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1. Algebraic multi-spaces

The notion of multi-spaces was introduced by Smarandache in 1969, see his
article uploaded to arXiv [86] under his idea of hybrid mathematics: combining
different fields into a unifying field([85]), which is more closer to our real life world.
Today, this idea is widely accepted by the world of sciences. For mathematics,
a definite or an exact solution under a given condition is not the only object for
mathematician. New creation power has emerged and new era for mathematics
has come now. Applying the Smarandache’s notion, this chapter concentrates on
constructing various multi-spaces by algebraic structures, such as those of groups,
rings, fields, vector spaces, ---etc., also by metric spaces, which are more useful
for constructing multi-voltage graphs, maps and map geometries in the following
chapters.

81.1 Sets

1.1.1. Sets

A set = is a collection of objects with some common property P, denoted by

= = {z|z has property P},

where, x is said an element of the set =, denoted by x € =. For an element y not
possessing the property P, i.e., not an element in the set =, we denote it by y & =.
The cardinality (or the number of elements if = is finite ) of a set = is denoted
by |Z].
Some examples of sets are as follows.

A=1{1,2,3,4,56,7,8,9,10};
B = {p| p is a prime number};
C={(z,y)z*+y* =1}

D = {the cities in the world}.

The sets A and D are finite with |A] = 10 and |D| < 400, but these sets B and
C' are infinite.



Two sets Z; and =, are said to be identical if and only if for Vo € =, we have
x € Zy and for Vo € =5, we also have z € =;. For example, the following two sets

E=1{1,2,-2}and F ={ 2 |2° — 2* — 42 + 4 =0}

are identical since we can solve the equation 2® —22 —4x44 = 0 and get the solutions
x = 1,2 or —2. Similarly, for the cardinality of a set, we know the following result.

Theorem 1.1.1([6]) For sets 21,2, |Z1| = |Za| if and only if there is an 1 — 1
mapping between = and =s.

According to this theorem, we know that |B| # |C| although they are infinite.
Since B is countable, i.e., there is an 1 — 1 mapping between B and the natural
number set N = {1,2,3,--- n, -}, however C' is not.

Let Aq, Ay be two sets. If for Va € A; = a € Ay, then A; is said to be a subset of
As, denoted by A; C A,. If a set has no elements, we say it an empty set, denoted

by 0.

Definition 1.1.1 For two sets =1, =5, two operations Jand () on =1, =, are defined
as follows:

51UE2 = {1‘|:)§' EEiorzx€E EQ},
ElmEg = {ZL’|LU c El and x € EQ}
and =, minus Zo 1s defined by
1\ S ={zx|r € 5y but x &€ =,}.
For the sets A and FE, calculation shows that
AUE =1{1,2,-2,3,4,5,6,7,8,9,10},
AﬂE ={1,2}
and
A\ E=1{3,4,5,6,7,8,9,10},

E\A={-2).

For a set = and H C =, the set =\ H is said the complement of H in Z, denoted
by H(Z). We also abbreviate it to H if each set considered in the situation is a
subset of = = Q, i.e., the universal set.

These operations defined in Definition 1.1.1 observe the following laws.

4



L1

L2

L3

L4

L5

L6

L7

Ttempotent law. For V.S C Q,
AJA=ANA= A

Commutative law. For VU,V C Q,

vyv=vyu; unNv=vNU.
Associative law. For YU, V,W C Q,

vUvUw)=wyUvJw; t(vAw)=Unv)Nw.

Absorption law. For YU,V C Q,

vAUUv)=UuJuNOv)=U.
Distributive law. For YU, V, W C Q,

vyvOw = oUmNoywy; tcnvUw) = oNvVIUTOw).
Universal bound law. For YU C €,
AU =0,0JUu=U; QU =UQU =q.
Unary complement law. For VU C Q,
UNT =0; UJT = Q.

A set with two operations () and | satisfying the laws L1 ~ L7 is said to be a

Boolean algebra. Whence, we get the following result.

Theorem 1.1.2 For any set U, all its subsets form a Boolean algebra under the
operations () and .

1.1

.2 Partially order sets

For a set =, define its Cartesian product to be

ExE={(z,y)|Vr,y € E}.

A subset R C = x Z is called a binary relation on Z. If (z,y) € R, we write zRy.

A partially order set is a set = with a binary relation < such that the following laws
hold.

O1 Reflective law. For z € =, xRx.



02 Antisymmetry law. For z,y € =, xRy and yRx = = = y.
O3 Transitive law. For z,y, 2z € =, xRy and yRz = = Rz.

A partially order set = with a binary relation =< is denoted by (=, <). Partially
ordered sets with a finite number of elements can be conveniently represented by a
diagram in such a way that each element in the set = is represented by a point so
placed on the plane that a point a is above another point b if and only if b < a. This
kind of diagram is essentially a directed graph (see also Chapter 2 in this book). In
fact, a directed graph is correspondent with a partially set and vice versa. Examples
for the partially order sets are shown in Fig.1.1 where each diagram represents a
finite partially order set.

19
T
(2) (3) {4)

(1)
Fig.1.1

An element a in a partially order set (=, <) is called mazimal (or minimal) if for
Vre€Z a=x=x=a(orx <a= x=a). The following result is obtained by
the definition of partially order sets and the induction principle.

Theorem 1.1.3 Any finite non-empty partially order set (2, <) has mazimal and
minimal elements.

A partially order set (Z, <) is an order set if for any Vz,y € Z, there must be
x 2y ory Xz Itis obvious that any partially order set contains an order subset,
finding this fact in Fig.1.1.

An equivalence relation R C Z X = on a set = is defined by

R1 Reflective law. For z € =, zRx.
R2 Symmetry law. For x,y € =, xRy = yRx
R3 Transitive law. For z,y,2 € =, zRy and yRz = xR=z.

For a set = with an equivalence relation R, we can classify elements in = by R
as follows:

R(z) ={y| y € Z and yRx }.
Then, we get the following useful result for the combinatorial enumeration.

Theorem 1.1.4 For a finite set = with an equivalence R, Yx,y € Z, if there is an
bijection ¢ between R(x) and R(y), then the number of equivalence classes under R
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where x 18 a chosen element in =.

Proof Notice that there is an bijection ¢ between R(z) and R(y) for Vz,y € E.
Whence, |R(z)| = |R(y)|. By definition, for Va,y € Z, R(z) N R(y) = 0 or R(z) =
R(y). Let T be a representation set of equivalence classes, i.e., choice one element
in each class. Then we get that

El = > IR@)

zeT

= [T|IR(z)].

Whence, we know that

T

T =

1.1.3 Neutrosophic set

Let [0,1] be a closed interval. For three subsets T', I, F* C [0,1] and S C (2, define a
relation of an element x € Q with the subset S to be z(T, I, F), i,e., the confidence
set for x € S is T, the indefinite set is I and fail set is F'. A set S with three
subsets T, I, I is said to be a neutrosophic set ([85]). We clarify the conception of
neutrosophic sets by abstract set theory as follows.

Let = be a set and A;, Ay, ---, Ay € =. Define 3k functions f7, fy,---, f¢ by
ff: A —[0,1], 1 <i <k, where x =T, I, F. Denote by (A; f%, fI, fF') the subset
A; with three functions f7, fI, fF, 1 <i <k. Then

(3

k
U s £7 f fD)
i=1

is a union of neutrosophic sets. Some extremal cases for this union is in the following,
which convince us that neutrosophic sets are a generalization of classical sets.

Casel fI'=1, fl=fF=0fori=1,2,---,k.
In this case,
k k
i=1

i=1

Case2 fIl=fl=0, ff=1fori=1,2,--- k.



In this case,

k k
1=1 i=1

Case 3 There is an integer s such that fI =1 f/ = ff' =0,1 < i < s but
ff=f=0f=1lfors+1<j<k

In this case,

Q(Ai,fl UAU U A;.

i=s+1

Case 4 There is an integer [ such that fI # 1 or ff # 1.

In this case, the union is a general neutrosophic set. It can not be represented
by abstract sets.

If AN B = 0, define the function value of a function f on the union set AU B to
be

F(AUB) = f(A) + [(B)

and

f(ANB) = f(A)f(B)
Then it ANB # 0, we get that

FAUB) = f(A) + £(B) — fF(A)f(B).

Generally, by applying the Inclusion-Exclusion Principle to a union of sets, we
get the following formulae.

§1.2 Algebraic Structures

In this section, we recall some conceptions and results without proofs in algebra, such
as, these groups, rings, fields, vectors - - -, all of these can be viewed as a sole-space
system.



1.2.1. Groups

A set G with a binary operation o, denoted by (G; o), is called a group if xoy € G
for Vx,y € G such that the following conditions hold.

(1) (roy)oz=xo(yoz) for Vr,y,z € G;
(77) There is an element 1g, 1¢ € G such that x o 15 = z;
(7i1) For Y € G, there is an element y,y € G, such that x oy = 14.

A group G is abelian if the following additional condition holds.

(iv) For Va,y € G, zoy =yox.

A set G with a binary operation o satisfying the condition (i) is called a semi-
group. Similarly, if it satisfies the conditions (i) and (iv), then it is called a abelian
SEMIGTOUP.

Some examples of groups are as follows.

(1) (R;+) and (R ;-), where R is the set of real numbers.

(2) (Us;-), where Uy = {1,—1} and generally, (U,;-), where U, = {e"*% ,k =
1,2,---,n}.

(3) For a finite set X, the set SymX of all permutations on X with respect to
permutation composition.

The cases (1) and (2) are abelian group, but (3) is not in general.

A subset H of a group G is said to be subgroup if H is also a group under the
same operation in GG, denoted by H < . The following results are well-known.

Theorem 1.2.1 A non-empty subset H of a group (G ;o) is a group if and only if
forVrx,ye H, xoy € H.

Theorem 1.2.2(Lagrange theorem) For any subgroup H of a finite group G, the
order |H| is a divisor of |G].

