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Abstract: We test the N.Wu gauge theory of gravity with massive gravitons in the perturbing
topological field theory framework. We show that the computation of the correlation function between
massive and massless gravitons is reported up to 4-loop and appears to be unaffected by radiative
correction. This result ensures the stability of the linking number between massive and massless
gravitons with respect to the local perturbation, a result with potential wider applications in cosmology.
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1. Introduction

Various authors have attempted to derive General Relativity from a gauge-like principle,
involving invariance of physics under transformations of the locally (i.e., in the tangent space
at each point) acting Lorentz or Poincar’e group. ([1], [2], [3], [4]).

Gauge theory of gravity is based on the principle of local gauge invariance. Since the model
requires strict local gravitational gauge symmetry ([4]), gauge theory is a pertubatively
renormalizable quantum model. In the original model, all gauge gravitons are massless ([5]).
The massive gravitons were described effectively by Fierz and Pauli ([6]). According to their
theory, the existence of massive gravitons would violate the local gauge symmetry of the
Lagranian ([7]).

Building on this earlier work, N.Wu proposed a mechanism which introduces massive
gravitons without violating the local gauge symmetry of the Lagranian ([4], [8], [9], and

[10]).

The third-order gravitational gauge field Cg‘# is massive if mass is very large. Such a field
has no contribution to the long-range gravitational force. Long-range gravitational force
results exclusively from the contribution of the fouth-order gravitational gauge field Cg p and

obeys inverse square law.

If the mass term of gravitational gauge field is extremely small, however, the third-order
gravitational gauge field C?ﬂwill contribute to the middle range gravitational force with

approximate range L zm (where h is the Plank constant and c is the speed of light). For
m
graviton mass 2x107" eV the gravitational force range will be about one metre.

Recent results from cosmological observation, especially from Cosmic Microwave
Background (CMB) temperature anisotropy, suggest that our Universe is essentially flat and
that it consists of mainly dark matter and dark energy [11]. A natural origin for dark matter
and dark energy is to regard it as consisting of massive gravitons. There are indications that

those massive gravitons with mass 2x10~'eV can produce today’s acceleration of the
Universe ([12], [13]).

In the traditional gauge treatment of gravity the Lorentz group is localized. The gravitational
field is, thus, not represented by gauge potential, but by the metric field g,,,.

Here we propose an alternative understanding of gravity resulting from the extension of
N.Wu’s gauge theory of gravity with massive gravitons into the framework of perturbing
topological field theory. Based on this, we calculate the Feynman diagrams for the interaction
between massive and massless gravitons in the topological field theory ([14], [15], [16], [17],
[18], [19], [20], [21], and [22]).

These calculations provide insights to interactions between gravity and dark energy. They
could, therefore, have important repercussions for current cosmological problems.

2. The interaction between massive and massless gravitons in the topological field theory
Taking Wu’s gauge model as our starting point ([4], [8], [9], [10], [23], [24], [25]), we

introduce two gravitational gauge fields (Ca,Cgﬂ) simultaneously. Since (Ca,Cgﬂ) are

vectors in Lie algebra ([8], [9]), they can be expanded as
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These correspond with two gauge covariant derivatives
D, =0, -igC,(x) , Do, =0, +iagCyp ,(X) (2

and two different field strengths, given by

1
Fuv =E[Dﬂ,DV]

) ®)
I:2,uv = E[DZ/J' Doy ]
The Lagrangian of the system is given by
~ 1 1
30 =311 9, Fl Pl — 0" 9, FLL F
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-————n""943,(C/,, +aC5 )Cy +aCs, )
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where mis the constant mass parameter. The action of the system is given by
s =[d*x1(C)Tg (5)

Equation (4) gives the mass term in gravitational gauge fields. To obtain the Eigenstates of
mass matrix the following rotation is needed

C3,, =€0sOC,, +sindCy,

)]
_ (6)

Cgy =—C0s0C,, +sIn6Cy

where the angle @ is given by

cosd = , sin@= (7

l+a 1+a2
After transformation (6), the Lagrangian of the system is given by
1 1
S = = P VO B gr  _i, mup,vo B Er
So == 98y Fa0, P pe =311 98y Faoun Fao po (8)

where F?,, Fx, are given by:
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From the above follows that the three-dimensional gravitational gauge field Cgﬂ is massive,

with mass m, whereas the four-dimensional gravitational gauge field Czﬂ , IS massless.

