal fractional Fourier cosine and Fourier sine

transforms of X" Result (2.9) can be written as
S RO 1)
Or
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3 Basic Operational Properties of local fractional Mellin Transforms

If M {f(X)}= pr “(p) , then we have the following operational properties:
(@) (Scaling Property).
M {f(ax)}=a""f)"*(p), a>0. (3.1)
Proof. Based on definition, by substituting ax =t ,we obtain
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(b) (Shifting Property).
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Proof. By definition,we obtain
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Similarly, we have
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(d) (local fractional Mellin Transforms of Derivatives).
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Proof. by definition, We have
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Similar arguments can be used to prove results (3.9) and (3.10).
(f) (The local fractional Mellin Transforms of Differential Operators).

If M_{f(x)}=f"“(p) then

Ma{(xa %)2 .I: (X)}= 1—‘(]'_’_(p—"_l)a) fM,a(p)_T(1+a)r(1+ pa)

r@+(p-Ya) ° F+(p-Da)

fo"“(p)

Proof. Applying definition, We obtain

dc; Y E)F=M X F 0 (x)+ T L+ a)x“ f“(x)}

M {(x*
A

- r(1i ) [ XD () +T (L ar)x £ ()] ()
)0

1 « al(p— a a a
T [ xexe £ 6 (x)(dx)

J’_

r(1i Sl X £ ol

T+ (p+Da) FMa )_T(1+a)F(1+ pa)
TTar(p-Da) * T TA+(p-Da)

f)'(p)

(9) (The local fractional Mellin Transforms of Integrals).
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Proof. Let F(x)=
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with F)(x), then we have
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(h) (Convolution Type Theorems).
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Sttting g(t)=E_(-t*) and gg"’“(p) =I"_(p), we obtain the local fractional Laplace transform



(yang-Laplace transform) of f (t) .
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(i) (Parseval’ s Type Property).
If M {f()}=f"(p)and M_{g(x)}=g, “(p) .then
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In particular, when p=1, we obtain the Parseval formula for the local fractional Mellin
transform,
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When p =1, the above result becomes (3.20).
4 Applications of the local fractional Mellin Transforms
We consider the following local fractional boundary value problem
2a a 2a
xe CU L e 0L O gex<m, O<y<l, (4.1)

2a a +
OX ox* oy



A, 0<x<1

u(x,0)=0, u(x,l):{O ol (4.2)

where A is a constant.
We apply the local fractional Mellin transform of u(x,y) with respectto x defined by

(P ) = = [ X Mu(x, y)(0)*

to reduce the given system into the form
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where U(p,y) is analytic in the vertical strip O<Rep=c<z. The integrand of (4.3) has
simple poles at p=nz, n=123,... which lie inside a semicircular contour in the right half
plane. Evaluating (4.3) by local fractional theory of residues gives the solution for x>1 as

| %

u(xy) =23 Ly sin, neye (4.4)
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