For Vz € G, denote the set {xh|Vh € H} by xH and {hx|Vh € H} by Hzx. A
subgroup H of a group (G ;o) is normal, denoted by H<G, if for Vo € G, *tH = Hz.
For two subsets A, B of a group (G ;o), define their product A o B by

AoB={aob|Yac A Ybeb}.
For a subgroup H, H < GG, it can be shown that

(zH)o (yH) = (zoy)H and (Hx)o (Hy) = H(xoy).

for Vz,y € G. Whence, the operation 70" is closed in the sets {zH|x € G} =
{Hz|x € G}, denote this set by G/H. We know G/H is also a group by the facts

(tHoyH)ozH =xHo(yHozH), Vx,y,z € G

and



(xH)o H =xH, (xH)o (x 'H) = H.
For two groups G, G’, let o be a mapping from G to G'. If

o(zoy)=o(x)oa(y),

for Va,y € G, then call o a homomorphism from G to G'. The image Imo and the
kernel Kero of a homomorphism o : G — G’ are defined as follows:

Imo =G? = {o(x)| Vx € G },

Kero ={z|Vx € G, o(z) = 1¢ }.

A one to one homomorphism is called a monomorphism and an onto homomor-
phism an epimorphism. A homomorphism is called a bijection if it is one to one
and onto. Two groups G, G’ are said to be isomorphic if there exists a bijective
homomorphism ¢ between them, denoted by G = G'.

Theorem 1.2.3 Let o : G — G’ be a homomorphism of group. Then

(G,0)/Kero = Imo.

1.2.2. Rings

A set R with two binary operations + and o, denoted by (R ;+, o), is said to be a
ringif x +y € R, x oy € R for Va,y € R such that the following conditions hold.

(i) (R ;+) is an abelian group;
(77) (R ;o) is a semigroup;
(i11) ForVa,y,z€ R,xo(y+z2)=xo0oy+zxozand (x+y)oz=x02+yoz

Some examples of rings are as follows.

(1) (Z ;+,-), where Z is the set of integers.

(2) (pZ ;+,-), where p is a prime number and pZ = {pn|n € Z}.

(3) (Mp(Z) ;4,-), where M, (Z) is a set of n x n matrices with each entry
being an integer, n > 2.

For aring (R ;+,0),if roy = yox for Vx,y € R, then it is called a commutative
ring. The examples of (1) and (2) are commutative, but (3) is not.

If R contains an element 1z such that for Vo € R, xolp = lg oz = x, we call
R a ring with unit. All of these examples of rings in the above are rings with unit.
For (1), the unit is 1, (2) is Z and (3) is Lyxn.

The unit of (R ;+) in aring (R ;+, o) is called zero, denoted by 0. For Va,b € R,
if
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aob = 0,

then a and b are called divisors of zero. In some rings, such as the (Z ;+,-) and
(pZ ;+,-), there must be a or b be 0. We call it only has a trivial divisor of zero.
But in the ring (pgZ ; +, ) with p, ¢ both being prime, since

pZ - qZ =0

and pZ # 0, qZ # 0, we get non-zero divisors of zero, which is called to have non-
trivial divisors of zero. The ring (M,,(Z);+,-) also has non-trivial divisors of zero,
since

11 1 00 0
0 0 0 0 0 0

. . = Onxn~
00 -0 11 1

A division ring is a ring which has no non-trivial divisors of zero and an integral
domain is a commutative ring having no non-trivial divisors of zero.

A body is a ring (R ;+,0) with a unit, |[R| > 2 and (R \ {0};0) is a group and
a field is a commutative body. The examples (1) and (2) of rings are fields. The
following result is well-known.

Theorem 1.2.4 Any finite integral domain is a field.

A non-empty subset R’ of a ring (R ;+, o) is called a subring if (R’ ;+, o) is also
a ring. The following result for subrings can be obtained immediately by definition.

Theorem 1.2.5 For a subset R of a ring (R ;+,0), if
(i) (R ;+) is a subgroup of (R ;+),
(it) R is closed under the operation o,

then (R’ ;+,0) is a subring of (R ,+.0).

An ideal I of a ring (R ;+,0) is a non-void subset of R with properties:
(i) (I ;+) is a subgroup of (R ;+);

(17) aox €l andxoa € I for Va € I,Vz € R.

Let (R ;4,0) be a ring. A chain

R> Ry > =R ={l.}

satisfying that R;,; is an ideal of R; for any integer i,1 < ¢ < [, is called an ideal
chain of (R ,+,0). A ring whose every ideal chain only has finite terms is called an
Artin ring. Similar to normal subgroups, consider the set + I in the group (R ;+).
Calculation shows that R/I = {x + I| x € R} is also a ring under these operations
+ and o. Call it a quotient ring of R to I.
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For two rings (R ;+,0), (R ;*,e), let ¢ be a mapping from R to R'. If
Uz +y) = uz) *u(y),

Wz oy) =uz)ey),
for Vx,y € R, then ¢ is called a homomorphism from (R ;+,0) to (R
to Theorem 2.3, we know that

" s %, ). Similar

Theorem 1.2.6 Lett: R — R’ be a homomorphism from (R ;4,0) to (R ;x*,e).
Then

(R ;+,0)/Kert = Imu.

1.2.3 Vector spaces

A wector space or linear space consists of the following:

(1) a field F of scalars;

(77) a set V of objects, called vectors;

(7i1) an operation, called vector addition, which associates with each pair of
vectors a,b in V' a vector a+ b in V, called the sum of a and b, in such a way that

(1) addition is commutative, a+ b = b + a;

(2) addition is associative, (a+b)+c=a+ (b+ c);

(3) there is a unique vector 0 in V', called the zero vector, such that a4+ 0 =a
for all ain V;

(4) for each vector a in Vthere is a unique vector —a in V' such that a + (—a) = 0;

(1v) an operation -, called scalar multiplication, which associates with each scalar
k in F' and a vector a in V' a vector k- a in V, called the product of k£ with a, in
such a way that

(1) 1-a=a for every a in V;

(2) (]{71]{72> ca = ]{71(]{72 . a)7

B)k-(a+b)=Fk-a+k-b;

(4) (k1+k2)~a:k1~a+k2~a.
We say that V' is a vector space over the field F', denoted by (V ;+, ).

Some examples of vector spaces are as follows.

(1) The n-tuple space R"™ over the real number field R. Let V be the set of
all n-tuples (xy, 29, -+, x,) with z; € R;1 < i < n. If Va = (21,29, -, 2,),
b = (y1,y2, *+,yn) € V, then the sum of a and b is defined by

a+b= (xl +y1ax2+y2a"'>xn+yn)-
The product of a real number k& with a is defined by

ka = (kxq, kxg,- -« kxy).

12



(2) The space Q™ ™ of m X n matrices over the rational number field (). Let
Q™ ™ be the set of all m x n matrices over the natural number field ). The sum of
two vectors A and B in Q™" is defined by

(A + B)U - Aij + Bij7

and the product of a rational number p with a matrix A is defined by

(pA)ij = pAyj.

A subspace W of a vector space V is a subset W of V' which is itself a vector
space over F' with the operations of vector addition and scalar multiplication on V.
The following result for subspaces is known in references [6] and [33].

Theorem 1.2.7 A non-empty subset W of a vector space (V ;+,-) over the field F
is a subspace of (V ;+,-) if and only if for each pair of vectors a,b in W and each
scalar k in F' the vector k-a+ b is also in W.

Therefore, the intersection of two subspaces of a vector space V is still a subspace
of V. Let U be a set of some vectors in a vector space V over F. The subspace
spanned by U is defined by

<U> :{kl-a1+k2-a2+---+kl-al|l21,k:i€F, andajGS,lgigl}.

A subset W of V is said to be linearly dependent if there exist distinct vectors
aj,as, - -,a, in W and scalars ki, ko, - - -, k, in F', not all of which are 0, such that
k1~a1+k2~a2+-~-+kn-an20.

For a vector space V| its basis is a linearly independent set of vectors in V' which
spans the space V. Call a space V' finite-dimensional if it has a finite basis. Denoted
by dimV the number of elements in a basis of V.

For two subspaces U, W of a space V', the sum of subspaces U, W is defined by

U+W={u+w|uel welV .
Then, we have results in the following ([6][33]).

Theorem 1.2.8 Any finite-dimensional vector space V' over a field F is isomorphic
to one and only one space F", where n = dimV .

Theorem 1.2.9 If Wi and W5 are finite-dimensional subspaces of a vector space
V', then Wi + Wy is finite-dimensional and
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81.3 Algebraic Multi-Spaces

The notion of a multi-space was introduced by Smarandache in 1969 ([86]). Al-
gebraic multi-spaces had be researched in references [58] — [61] and [103]. Vas-
antha Kandasamy researched various bispaces in [101], such as those of bigroups,
bisemigroups, biquasigroups, biloops, bigroupoids, birings, bisemirings, bivectors,
bisemivectors, bilnear-rings, - - -, etc., considered two operation systems on two dif-
ferent sets.

1.3.1. Algebraic multi-spaces

Definition 1.3.1 For any integers n,i, n > 2 and 1 < i < n, let A; be a set with
ensemble of law L;, and the intersection of k sets Ay, Aiy, -+ -, Ay, of them constrains
the law I(A;,, Ay, -+, Ai,). Then the union A

n
i=1
1s called a multi-space.
Notice that in this definition, each law may be contain more than one binary
operation. For a binary operation x, if there exists an element 1!, (or 17,) such that

1Y xa=a or ax1, =a
for Va € A;;1 <i < n, then 1}, (17) is called a left (right) unit. If 1}, and 17, exist
simultaneously, then there must be

1t =1

=1l x 1L =17 = 1,.

X

Call 1, a unit of A;.

Remark 1.3.1 In Definition 1.3.1, the following three cases are permitted:

(1) Ay =Ay=---=A,, ie, nlaws on one set.
(11) Ly = Ly =--+= Ly, i.e., n set with one law
(i77) there exist integers sy, sg, - -, s, such that I(s;) = 0,1 < j </, i.e., some

laws on the intersections may be not existed.

We give some examples for Definition 1.3.1.

Example 1.3.1 Take n disjoint two by two cyclic groups Cy,Cy,---,C,, n > 2
with

Cr = ((a);+1), Ca = ((b) s +2), -+, Cn = ({€) s +n)-

Where +1,+9, - -, +, are n binary operations. Then their union
c=¢
i=1

14



is a multi-space with the empty intersection laws. In this multi-space, for Vz,y € C,
if z,y € C} for some integer k, then we know x 4+, y € Cy. But if x € C, y € C;
and s # t, then we do not know which binary operation between them and what is
the resulting element corresponds to them.