To investigate the interaction between the massive gravitational gauge field C??y and the

massless gravitational gauge field CZ,, we use topological field theory.

Our computation of the correlation function between the massive and massless gravitons is
analogous with that given in the literature ([22]).

([, dv°Ca, ], ax“cs,) (10)

Seff

For the case of the two gravitational gauge fields ng and Cf{‘# lying on two smooth, closed,

non-intersecting curves y,and y,(Fig.1), the computation of the correlation function is

reported up to 4- loop. This computation shows that the correlation function is unaffected by
radiative correction. This result ensures the stability of the linking number with respect to the
local perturbation ([22]). The local perturbation can be added to the Chern — Simons action
given by

1 T (3 EhuEa E3vE
Su =5 0% C],2,C3, + 2 [OXFLES, B RS (22D )

and 7 being an arbitrary parameter with negative mass dimension,

~ 1
- 4 413y,
with F* :Eg " ”Fasvp

reflecting the power-counting non-renormalizability of the perturbation.
The Feynman diagrams for the interaction between massive and massless gravitons in the

topological field theory are similar to those described at [22]. To calculate the correlator
function (10) we use the action

1 z maEa G
Sert = [d®xe*Cy,0,CL, + [d®X0aC) ) + i [ RTS A Sl = = (12)

The Lagrange multiple b is introduced to this function to implement the Landau gauge. To
evaluate the Feynman diagrams we use the following equations:
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82|x |:—47r§3(x—y)
13)
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ALY 8 “ Axlx—y| (14)

< |E4611/ (X)’ lf?ﬁ (y)> = _gaﬂg,uvpaﬂé‘:g (X - y)

The Feynman diagrams that contribute to the correlation function (10) are of two-loop order
(see Figure 2). Based on [22], it follows that, for the second-, third- and fourth-order diagrams
(see Figures 2, 3, 4), and more generally, for all terms in all possible diagrams between

massive and massless gravitons, these Feynman diagrams are proportional to 53(x—y) or its
derivatives ([22]).

1@ =af  dx*[ dyvfd3zld3zz53(x -2)8%(y-12,)
x[e,,0" 8% (1 — 2)[€)70,5% (2, — 2,)] (15)
[£770,6%(z, - 2,)]

19 =[x [, dy" [d°2,[6,,0° (x= V)16 s (X~ 2)][076° (X~ 25)]
(16)

[0,,0,(y — 25)1[07° 8°(y — 25)]

1@ =[ dx*[, dy"[d% ,0°24[0,,8° (x=Y)[076, (x ~ 2)][0 3, 6° (X 2,)]

nv

[67°5%(y — 25)1[0 ,,6°(y — 25)1[075, (25 — 24)1[0 s> (25 — 24)]

(17

Since it is always x =y, the second-, third- and fourth-order diagrams correspond to null

correction to the basic diagrams. The correlator function (10), therefore, is the link number to
all orders:

(C£,(0.Ca). =201.72) (18)

Seff

3. Conclusion
Equation (18) links massive graviton,Cgﬂ representing dark energy, with the massless

graviton, CZ‘/I representing the gravity. This expression of the interaction between gravity and

dark energy may have potentially very important implications to cosmology. We find that the
interactions between dark energy and gravitons are independent of metric. These interactions
are, therefore, within the framework of perturbing topological field theory. The topological
properties of these interactions are represented by knots and links. The size, exact shape,
location etc of these knots and links are not of immediate concern for the problem at hand
(interaction between dark mater/energy and gravitons).
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Equation (18), that links massive and massless gravitons, is independent of the exact location,
size and shape of the two knots. Equation (18) depends only on the topological relationship of
the knots with each other. This invariant may have a physical interpretation: it may represent
the work done to move a massive graviton (dark energy) around one knot in three
dimensional space while a massless graviton runs around the other knot.
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Fig.1 Linking between 71,72

Fig.2 Two loop contribution.

E.Koorambas: The interaction between massive and massless gravitons by the perturbing topological field theory


http://arxiv.org/abs/hep-th/9804122v1
http://arxiv.org/abs/hep-th/9907119v1

Relativity and Cosmology August 6, 2011

Fig.3 Three loop contribution.Fig. 4 Four loop contribution.
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