A general multi-space of this kind is constructed by choosing n algebraic systems
Ay, Ay, -, A, satisfying that

for any integers i, 7,1 # j, 1 < ,5 < n, where O(A4;) denotes the binary operation
set in A;. Then

i=1

with O(A) = Lrj O(4;) is a multi-space. This kind of multi-spaces can be seen as a
=1

1=
model of spaces with a empty intersection.

Example 1.3.2 Let (G ;o) be a group with a binary operation o. Choose n
different elements hq, ho, - -+, h,, n > 2 and make the extension of the group (G ;o)
by hq, hs, -, h, respectively as follows:

(GU{h1}; x1), where the binary operation x; = o for elements in GG, otherwise,
new operation;

(GU{hso}; x2), where the binary operation x5 = o for elements in GG, otherwise,
new operation;

(GU{hn}; Xn), where the binary operation x,, = o for elements in G, otherwise,
new operation.

Define
G = UG U} xi).-
i=1
Then G is a multi-space with binary operations X1, Xs, -+, X,,. In this multi-space,

for Vz,y € G’, unless the exception cases © = h;,y = h; and i # j, we know the
binary operation between x and y and the resulting element by them.

For n = 3, this multi-space can be shown as in Fig.1.2, in where the central circle
represents the group GG and each angle field the extension of G. Whence, we call
this kind of multi-space a fan multi-space.
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Fig,1.2

Similarly, we can also use a ring R to get fan multi-spaces. For example, let
(R ;+,0) be a ring and let 71,79, -+, rs be two by two different elements. Make
these extensions of (R ;+,0) by 7,79, -+, rs respectively as follows:

(RU{r1};+1, x1), where binary operations +; = 4, x; = o for elements in R,
otherwise, new operation;

(RU{ra}; 42, X2), where binary operations +2 = 4+, X5 = o for elements in R,
otherwise, new operation;

(RU{rs}; +s, Xs), where binary operations +¢; = +, X, = o for elements in R,
otherwise, new operation.

Define

R= Ql(R ULrs}s +5, %x5)-

Then R is a fan multi-space with ring-like structure. Also we can define a fan
multi-space with field-like, vector-like, semigroup-like,- - -, etc. structures.

These multi-spaces constructed in Examples 1.3.1 and 1.3.2 are not completed,
i.e., there exist some elements in this space not have binary operation between
them. In algebra, we wish to construct a completed multi-space, i.e., there is a
binary operation between any two elements at least and their resulting is still in this
space. The following example is a completed multi-space constructed by applying
Latin squares in the combinatorial design.

Example 1.3.3 Let S be a finite set with |S| = n > 2. Constructing an n x n Latin
square by elements in S, i.e., every element just appears one time on its each row

n
and each column. Now choose k Latin squares My, My, - -+, M, k < [T s!.
s=1

n
By a result in the reference [83], there are at least [] s! distinct n x n Latin

s=1
squares. Whence, we can always choose My, My, - - -, My distinct two by two. For a
Latin square M;,1 < i < k, define an operation x;as follows:

X (5,f) eSxS— (Mz)sf
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The case of n = 3 is explained in the following. Here S = {1,2,3} and there are
2 Latin squares Ly, Lo as follows:

12 3
Li=[231 Ly =
31 2

N W
W = N
— N W

Therefore, by the Latin square L;, we get an operation x;as in table 1.3.1.

1

W N =
_= W NN
N — W W

X
1
2
3

table, 1.3.1

and by the Latin square Lo, we also get an operation x5 as in table 1.3.2.

2 |

N W =
W = NN
N Wl W

X
1
2
3

table 1.3.2
For Vz,y,z € S and two operations x; and x;, 1 <+¢,7 <k, define

TXyX;z= (T X;y) X, 2.
For example, in the case n = 3, we know that

1x12x93=(1X3) X33=2x33=2;

and

2X13X22:(2X13)X22:1X23:3.

Whence S is a completed multi-space with k operations.
The following example is also a completed multi-space constructed by an alge-
braic system.

Example 1.3.4 For constructing a completed multi-space, let (S ;o) be an algebraic
system, i.e., aob € S for Va,b € S. Whence, we can take C,C C S being a cyclic
group. Now consider a partition of S

S = |JGi
k=1
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with m > 2 such that G; NG, = C for Vi,5,1 < 17,5 < m.
For an integer k,1 < k < m, assume Gy = {gk1,Gr2, ", gr}. We define an
operation xizon Gy, as follows, which enables (Gy; Xx) to be a cyclic group.

9k1 Xk 9k1 = Gk2,

9k2 Xk k1 = k3,

Gk(1—1) Xk gk1 = Yki;

and

Gkl) Xk Gk1 = Gk1-

Then S = U Gy is a completed multi-space with m + 1 operations.

=1
The approach used in Example 1.3.4 enables us to construct a complete multi-
spaces A = U with k operations for k > n+1, i.e., the intersection law I (A, Ag, - -+, A,) #

0. -

Definition 1.3.2 A mapping f on a set X is called faithful if f(x) = x for Vo € X,
then f = 1x, the unit mapping on X firing each element in X.

Notice that if f is faithful and f,(z) = f(x) for Vo € X, then f;'f = 1y, i.e.,
fi=1. N
For each operation x and a chosen element g in a subspace A;, A; C A,1 <i <mn,
there is a left-mapping fé : A; — A, defined by
fé:a—>g><a, a € A,

Similarly, we can also define the right-mapping f;.
We adopt the following convention for multi-spaces in this book.

Convention 1.3.1 Each operation xin a subset A;, A; C A,1 < i < n is faithful,
i.e., forNge Ay, c:g— fL( orT:g— fI)is faithful.

Define the kernel Kerg of a mapping ¢ by

Ker¢ = {g|g € A; and ¢(g) = 14,}.

Then Convention 1.3.1 is equivalent to the next convention.

Convention 1.3.2 For each ¢ : g — fé ( orc:g— fI ) induced by an operation
X has kernel
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Kers = {1}
if 1L, exists. Otherwise, Kers = ().

We have the following results for multi-spaces A.

Theorem 1.3.1 For a multi-space A and an operation X, the left unit 1\, and right
unit 17, are unique if they exist.

Proof If there are two left units 14, I' in a subset A4; of a multi-space A, then

for Vo € A;, their induced left-mappings f{lx and f}lx satisfy
fu(@) =1 xz=2
and
fh(r) =1, xx =z
Therefore, we get that f{l = f}L . Since the mappings ¢ : 1}, — ffl and
G : I, — [l are faithful, we know that
! l
1L, =1I,.

Similarly, we can also prove that the right unit 17 is also unique. b

For two elements a,b of a multi-space A, if a X b = 1!, then b is called a left-
inverse of a. If a x b = 17, then a is called a right-inverse of b. Certainly, if
a X b=1, then a is called an inverse of b and b an inverse of a.

Theorem 1.3.2 For a multi-space A, a € A, the left-inverse and right-inverse of a
are unique if they exist.

Proof Notice that k, : * — ax is faithful, i.e., Kers = {1, } for 1}, existing now.
If there exist two left-inverses by, by in A such that a x by =1, and a x by = 1!,
then we know that

by =0by=1".
Similarly, we can also prove that the right-inverse of a is also unique. il

Corollary 1.3.1 If x is an operation of a multi-space A with unit 1, then the
equation

axXxx=2b

has at most one solution for the indeterminate x.
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Proof According to Theorem 1.3.2, we know there is at most one left-inverse a;
of a such that a; x a = 1. Whence, we know that

rT=a; XaxXx=a Xb. b

We also get a consequence for solutions of an equation in a multi-space by this
result.

Corollary 1.3.2 Let A be a multi-space with a operation set O(A). Then the
equation

aox =10
has at most o(A) solutions, where ois any binary operation of A.

Two multi-spaces 1?1, A, are said to be isomorphicif there is a one to one mapping
¢ : Ay — Ay such that for Vo, y € A; with binary operation x, {(x),((y) in Ay with
binary operation o satisfying the following condition

((z xy) =((z) o ((y)
If 2(1 = 2(2 = A, then an isomorphism between ;1: and ;4; is called an automorphism
of A. All automorphisms of g form a group under the composition operation between
mappings, denoted by AutA.

Notice that AutZ, = Z*, where Z* is the group of reduced residue class modn
under the multiply operation ( [108] ). It is known that |AutZ,| = ¢(n), where ¢(n)
is the Euler function. We know the automorphism group of the multi-space C in
Example 1.3.1 is

AutC = S,[Z7].

Whence, [AutC| = ¢(n)"n!. For Example 1.3.3, determining its automorphism
group is a more interesting problem for the combinatorial design ( see also the final
section in this chapter).

1.3.2 Multi-Groups

The conception of multi-groups is a generalization of classical algebraic structures,
such as those of groups, fields, bodies, ---, etc., which is defined in the following
definition.

Definition 1.3.3 Let G = U G; be a complete multi-space with an operation set
i=1

O(G) = {x;,1 < i <n}. If (G x;) is a group for any integer i,1 < i < n and
forVz,y,z € G and Vx,o0 € O(é), X £ o, there is one operation, for example the
operation X satisfying the distribution law to the operation oprovided all of these
operating results exist , i.e.,
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X (yoz)=(zxy)o(zrxz),

(yoz) xax=(yxx)o(zxx),
then G is called a multi-group.

Remark 1.3.2 The following special cases for n = 2 convince us that multi-groups
are a generalization of groups, fields and bodies, - - -, etc..

(i) If Gy = G, = G, then G is a body. B
(17) If (Gy; x1) and (Gg; Xo) are commutative groups, then G is a field.
For a multi-group G and a subset G, C G, if Gy is also a multi- group under a

subset O(Gl) O(G;) € O(G), then G is called a sub-multi-group of G, denoted by
G, < G. We get a criterion for sub-multi-groups in the following.

Theorem 1.3.3 For a multi-group G = U G, with an operation set O(G) = {x;|1 <

i <n}, a subset G, C Gis a sub-multi-group of G if and only if (G N\ Gy; X1) is a
subgroup of (Gy; Xx) or G1N Gy = 0 for any integer k,1 < k < n.

Proof If G, is a multi-group with an operation set 0(51) ={xy[1<j<s}C
O(G), then

G =U@GNe) = Ua,

where G’Z-j = Gj, and (Gjy;; xy,) is a group. Whence, if G1N Gy # (), then there exist
an integer [, k = 7; such that C:'VlﬂGk = G;l, ie., (évflﬂGk; X)) is a subgroup of
(Gr; Xk). _

Now if (G1 (N Gy; Xx) is a subgroup of (Gy; ) or Gi NG = () for any integer k,
let N denote the index set k& with G; NG} # 0, then

Gi=J(GiNG))
jEN
and (G1 NG}, x;) is a group. Since G; C G, O(Gl) C O(G), the associative law and

distribute law are true for the G;. Therefore, Gy is a sub-multi- group of G. h
For finite sub-multi-groups, we get a criterion as in the following.

Theorem 1.3.4 Let G be e a finite multi-group with an operation set O(G 3 = {xq]1 <
i <n}. A subset Gy ofG is a sub-multi-group under an operation subset O(Gy) C
O(G) if and only if (G; x) is complete for each operation x in O(G,).

Proof Notice that for a multi-group G , its each sub-multi-group G, is complete.
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~_ Now if G, is a complete set under each operation X; in O(C:Tl), we know that
(G1NGy; %) is a group or an empty set. Whence, we get that

G =GN G).
i=1
Therefore, G, is a sub-multi-group of G under ‘the operation set O(CTl) il
For a sub-multi-group H of a multi-group G, g € G, define
gH ={gx hlh e H,x € O(H)}.
Then for Vx,y € é,

cH(yH =0 or «H = yil.

In fact, if zﬁﬂyﬁ #(, let z € zﬁﬂyﬁ, then there exist elements hy, hy € H and
operations x; and X; such that

z:xxihlzyxjhg.

Since H is a sub-multi-group, (H N Gy; x;) is a subgroup. Whence, there exists
an inverse element h;' in (H N Gj; x;). We get that

T X; hl X hl_l =Y X; h2 X hl_l

ie.,
T =Y X; h2 Xihl_l.

Whence,

xﬁ - yﬁ .

Similarly, we can also get that

zH 2 yﬁ .
Thereafter, we get that

cH = yH.

Denote the union of two set A and B by A@ B if AN B = (). Then the following
result is implied in the previous proof.

Theorem 1.3.5 For any sub-multi-group H of a multi-group G, there is a repre-
sentation set T, T C G, such that

G =@
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For the case of finite groups, since there is only one binary operation X and
|:EH | = |yH | for any z,y € G, We get a consequence in the following, which is just
the Lagrange theorem for finite groups.

Corollary 1.3.3(Lagrange theorem) For any finite group G, if H is a subgroup of
G, then |H| is a divisor of |G)|.

For a multi-group G and g e G, denote all the binary operations associative with

g by O( ) and the elements associative with the binary operation x by G(x). For
a sub-multi-group H of G, x € O(H), if

gxhxg‘leﬁ,

for Vh € H and Vg € G(x), then we call H a normal sub-multi-group of G, denoted
by H < G. If H is a normal sub- multi-group of G similar to the normal subgroups
of groups, it can be shown that g x H=H x g, where g € G( ). Thereby we get a
result as in the following.

Theorem 1.3.6 Let G = Lrj G, be a multi-group with an operation set O(é) =
i=1

{xi|1 <i<n}. Then a sub-multi-group H of G is normal if and only if(ﬁﬂ Gi; X;)
is a normal subgroup of (Gyi; x;) or HNG; = 0 for any integer i,1 < i < n.

Proof We have known that

n

H=JHNG).
=1
If (ﬁﬂ G;; x;) is a normal subgroup of (G;; X;) for any integer i, 1 < i < n, then
we know that
g X (ﬁﬂGz) Xig_l = ﬁmGz
for Vg € G;,1 < i <n. Whence,

goHog ' =H

= —~ ~
for Vo € O(H H) and Vg € G(o). That is, H is a normal sub-multi-group of G.
Now if H is a normal sub-multi-group of G, by definition we know that

gof-f/og_lzﬂ

for Vo € O(H) and Vg € G(o). Not loss of generality, we assume that o = X, then
we get

g X (ﬁﬂGk) ng_l :ﬁmGk
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Therefore, (ffﬂGk; X1) is a normal subgroup of (Gy, x;). Since the operation o is
chosen arbitrarily, we know that (H N G;; X;) is a normal subgroup of (G;; x;) or an
empty set for any integer i, 1 <i <n. il

For a multi-group G with an operation set O(G) = {x;] 1 <i <n}, an order of
operations in O(G) is said to be an oriented operation sequence, denoted by O(G).
For example, if O(G) = {x1, X3x3}, then x; = X5 > Xj is an oriented operation
sequence and X5 > X1 > X3 is also an orlented operation sequence.

For a given oriented operation sequence 0] (G), we construct a series of normal
sub-multi-group

G>Gi>Gov- G,y = {1}
by the following programming.
STEP 1: Construct a series
él>6111>612|>~-~l>6111

under the operation Xi.

STEP 2: If a series

G(k Y I>Gk1 I>Gk21> Déklk

has be constructed under the operation X and lek # {14, }, then construct a series

ékh > C~¥(1f+1)1 > é(k+1)2 Db é(kﬂ)z,Hl

under the operation Xj.i.
This programming s terminated until the series

é(n—l)ll > énl > én2 B D énln = {1><n}

has be constructed under the operation X,,.
The number m is called the length of the series of normal sub-multi-groups. Call
a series of normal sub-multi-group

C~¥>C~¥1>CN}’2>-~->C~¥”:{1X”}

maximal if there exists a normal sub-multi-group H for any integer k,s,1 < k <
n,1 < s <l such that

éks > H > G~Yk(s+1)>

then H = Gy, or H = ék(sﬂ). For a maximal series of finite normal sub-multi-
group, we get a result as in the following.
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Theorem 1.3.7 For a finite multi-group G = U G; and an oriented operation
i=1

sequence 6(@), the length of the mazimal series of normal sub-multi-group in G is
a constant, only dependent on G itself.

Proof The proof is by the induction principle on the integer n.

For n = 1, the maximal series of normal sub-multi-groups of G is just a com-
position series of a finite group. By the Jordan-Holder theorem (see [73] or [107]),
we know the length of a composition series is a constant, only dependent on G.
Whence, the assertion is true in the case of n = 1.

Assume that the assertion is true for all cases of n < k. We prove it is also true
in the case of n= k + 1. Not loss of generahty, assume the order of those binary
operations in O(G) being x; > X5 > --- > X, and the composition series of the
group (Gy, x1) being

Gi>Gor - >Gy = {14, }.

By the Jordan-Holder theorem, we know the length of this composition series
is a constant, dependent only on (Gy; X1). According to Theorem 3.6, we know
a maximal series of normal sub-multi-groups of G gotten by STEP 1 under the
operation X is

GG\ (G1\ Gy G\ (GL\ Ga) b0 G\ (G1\ {1, }).

Notice that G\ (G1\{1y,}) is still a multi-group with less or equal to k operations.
By the induction assumption, we know the length of the maximal series of normal
sub-multi-groups in G\ (Gy \ {1x,}) is a constant only dependent on G \ (G \
{1«,}). Therefore, the length of a maximal series of normal sub-multi-groups is also
a constant, only dependent on G.

Applymg the induction principle, we know that the length of a max1mal series
of normal sub-multi-groups of G is a constant under an oriented operations O(G)
only dependent on G itself. b

As a special case of Theorem 1.3.7, we get a consequence in the following.

Corollary 1.3.4(Jordan-Holder theorem) For a finite group G, the length of its
composition series is a constant, only dependent on G.

Certainly, we can also find other characteristics for multi-groups similar to group
theory, such as those to establish the decomposition theory for multi-groups similar
to the decomposition theory of abelian groups, to characterize finite generated multi-
groups, - - -, etc.. More observations can be seen in the finial section of this chapter.

1.3.3 Multi-Rings

Definition 1.3.4 Let R = Lnj R; be a complete multi-space with a double operation

1=1
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set O(R) = {(+:, x;),1 < i < m}. If for any integers i,7, i # j,1 < i,j < m,
(Ry; +i, X4) 18 a ring and

(x+iy)+jz=x+ (y+;2), (rx;y)x;z2=2X%;(y X, 2)
for¥z,y,z € R and

X, (Y+j2) =Xyt X2, (Y+j2) i =y X; 24+ 2 X, T

if all of these operating results exist, then R is called a multi-ring. If (R; +i, X;) s
a field for any integer 1 < i < m, then R is called a multi-field.

For a multi-ring R = G R;,let S € Rand O(S) C O(R), if S is also a multi-ring
i=1

with a double operation set O(S) , then we call S a sub-multi-ring of R. We get a
criterion for sub-multi-rings in the following.

Theorem 1.3.8 For a multi-ring R = G Ry, a subset S C R with O(S) C O(R) is
i=1

a sub-multi-ring of R if and only if (SN Ry; 4x, Xx) is a subring of (Ry; 45, Xx) or
SNOR, =0 for any integer k,1 < k < m.

Proof For any integer k, 1 < k < m, if (§ﬂRk; +, Xg) is a subring of (Rg; 4+, Xx)
or SN Ry = 0, then since S = U (SﬂR ), we know that S is a sub-multi-ring by

=1

the definition of a sub-multi-ring.
Now if § = U S;; is a sub-multi-ring of R with a double operation set O(S)

{445, x4,), 1 < j < s}, then (S;;;+,, X;,) is a subring of (R;,; +;;, X;,). Therefore,
Si; = jﬂS for any integer j,1 < j < s. But SNS, = O for other integer
le{i;1<i<m}\{i;;1<j<s} b

Applying these criterions for subrings of a ring, we get a result in the following.

Theorem 1.3.9 For a multi-ring R = G R;, a subset S C R with O(S) € O(R) is
i=1

a sub-multi-ring of R if and only if (ggRj; +;) =< (Rj;+;) and (S; x;) is complete
for any double operation (+;, x;) € O(S).

Proof According to Theorem 1.3.8, we know that S is a sub-multi-ring if and
only if (S Ry;+i, %;) is a subring of (Ri;+4, x;) or SOR; = 0 for any integer
i,1 < i <'m. By a well known criterion for subrings of a ring (see also [73]), we know
that (Sﬂ Ry; +i, x;) is a subring of (Ry; +4, x;) if and only if (S Ry; +;) < (Rj; +5)
and (S; x;) is a complete set for any double operation (+;,%;) € O(S). This
completes the proof. h

We use multi-ideal chains of a multi-ring to characteristic its structure properties.

A multi-ideal I of a multi-ring R = G R; with a double operation set O(R) is a
i=1

sub-multi-ring of R satisfying the following conditions:
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(i) Iis a sub- multi-group with an operation set {+| (+, x) € O(/ N}
(1) for any r € R,a € I and (+,%x) € O(I), r x a € I and a x r € I if all of
these operating results exist.

Theorem 1.3.10 A subset I with O(I),0(I) € O(R) of a multi-ring R = U R;

with a double operation set O(R) = {(44, x;)| 1 < i < m} is a multi-ideal if cmd only
if (IﬂRz,%—z, x;) is an ideal of the ring (R;, +i, X;) or INR; = 0 for any integer
,1<i<m.

Proof By the definition of a multi-ideal, the necessity of these conditions is
obvious.

For the sufficiency, denote by E’(—i—, x ) the set of elements in R with binary oper-
ations + and x. If there exists an integer ¢ such that INR; # () and (fﬂ R, +i, %)
is an ideal of (R;, +;, X;), then for Va € n R;, Vr; € R;, we know that

T X;a € fﬂRi; a X; T efﬂRi.

Notice that é(ﬁ, X;) = R;. Thereafter, we get that
rx;a€ (R and axirefﬂRi,
for Vr € R if all of these operating results exist. Whence, I is a multi-ideal of R.

b
A multi-ideal T of a multi- ring R is said to be mazimal if for any multi-ideal I’
R D I" O T implies that I’ = R or I’ = I. For an order of the double operatlons

in the set O(R) of a multi-ring R = U R;, not loss of generality, let the order be
i=1

(41, X1) = (42, X2) = -+ > (+m, Xm), we can define a multi-ideal chain of R by
the following programming.

(i) Construct a multi-ideal chain

éDéllDélgD"'Délsl

under the double operation (+1, x1), where é1~1 is a maximal multi-ideal of R and
in general, Ij(;41) is a maximal multi-ideal of Ry; for any integer 7, 1 <¢ <m — 1.
(7) If a multi-ideal chain

éDéllDélgD"'DélslD"'DéilD"'DRmi

has been constructed for (41, X1) = (+2, X2) = -+« = (+4, X;), 1 <i <m — 1, then
construct a multi-ideal chain of R,

Ris, O E(i—l—l)l ) E(i+1)2 D) E(Hl)sl
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under the double operation (+;41, X;41), Where }N%(Hl)l is a maximal multi-ideal of
ﬁisi and in general, ﬁ(iﬂ)(iﬂ) is a maximal multi-ideal of J;’QHM for any integer
4,1 < j<s;—1. Define a multi-ideal chain of R under (41, X1) > (42, Xg) =+ >
(+i+1> Xi-i—l) to be

RORyD- DRy D DRyi DD Ris, D Riizin D+ D Rty

Similar to multi-groups, we get a result for multi-ideal chains of a multi-ring in
the following.

Theorem 1.3.11 For a multi-ring R= @ R;, its multi-ideal chain only has finite

=1
terms if and only if the ideal chain of the ring (R;; 44, X;) has finite terms, i.e., each
ring (Ry; +i, X;) is an Artin ring for any integer i,1 < i < m.

Proof Let the order of these double operations in 6(];’) be

(41, X1) > (42, X2) > -+ > (Fms Xim)

and let a maximal ideal chain in the ring (Ry; 41, X1) be

R1>-R11>-"'>-R1t1.

Calculate
Ry =R\ {R\ Ru}=RuJ R,
=2
§12 = Rll \ {Rll \ 312} = Ry U(U Ri),
=2
Ry, = Ry \ {Ris-1) \ Rir, } = Rur, J(U Ry)-
1=2

According to Theorem 1.3.10, we know that

RDRllDélgD"'Déltl

is a maximal multi-ideal chain of R under the double operation (41, X1). In general,
for any integer 7,1 <17 < m — 1, assume

RZ’>-RZ'1>‘"'>‘RZ'”

is a maximal ideal chain in the ring (R(;_1),_,; 4, X;). Calculate
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Rip, = Ri | J( L"] R, Ri).

j=i+1
Then we know that

é(i—l)ti,l 0 éil D) §i2 DR éiti

is a maximal multi-ideal chain of E)(z’—l)ti,l under the double operation (+;, x;) by
Theorem 3.10. Whence, if the ideal chain of the ring (R;; +;, X;) has finite terms
for any integer 7,1 < i < m, then the multi-ideal chain of the multi-ring R only
has finite terms. Now if there exists an integer iy such that the ideal chain of the
ring (R;,, +i,, X4,) has infinite terms, then there must also be infinite terms in a
multi-ideal chain of the multi-ring R. f.

A multi-ring is called an Artin multi-ring if its each multi-ideal chain only has
finite terms. We get a consequence by Theorem 1.3.11.

Corollary 1.3.5 A multi-ring R = Lani with a double operation set O(R) =
i=1
{(+4, %) 1 < i < m} is an Artin multi-ring if and only if the ring (Ry; +i, X;)
1s an Artin ring for any integer i,1 < i < m.
For a multi-ring R = G R; with a double operation set O(R) = {(44, x;)| 1 <
i=1

i < m}, an element e is an idempotent element if 2 = e X e = e for a double binary
operation (+, x) € O(R). We define the directed sum I of two multi-ideals I; and
15 as follows:

(2) I~: ILU Iy; L

(1) NIz = {0,}, or I; NI = (), where 0, denotes an unit element under the
operation —+.

Denote the directed sum of fl and jg by

A=A

fI=1&I for any fl, I implies that L=ITorl,= f, then I is called non-
reducible. We get the following result for Artin multi-rings similar to a well-known
result for Artin rings (see [107] for details).

Theorem 1.3.12 Any Artin multi-ring R = G R; with a double operation set
i=1

O(R) = {(+i, x3)| 1 < i < m} is a directed sum of finite non-reducible multi-ideals,
and if (R;;+i, X;) has unit 1y, for any integer i,1 <i < m, then
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where e;5,1 < j < s; are orthogonal idempotent elements of the ring R;.

Proof Denote by M the set of multi-ideals which can not be represented by
a directed sum of finite multi-ideals in R. According to Theorem 3.11, there is a
minimal multi-ideal I, in M. It is obvious that I, is reducible.

Assume that 170 = fl + I~2 Then fl ¢ M and I~2 ¢ M. Therefore, fl and jg
can be represented by a directed sum of finite multi-ideals. Thereby Iy can_be also
represented by a directed sum of finite multi-ideals. Contradicts that I € M.

Now let

R=@1,
=1

where each I;,1 < i < s is non-reducible. Notice that for a double operation (+, X),
each non-reducible multi-ideal of R has the form

(e x R(x))|J(R(x) x €), ee€ R(x).
Whence, we know that there is a set T' C R such that

R= N(exR(x))U(R(x)Xe).
eeT, XeO(R)

For any operation x € O(R) and the unit 1., assume that

1X:€1@€2@"'@€l, eieTv 1§Z§S
Then

e; X 1>< :(6,' xel)@(ei X€2)@"'@(€i Xel).
Therefore, we get that

ei:eixei:e? and €Z'X€j:0i for Z%j

That is, e;;1 < i < [ are orthogonal idempotent elements of ﬁ(x) Notice that
R(x) = Ry, for some integer h. We know that e;, 1 < i < [ are orthogonal idempotent
elements of the ring (Ry, +5, Xp). Denote by ey; for e;, 1 < i < 1. Consider all units
in R, we get that

Si

R= é( (Ri i eij) U(ei; xi Ri)).

i=1 j=1

This completes the proof. f

Corollary 1.3.6 Any Artin ring (R ;+, X) is a directed sum of finite ideals, and if
(R ;+, X) has unit 1., then
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R = @ Rieiv
i=1
where e;,1 < i < s are orthogonal idempotent elements of the ring (R;+, X).

Similarly, we can also define Noether multi-rings, simple multi-rings, half-simple
multi-rings, - - -, etc. and find their algebraic structures.

1.3.4 Multi-Vector spaces

- k
Definition 1.3.5 Let V = U V; be a complete multi-space with an operation set
i=1

_ , ok
OV) =A{(+i,+) | 1 <i < m} and let F = U F; be a multi-filed with a double
i=1

operation set O(F) = {(44, %;) | 1 < i < k}. If for any integers i,j, 1 < i,j < k
andVa,b,c €V, ki, ky € F,

() (Vis+4, ) is a vector space on F; with vector additive +; and scalar multipli-
cation -;;

(i1) (atb)+jc = ati(b+;c);

(’LZ’L) (]{71 +; ]fg) ja= ]fl +; (1{32 j a)
provided these operating results exist, then Vs called a multi-vector space on the
multi-filed space F with an double operation set O(V), denoted by (V; F).

For subsets V; ¢ V and F, C F, if (Vl, Fl) is also a multi-vector space, then we
call (Vi; F1) a multi-vector subspace of (V; F). Similar to the linear space theory, we
get the following criterion for multi-vector subspaces.

Theorem 1.3.13 For a multi-vector space (V;F), Vi C V and Fy C F, (V; F})
is a multi-vector subspace of (V F) if and only if for any vector additive +, scalar
multiplication - in (Vi; F}) andVa,b e V,Va € F,

a-atb eV,
provided these operating results exist.

- k
Proof Denote by V = U Vi, F = U F,. Notice that V; = U (V1ﬂV) By

=1
definition, we know that (V17 Fl) is a multl vector subspace of (V; F) if and only if
for any integer 7,1 < i <k, (Vl N Vi; +i, ) is a vector subspace of (V;, +;, ;) and Fy
is a multi-filed subspace of F or \N/l NVi = 0.
According to a criterion for linear subspaces of a linear space ([33]), we know
that (‘71 N Vi; +4, ) is a vector subspace of (Vi, +;, ) for any integer i,1 < i < k if
and only if for Va,b € ViNVi, a € F,
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That is, for any vector additive +, scalar multiplication-in (171, 151) and Va,b € V,
Ya € F, if o - a+b exists, then a - a+b € V. il

Corollary 1.3.7 Let (U Fl) (W Fg) be two multi-vector subspaces of a multi-vector
space (Vi F). Then (UNW; FyNF) is a multi-vector space.

For a multi-vector space (V; F ), vectors aj, as, -+, a, € V, if there are scalars
a1, Qa, -+, ay € F such that

Q11 a;+1Qg g Aty -y 10y Ay = 0,

where 0 € V is a unit under an operation + in V and +;,-; € O(V), then these

vectors ap, ag, - - -, &, are said to be linearly dependent. Otherwise, a;, as, - - -, a, are
said to be linearly independent.
Notice that there are two cases for linearly independent vectors a;,as, - -+, a, in

a multi-vector space:

(1) for scalars aq, g, -+, € F,if

Q11 a;+10g g Aty +Hp_ 10y Ay = 0,

where 0 is a unit of V under an operation + in O(V), then oy = 04,00 =
Oty -+, = 04,, where Oy, is the unit under the operation +;in F' for integer
1,1 << n.

(ii) the operating result of oy -y aj+1a -9 as+a - - +n_10, - @, does not exist.

Now for a subset S C V, define its linearly spanning set <§ > to be

<§>:{a|a:al-lal‘i’1a2-2a2—i—2..-GV,aZ'ES,O[Z'EF”Z.Z:[}.

For a multi-vector space (177 F ), if there exists a subset S , S C V such that V = <§ >,

then we say Sisa linearly spanning set of the multi-vector space V. If these vectors
in a linearly spanning set S of the multi-vector space V are linearly independent,
then S is said to be a basis of V.

Theorem 1.3.14 Any multi-vector space (V; F) has a basis.

Proof Assume V= U Vi, F = U F; and the basis of the vector space (V;; +4, )

=1

is A; = {aj1, a9, -+, A, } 1 < ¢ < k. Define

k
- Ua
i=1

Then A is a linearly spanning set for V by definition.
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If these vectors in A are linearly independent, then A is a basis of V. Otherwise,
choose a vector by € A and define Ay = A\ {b;}.

If we have obtained a set As, s > 1 and it is not a basis, choose a vector b, € A
and define AS+1 A, \{bs+1}

If these vectors in AS+1 are hnearly independent, then As+1 is a basis of V.
Otherwise, we can define a set AS+2 again. Continue this process. Notice that all
vectors in A; are linearly independent for any integer 7,1 < i < k. Therefore, we
can finally get a basis of V. il

Now we consider finite-dimensional multi-vector spaces. A multi-vector space
V is finite-dimensional if it has a finite basis. By Theorem 1.2.14, if the vector
space (V;;+;, ;) is finite-dimensional for any integer i,1 < i < k, then (V;F) is
finite-dimensional. On the other hand, if there is an integer i, 1 < ig < k such that
the vector space (Vi,: 44, ,) i infinite-dimensional, then (V;F) is also infinite-
dimensional. This enables us to get a consequence in the following.

Corollary 1.3.8 Let (‘7, ﬁ’) be a multi-vector space with V. = U Vi, F = U F;.
=1 i=1

Then (IN/7 15) is finite-dimensional if and only if (Vi;+4, ) is finite-dimensional for
any integer 1,1 <1 < k.

Theorem 1.3.15 For a finite-dimensional multi-vector space (V; F), any two bases
have the same number of vectors.

. k - k
Proof Let V= | V; and FF = | F;. The proof is by the induction on k. For
=1 i=1

k = 1, the assertion is true by Theorem 4 of Chapter 2 in [33].
For the case of k = 2, notice that by a result in linearly vector spaces (see also
[33]), for two subspaces Wy, W; of a finite-dimensional vector space, if the basis of

Wi N Wy is {ag, as, - -+, a; }, then the basis of Wi |J W, is

{ah g, -, g, bt+17 bt+27 Ty bdimW17Ct+17 Cit2, ", cdimW2}7
where, {a;,as,---,a;,bir1,biro, +, baimw, } i a basis of Wi and {aj, ay, -, ay,
Cii1,Crio, " Cdszg} a basis of W.

Whence, if V =W, UW, and F = F, | Fy, then the basis of V is also

{a17 ag, -, Ay, bt+17 bt+27 T bdimW17Ct+17 ct+27 Y cdimWQ}'

Assume the assertion is true for k = [,l > 2. Now we consider the case of
k =1+ 1. In this case, since

= L_J UVZ+17 :(UFZ')UFlH’

i=1

by the induction assumption, we know that any two bases of the multi-vector space
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! ! !
(U Vi; U F;) have the same number p of vectors. If the basis of (U V;) N\ Vi41 is
{e1,eq, -+, e,}, then the basis of V is

{ela €2, - -,€n, fn-i—la fn+27 e fp7 gn-i—la gn+27 Ty gdz’mVlH}
where {e1,eq, -, €, 11, f40,- -+, f,} is a basis of(UlVZ, UlF) and {ej, e, -, €y,
KA KA
8nt1,8nt2, ") BdimV +1} is a basis of V1. Whence, the number of vectors in a basis

of V is p+ dimV;; 1 —n for the case n = + 1.

Therefore, we know the assertion is true for any integer k£ by the induction
principle. il

The cardinal number of a basis of a finite dimensional multi-vector space V is
called its dimension, denoted by dimV .

Theorem 1.3.16(dimensional formula) For a multi-vector space (V; F) with V =

k - k - -
U Vi and F = U F;, the dimension dimV of V is

i=1 =1

dimV = 3" (—1)""* 3 dim(Vir (Vi (- - Vai)-

Proof The proof is by the induction on k. For k = 1, the formula is turn to a
trivial case of dimV = dimV;. for k = 2, the formula is
dimV = dimVy + dimVy — dim(V; () dimVy),

which is true by the proof of Theorem 1.3.15.
Now we assume the formula is true for £ = n. Consider the case of K = n + 1.
According to the proof of Theorem 1.3.15, we know that

n

dimV = dzm(U Vi) + dimV, 1 — dim((| ) V) ﬂ Vit1)
i=1 Z=1
= dim(|JV;) + dimV, 1 — dim(|J(Vi[ Vit1))
i=1 =1
= dimV,1 4+ (-1)"" > dim(Via (Vi) Vi)
i=1 {i1,i2,+,ii}C{1,2,-n}

+ i(_l)i_l Z dzm(l/;lﬂszﬂﬂVuﬂVnH)

_ é(—n"-l S dim(Va(Va()--- (V).

{2177/2777’7’}C{17277k}

[y

By the induction principle, we know the formula is true for any integer k. b
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As a consequence, we get the following formula.

Corollary 1.3.9(additive formula) For any two multi-vector spaces Vi, Va,

dim(f/l U \72) = dimV, + dimVy — dim(f/l ﬂ \72)

§1.4 Multi-Metric Spaces
1.4.1. Metric spaces

A set M associated with a metric function p: M x M — Rt ={x |z € R,x > 0}
is called a metric space if for Vz,y, 2 € M, the following conditions for p hold:

(1)(definiteness) p(x,y) = 0 if and only if z = y;

(i) (symmetry) p(x,y) = ply, z);

(i17) (triangle inequality) p(x,y) + p(y, z) > p(z, 2).

A metric space M with a metric function p is usually denoted by (M ;p). Any
x,x € M is called a point of (M ;p). A sequence {z,} is said to be convergent to
if for any number € > 0 there is an integer N such that n > N implies p(z,,z) < 0,
denoted by ligl x, = x. We have known the following result in metric spaces.

Theorem 1.4.1 Any sequence {z,} in a metric space has at most one limit point.

For zo € M and € > 0, a e-disk about z is defined by

B(zo,e) ={ x| x € M, p(z,z9) < €}.

If A C M and there is an e-disk B(xg,€) D A, we say A is a bounded point set of
M.

Theorem 1.4.2 Any convergent sequence {x,} in a metric space is a bounded point
set.

Now let (M, p) be a metric space and {x,} a sequence in M. If for any number
e > 0,e € R, there is an integer N such that n,m > N implies p(z,,z,,) < €, we
call {z,} a Cauchy sequence. A metric space (M, p) is called to be completed if its
every Cauchy sequence converges.

Theorem 1.4.3 For a completed metric space (M, p), if an e-disk sequence {B,}
satisfies

(i) BiDByD---DB, D+

(44) lime, =0,
where €, > 0 and B, ={ = | v € M, p(z,x,) < €,} for any integer n,n = 1,2, -,
then F]O B,, only has one point.

n=1
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For a metric space (M, p) and T': M — M a mapping on (M, p), if there exists
a point x* € M such that

Tx" =x*,
then x* is called a fized point of T'. If there exists a constant 1,0 < n < 1 such that
p(Tz, Ty) < np(z,y)
for Vx,y € M, then T is called a contraction.

Theorem 1.4.4 (Banach) Let (M, p) be a completed metric space and let T : M —
M be a contraction. Then T has only one fized point.

1.4.2. Multi-Metric spaces

Definition 1.4.1 A multi-metric space is a union M = U M; such that each M; is
i=1

a space with a metric p; for Vi, 1 <i < m.

When we say a multi-metric space M = |J M;, it means that a multi-metric
i=1
space with metrics p1, pa, - - -, pm such that (M;, p;) is a metric space for any integer

1,1 <1 < m. For a multi-metric space M = U M;, xe M and a positive number

1=1
R, a R-disk B(xz, R) in M is defined by

B(x, R) = { y | there exists an integer k,1 < k < m such that px(y,z) < R,y € M}

Remark 1.4.1 The following two extremal cases are permitted in Definition 1.4.1:

(1) there are integers iy,1is,- - -,is such that M;, = M;, = --- = M;,, where
i;e{l,2,--mh1<j<s
(i1) there are integers ly,ls,---,l; such that p, = p, = --- = p;,, where [; €

{1,2,"',7”}, 1 S] <s.
For metrics on a space, we have the following result.

Theorem 1.4.5 Let py, pa, - - -, pm be m metrics on a space M and let F be a function
on R™ such that the following conditions hold:

(1) F(x1, 22, xm) > F(y1, Y2, Ym) for Vi, 1 <i<m, x; > y;

(17) F(xy,m0,,xpm) =0 onlyifzy =29 =+ =z, =0

(1i1) for two m-tuples (x1, o, -, ) and (Y1, Y2, Ym),

F(xi, 29, -, Tm) + F(Y1, 92, Ym) > F(z1+y1,22 + Y2, -+, Ty + Y-

Then F(p1, pa, -+, pm) is also a metric on M.
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Proof We only need to prove that F(py,po,- -+, pm) satisfies those of metric
conditions for Vz,y,z € M.

By (“’)7 F(pl(xv y)7 p2(x7 y)7 T pm(:c,y)) = 0 only if pz(x7y> = 0 for any integer
1. Since p; is a metric on M, we know that x = y.

For any integer ¢, 1 < i < m, since p; is a metric on M, we know that p;(z,y) =
pi(y, ). Whence,

F(pi(z,y), p2(2,9), -, pml,9)) = Flp1(y, ), pa(y, ), -+ -, pim(y, ).

Now by (7) and (iii), we get that

=

(pl(x y) P2 (LL’ y) -~-,pm(x,y))+F(p1(y,z),p2(y,z),-~-,pm(y,z))
(pr(z, ) + pr(ys 2), p2(2,y) + p2(y, 2), -+ P2, Y) + Py, 2))
(p1(z, 2), po(, 2), -+, pml2, 2)).

Therefore, F'(p1, p2,- -+, pm) is a metric on M. il

> F
> F

Corollary 1.4.1 If p1, po, - - -, pm are m metrics on a space M, then p;+po+-- -+ pm

_pP2 Pm :
and 1+p1 + 15, + - + 145 are also metrics on M.

A sequence {z,} in a multi-metric space M = U M; is said to be convergent to
1=1

a point x,x € M if for any number € > 0, there exist numbers N and 7,1 <7 <m
such that

pi(Tn, ) < €

provided n > N. If {z,} is convergent to a point z,x € M, we denote it by
liTan T, = .

We get a characteristic for convergent sequences in a multi-metric space as in
the following.

Theorem 1.4.6 A sequence {z,} in a multi-metric space M = U M; s convergent

if and only if there exist integers N and k,1 < k < m such that the subsequence
{zn|n > N} is a convergent sequence in (Mk,pk).

Proof 1If there exist integers N and k,1 < k < m such that {z,|n > N} is a
convergent sequence in (M, py), then for any number € > 0, by definition there exist
an integer P and a point z,x € M, such that

pr(Tn, ) < €
if n > max{N, P}.
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Now if {z,,} is a convergent sequence in the multi-space M, by definition for any
positive number € > 0, there exist a point z,x € M, natural numbers N(e) and
integer k,1 < k < m such that if n > N(e), then

pr(Tn, ) < €.

That is, {z,|n > N(e)} C My and {x,|n > N(€)} is a convergent sequence in

Theorem 1.4.7 Let M = U M; be a multi-metric space. For two sequences {x,},
i=1
{yn} in M, ifliyrln Ty = To, liTILn Yn = Yo and there is an integer p such that xo,yo € M,,

then 11111n Pp(Tn, Yn) = pp(T0, Yo)-

Proof According to Theorem 1.4.6, there exist integers N; and N, such that if
n > max{Ny, Na}, then x,,y, € M,. Whence, we know that

pp(xm yn) S pp(l’na xO) + pp(x0> yO) + pp(yna yO)

and

Pp(Z0,Y0) < pp(Tn, o) + Pp(Tn, Yn) + Pp(Un, Yo)-

Therefore,

|pp($n> yn) - pp($0a y0)| S pp(xna $0) + pp(yna yO)

Now for any number € > 0, since liTILn Tn = xo and liTILn Yn = Yo, there exist numbers
Ni(e), Ni(e) > Ny and Nj(e), Na(e) > Ny such that py(x,,z9) < §if n > Ni(e)
and pp(yn,%0) < 5 if n > Ny(e). Whence, if we choose n > maxz{Ni(e), Na(e)},
then

|pp(xn7yn) _pp(x()uyo)‘ < € h

Whether can a convergent sequence have more than one limiting points? The
following result answers this question.

Theorem 1.4.8 If {z,} is a convergent sequence in a multi-metric space M =

U M;, then {x,} has only one limit point.
i=1

Proof According to Theorem 1.4.6, there exist integers N and i,1 < ¢ < m such
that z,, € M; if n > N. Now if

limz, = z; and limz, = x,,
n n

and n > N, by definition,
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0 < pi(1, 22) < piwn, 21) + piTy, 2).

Whence, we get that p;(z1,x2) = 0. Therefore, x; = z. il
Theorem 1.4.9 Any convergent sequence in a multi-metric space is a bounded points
set.

Proof According to Theorem 1.4.8, we obtain this result immediately. h

A sequence {x,} in a multi-metric space M = U M, is called a Cauchy sequence
i=1

if for any number € > 0, there exist integers N(e) and s,1 < s < m such that for
any integers m,n > N(€), ps(Tm,Tn) < €.

Theorem 1.4.10 A Cauchy sequence {x,} in a multi-metric space M = U M; is

convergent if and only if |{x,} N My| is finite or infinite but {x, } N My is convergent
in (Mg, p) forVk,1 <k <m.

Proof The necessity of these conditions in this theorem is known by Theorem
1.4.6.

Now we prove the sufficiency. By definition, there exist integers s,1 < s <
m and N; such that z, € M, if n > N;. Whence, if |[{x,} N M| is infinite
and liTILn{xn}ﬂMk = x, then there must be k£ = s. Denote by {z,} M, =
{01, Tray -+, T -+ -1

For any positive number € > 0, there exists an integer Ny, Ny > N; such that
Pk(Zm, xn) < 5 and pp(Trn, ) < §if m,n > Ni. According to Theorem 1.4.7, we
get that

Pk (T, ©) < pi(Tn, Ten) + P (T, ) < €
if n > Ny. Whence, lign Ty = T. b
A multi-metric space M is said to be completed if its every Cauchy sequence is

convergent. For a completed multi-metric space, we obtain two important results
similar to Theorems 1.4.3 and 1.4.4 in metric spaces.

Theorem 1.4.11 Let M = G M; be a completed multi-metric space. For an e-disk
i=1

sequence {B(€en, x,)}, where €, > 0 forn = 1,2,3,---, if the following conditions
hold:

(1) Bl(er,x1) D Bleg,x2) D Bles,x3) D+ D Bley,z,) D -+

(i7) lim €, =0,

n—-+4o0o
+oo

then (N B(€n,x,) only has one point.

n=1

Proof First, we prove that the sequence {z,} is a Cauchy sequence in M. By the
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condition (i), we know that if m > n, then x,, € B(én, Tm) C B(e,, r,). Whence
Pi(Tm, ) < €, provided z,,,x, € M; for Vi,1 <i < m.
Now for any positive number €, since lim ¢, = 0, there exists an integer N (e)

n—-+o0o

such that if n > N(e), then ¢, < €. Therefore, if x, € M;, then lim =z, = x,.

m—-+0o0

Thereby there exists an integer NV such that if m > N, then x,, € M; by Theorem
1.4.6. Choice integers m,n > max{N, N(e¢)}, we know that

o (T, xn) < €, < e

So {w,} is a Cauchy sequence.
By the assumption that M is completed, we know that the sequence {z,} is
convergent to a point zg,ry € M. By conditions of (i) and (ii), we get that

+oo
pi(zo, x,) < €, if m — +o00. Whence, 29 € N B(en, Ty)-
n=1

o0

+
Now if there is a point y € () B(€n, x,), then there must be y € M;. We get
n=1
that

0 < oy, zo) = limpi(y, ) < lim €, =0

by Theorem 1.4.7. Therefore, p;(y,xo) = 0. By the definition of a metric function,
we get that y = xo. b - N

Let M; and M, be two multi-metric spaces and let f : M; — M, be a mapping,
Tg € My, f(wo) = yo. For Ve > 0, if there exists a number § such that f(z) =y €
B(e,yo) C My for Yo € B(0,xp), i.e.,

f(B(6,x0)) C B(€,yo),

then we say that f is continuous at point xo. A mapping f : M, — MQE called a
continuous mapping from M; to M, if f is continuous at every point of M.

__ For a continuous mapping f from M; to M, and a convergent sequence {z,} in
My, lirIlIl T, = Xg, Wwe can prove that

lim f () = f (o).

For a multi-metric space M = U M; and a mapping T : M — M , if there is
i=1

a point z* € M such that T2z* = z*, then x* is called a fized point of T'. Denote
the number of fixed points of a mapping 7" in M by #®(T). A mapping T is called
a contraction on a multi-metric space M if there are a constant o,0 < a < 1 and
integers ¢, j,1 <14, j < m such that for Va,y € M;, Tz,Ty € M; and

pi(Tx, Ty) < api(z,y).
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Theorem 1.4.12 Let M = G M; be a completed multi-metric space and let T be a
=1

1=

contraction on M. Then
1 <* &(T) <m.
Proof Choose arbitrary points xg, yo € M; and define recursively

Lp+l = T.flfn, Yn+1 = Txn

forn =1,2,3,---. By definition, we know that for any integer n,n > 1, there exists
an integer 7,1 < ¢ < m such that x,,y, € M;. Whence, we inductively get that

0 < pi(Tn, Yn) < a"p1(o, Yo)-
Notice that 0 < a < 1, we know that liIJlrrl a" = 0. Thereby there exists an

integer ig such that

Pio (lirrln L, lim Yn) = 0.

Therefore, there exists an integer Ny such that x,,y, € M;, if n > N;. Now if
n > Ni, we get that

Pig (xn-‘rl) lﬁ) = Pi (Tllfn, T{L’n_l)
QA P;, (S(Zn, xn—l) = P4, (Tl’n_l, Til,’n_g)

A2 pig (Tp_1, ) < < a" N (wn, 11, TN,)-

IAIA

and generally, for m > n > Ny,

Pig (.flfm, xn) S Pig (l’n, xn—l—l) + Pig (xn—l—l’ xn+2) + e+ Pig (xn—lu xn)
< (am_l +am 4+ ") pio (TN, 41, TNy )
am
< 1— apio(xN1+17 le) - 0<m7n - _'_OO)'

Therefore, {z,} is a Cauchy sequence in M. Similarly, we can also prove {yn} is a
Cauchy sequence.
Because M is a completed multi-metric space, we know that

limz, =limy, = 2*.
n n

Now we prove z* is a fixed point of T in M. In fact, by Pio(li}Lﬂ T, 1i1£n Yn) = 0,
there exists an integer N such that
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Tns Yn, T$n> Tyn S Mio
if n > N + 1. Whence, we know that

0< Pig (Z*v TZ*) Pig (Z*v In) + Pio (ynv TZ*) + Pio (xna yn)

pi0(2*7 l’n) + QP (yn—b Z*) + Pio (xna yn)

IAINA

Notice that

Jm pig (25 x) = T pig(yn—1,2") = Hm i (25, yn) = 0.

We get p;, (2%, T2*) =0, i.e., Tz* = z*.
For other chosen points ug, vg € M7, we can also define recursively

Up+1 = Tuna Un4+1 = Tvn

and get a limiting point limu,, = limwv, = v* € M;,, Tu* € M;,. Since
n n

Pio (2%, u") = pig (T2", Tu™) < api (25, u™)

and 0 < a < 1, there must be z* = u*.
Similarly consider the points in M;,2 <7 < m, we get that

1 <* ®(T) <m. b

As a consequence, we get the Banach theorem in metric spaces.

Corollary 1.4.2(Banach) Let M be a metric space and let T' be a contraction on
M. Then T has just one fized point.

§1.5 Remarks and Open Problems

The central idea of Smarandache multi-spaces is to combine different fields (spaces,
systems, objects, ---) into a unifying field and find its behaviors. Which is entirely
new, also an application of combinatorial approaches to classical mathematics but
more important than combinatorics itself. This idea arouses us to think why an
assertion is true or not in classical mathematics. Then combine an assertion with its
non-assertion and enlarge the filed of truths. A famous fable says that each theorem
in mathematics is an absolute truth. But we do not think so. Our thinking is that
each theorem in mathematics is just a relative truth. Thereby we can establish new
theorems and present new problems boundless in mathematics. Results obtained in
Section 1.3 and 1.4 are applications of this idea to these groups, rings, vector spaces
or metric spaces. Certainly, more and more multi-spaces and their good behaviors
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can be found under this thinking. Here we present some remarks and open problems
for multi-spaces.

1.5.1. Algebraic Multi-Spaces The algebraic multi-spaces are discrete repre-
sentations for phenomena in the natural world. They maybe completed or not in
cases. For a completed algebraic multi-space, it is a reflection of an equilibrium phe-
nomenon. Otherwise, a reflection of a non-equilibrium phenomenon. Whence, more
consideration should be done for algebraic multi-spaces, especially, by an analogous
thinking as in classical algebra.

Problem 1.5.1 FEstablish a decomposition theory for multi-groups.
In group theory, we know the following decomposition result([107][82]) for groups.

Let G be a finite Q-group. Then G can be uniquely decomposed as a direct product
of finite non-decomposition €2-subgroups.

Each finite abelian group is a direct product of its Sylow p-subgroups.
Then Problem 1.5.1 can be restated as follows.

Whether can we establish a decomposition theory for multi-groups similar to the
above two results in group theory, especially, for finite multi-groups?

Problem 1.5.2 Define the conception of simple multi-groups. For finite multi-
groups, whether can we find all simple multi-groups?

For finite groups, we know that there are four simple group classes ([108]):
Class 1: the cyclic groups of prime order;

Class 2: the alternating groups A,,n > 5;

Class 3: the 16 groups of Lie types;

Class 4: the 26 sporadic simple groups.

Problem 1.5.3 Determine the structure properties of multi-groups generated by
finite elements.

For a subset A of a multi-group G, define its spanning set by

(A) ={aobla,be Aand o € O(G)}.

If there exists a subset A C G such that G = (A), then call G is generated by A.
Call G is finitely generated if there exist a finite set A such that G = (A). Then
Problem 5.3 can be restated by

Can we establish a finite generated multi-group theory similar to the finite gen-
erated group theory?

Problem 1.5.4 Determine the structure of a Noether multi-ring.
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Let R be a ring. Call R a Noether ring if its every ideal chain only has finite
terms. Similarly, for a multi-ring R, if its every multi-ideal chain only has finite
terms, it is called a Noether multi-ring. Whether can we find its structures similar
to Corollary 1.3.5 and Theorem 1.3.127

Problem 1.5.5 Similar to ring theory, define a Jacobson or Brown-McCoy radical
for multi-rings and determine their contribution to multi-rings.

Notice that Theorem 1.3.14 has told us there is a similar linear theory for multi-
vector spaces, but the situation is more complex.

Problem 1.5.6 Similar to linear spaces, define linear transformations on multi-
vector spaces. Can we establish a matriz theory for these linear transformations?

Problem 1.5.7 Whether a multi-vector space must be a linear space?
Conjecture 1.5.1 There are non-linear multi-vector spaces in multi-vector spaces.

Based on Conjecture 1.5.1, there is a fundamental problem for multi-vector
spaces.
Problem 1.5.8 Can we apply multi-vector spaces to non-linear spaces?

1.5.2. Multi-Metric Spaces On a tradition notion, only one metric maybe con-
sidered in a space to ensure the same on all the time and on all the situation.
Essentially, this notion is based on an assumption that all spaces are homogeneous.
In fact, it is not true in general.

Multi-metric spaces can be used to simplify or beautify geometrical figures and
algebraic equations. For an explanation, an example is shown in Fig.1.3, in where
the left elliptic curve is transformed to the right circle by changing the metric along
x,y-axes and an elliptic equation

to equation

of a circle of radius 7.
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Fig,1.3

Generally, in a multi-metric space, we can simplify a polynomial similar to the
approach used in the projective geometry. Whether this approach can be contributed
to mathematics with metrics?

Problem 1.5.9 Choose suitable metrics to simplify the equations of surfaces or
curves in R3.

Problem 1.5.10 Choose suitable metrics to simplify the knot problem. Whether can
it be used for classifying 3-dimensional manifolds?

Problem 1.5.11 Construct multi-metric spaces or non-linear spaces by Banach
spaces. Simplify equations or problems to linear problems.

1.5.3. Multi-Operation Systems By a complete Smarandache multi-space A with
an operation set O(A), we can get a multi-operation system A. For example, if A is

a multi-field F = 6 F; with an operation set O(F) = {(+;, x;)| 1 < i < n}, then
i=1

(Fy 41, 42,0, Fn), (F5 X1, Xa, -+, %) and (F5 (41, X1), (+2, X2), -+, (4, Xn))
are multi-operation systems. On this view, the classical operation system (R ;+)
and (R ; x) are only sole operation systems. For a multi-operation system A, we can
define these conceptions of equality and inequality, - - -, etc.. For example, in the
multi-operation system (F;+1, 42, - - -, 4y), we define the equalities =1, =5, - -, =,
such as those in sole operation systems (F;+1), (F;+3),- -+, (F;+y,), for example,
2 = 2,14 =, 1.4,---,v/3 =, V3 which is the same as the usual meaning and
similarly, for the conceptions >1, >9, -+, >, and <y, <o,---, <,,.

In a classical operation system (R ;+), the equation system

r+24+44+6 = 15
r+14+34+6 = 12
r+1+44+7 = 13

45



can not has a solution. But in the multi-operation system (F; 1,4, -, ), the
equation system

I+12+14+16 =1 15
l’+21—|—23—|—26 =9 12
I+31+34+37 =3 13

may have a solution z if

1541 (=1) +1 (=4) +1 (=16) = 1245 (=1) 42 (=3) +2 (=6)
= 1343 (=1) +35(—4) +3 (=7).

in (ﬁ i+1,+2, +,+n). Whence, an element maybe have different disguises in a
multi-operation system.

For the multi-operation systems, a number of open problems needs to research
further.

Problem 1.5.12 Find necessary and sufficient conditions for a multi-operation
system with more than 3 operations to be the rational number field ), the real number
field R or the complex number field C.

For a multi-operation system (N ; (+1, X1), (42, X2),++, (+n, X,,)) and integers
a,b,c € N, if a = b x; ¢ for an integer 7,1 < i < n, then b and c are called factors
of a. An integer p is called a prime if there exist integers ni,n, and 7,1 < i < n
such that p = ny; X; ng, then p = ny or p = ny. Two problems for primes of a
multi-operation system (N ; (41, X1), (42, X2), -+, (44, X)) are presented in the
following.

Problem 1.5.13 For a positive real number x, denote by m,(x) the number of
primes < x in (N ; (41, X1), (42, X2), -+, (+n, Xn)). Determine or estimate m,,(x).
Notice that for the positive integer system, by a well-known theorem, i.e., Gauss
prime theorem, we have known that([15])
x

Problem 1.5.14 Find the additive number properties for (N ; (+1, X1), (42, X2), -+,
(40, Xn)), for example, we have weakly forms for Goldbach’s conjecture and Fermat’s
problem ([34]) as follows.

Conjecture 1.5.2 For any even integer n,n > 4, there exist odd primes pi, ps and
an integer i,1 < 1 < n such that n = p; +; ps.
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Conjecture 1.5.3 For any positive integer q, the Diophantine equation x9+y? = 24
has non-trivial integer solutions (x,y, z) at least for an operation +; with 1 < i < n.

A Smarandache n-structure on a set S means a weak structure {w(0)} on S such
that there exists a chain of proper subsets P(n —1) C P(n—2) C ---C P(1)C S
whose corresponding structures verify the inverse chain {w(n —1)} D {w(n—-2)} D
—- D {w(1)} D {w(0)}, i.e., structures satisfying more axioms.

Problem 1.5.15 For Smarandache multi-structures, solves these Problems 1.5.1 —
1.5.8.

1.5.4. Multi-Manifolds Manifolds are important objects in topology, Riemann

geometry and modern mechanics. It can be seen as a local generalization of Euclid

spaces. By the Smarandache’s notion, we can also define multi-manifolds. To de-

termine their behaviors or structure properties will useful for modern mathematics.
In an Euclid space R", an n-ball of radius r is defined by

Bn(r) = {(Ilax2a"'>$n)|I%+I§ ‘l“l‘l’i < ’l"}.

Now we choose m n-balls B} (ry), By (r2),- -+, Bl (ry), where for any integers
i,5,1 < 4,5 < m, B}(r;) N B}(rj) = or not and r; = r; or not. An n-multi-ball is a
union

k=1

Then an n-multi-manifold is a Hausdorff space with each point in this space has a
neighborhood homeomorphic to an n-multi-ball.

Problem 1.5.16 For an integer n,n > 2, classifies n-multi-manifolds. FEspecially,
classifies 2-multi-manifolds.

For closed 2-manifolds, i.e., locally orientable surfaces, we have known a classi-
fication theorem for them.

Problem 1.5.17 If we replace the word homeomorphic by points equivalent or iso-
morphic, what can we obtain for n-multi-manifolds? Can we classify them?

Similarly, we can also define differential multi-manifolds and consider their con-
tributions to modern differential geometry, Riemann geometry or modern mechanics,
-+, ete..
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